
The formal solution to this equation can be written in the form

Z(ε, {p}, µ) = P exp

[∫ ∞

µ

dµ′

µ′ Γ({p}, µ′)

]
, (6)

where the path-ordering symbol P means that matrices are ordered from left to right according
to decreasing values of µ′. The upper integration value follows from asymptotic freedom and
the fact that Z = 1 + O(αs).

In Section 4, we will discuss theoretical arguments supporting an all-order conjecture for
the anomalous-dimension matrix presented in [3], which states that it has the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs) , (7)

where sij ≡ 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are both
incoming or outgoing, and σij = −1 otherwise. Here and below the sums run over the n
external partons. The notation (i1, ..., ik) refers to unordered tuples of distinct parton indices.
Our result features only pairwise correlations among the color charges and momenta of different
partons. These are the familiar color-dipole correlations arising already at one-loop order from
a single soft gluon exchange. The fact that higher-order quantum effects do not induce more
complicated structures and multi-particle correlations indicates a semi-classical origin of IR
singularities. Besides wave-function-renormalization-type subtractions accomplished by the
single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structures resemble
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit
calculation in [30, 31]. More recently, the analysis was extended to the subclass of three-
loop graphs containing fermion loops [32]. In Section 6.2 we will present a simple symmetry
argument explaining these results.

To derive the perturbative expansion of the Z-factor from the formal solution (6) we use
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