
2 IR factorization and RG invariance

The key observation of our letter [3] was that the IR singularities of on-shell amplitudes in
massless QCD are in one-to-one correspondence to the UV poles of operator matrix elements
in SCET. These poles can therefore be subtracted by means of a multiplicative renormaliza-
tion factor Z, which is a matrix in color space. Specifically, we have shown that the finite
remainders of the scattering amplitudes can be obtained from the IR divergent, dimensionally
regularized amplitudes via the relation

|Mn({p}, µ)〉 = lim
ε→0

Z
−1(ε, {p}, µ) |Mn(ε, {p})〉 . (1)

Here {p} ≡ {p1, . . . , pn} represents the set of the momentum vectors of the n partons, and
µ denotes the factorization scale. The quantity |Mn(ε, {p})〉 on the right-hand side is a
UV-renormalized, on-shell n-parton scattering amplitude with IR singularities regularized in
d = 4 − 2ε dimensions. After coupling constant renormalization, these amplitudes are UV
finite. Apart from trivial spinor factors and polarization vectors for the external particles, the
minimally subtracted scattering amplitudes |Mn({p}, µ)〉 on the left-hand side of (1) coincide
with Wilson coefficients of n-jet operators in SCET [3], to be defined later:

|Mn({p}, µ)〉 = |Cn({p}, µ)〉 × [on-shell spinors and polarization vectors] . (2)

We postpone a more detailed discussion of the effective theory to Section 3 and proceed to
study the implications of this observation.

To analyze the general case of an arbitrary n-parton amplitude, it is convenient to use the
color-space formalism of [21, 22], in which amplitudes are treated as n-dimensional vectors
in color space. Ti is the color generator associated with the i-th parton in the scattering
amplitude, which acts as an SU(Nc) matrix on the color indices of that parton. Specifically,
one assigns (T a

i )αβ = taαβ for a final-state quark or initial-state anti-quark, (T a
i )αβ = −taβα for

a final-state anti-quark or initial-state quark, and (T a
i )bc = −ifabc for a gluon. We also use

the notation Ti · Tj ≡ T a
i T a

j summed over a. Generators associated with different particles
trivially commute, Ti · Tj = Tj · Ti for i %= j, while T 2

i = Ci is given in terms of the quadratic
Casimir operator of the corresponding color representation, i.e., Cq = Cq̄ = CF for quarks or
anti-quarks and Cg = CA for gluons. Because they conserve color, the scattering amplitudes
fulfill the relation ∑

i

T
a
i |Mn(ε, {p})〉 = 0 . (3)

It follows from (1) that the minimally subtracted scattering amplitudes satisfy the RG
equation

d

d lnµ
|Mn({p}, µ)〉 = Γ({p}, µ) |Mn({p}, µ)〉 , (4)

where the anomalous dimension is related to the Z-factor by

Γ({p}, µ) = −Z
−1(ε, {p}, µ)

d

d ln µ
Z(ε, {p}, µ) . (5)
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