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Figure 10: Illustration of NNLO antenna factorisation representing the factorisation of both the
one-loop “squared” matrix elements (represented by the white blob) and the (m+1)-particle phase
space when the unresolved particles are colour connected. The terms in square brackets represent
both the three-particle tree-level antenna function X0

ijk and the three-particle one-loop antenna
function X1

ijk and the antenna phase space.

+ X1
ijk |Mm(p1, . . . , p̃I , p̃K , . . . , pm+1)|2 J (m)

m (p1, . . . , p̃I , p̃K , . . . , pm+1)

]

.

(2.33)

In this expression, we have introduced the one-loop three-parton antenna function X1
ijk,

which depends only on the antenna momenta pi, pj, pk. It correctly describes all simple

unresolved limits of the difference between an (m + 1)-parton one-loop corrected squared

matrix element and the product of a tree-level antenna function with the m-parton one-

loop corrected squared matrix element. It can therefore be constructed out of one-loop

three-parton and two-parton matrix elements, as outlined in Section 3 below. It should

be noted that X1
ijk is renormalised at a scale corresponding to the invariant mass of the

antenna partons, sijk, while the one-loop (m+1)-parton matrix element is renormalised at

a scale µ2 (which is often chosen to be q2 in jet production in e+e−-collisions). To ensure

correct subtraction of terms arising from renormalisation, we have to substitute

X1
ijk → X1

ijk +
β0

ε

(4π)ε e−εγ

8π2
X0

ijk

(
(sijk)

−ε −
(
µ2

)−ε
)

(2.34)

in (2.33). The terms arising from this substitution will in general be kept apart in the

construction of the colour-ordered subtraction terms, since they all share a common colour

structure β0.

In contrast to all other expressions appearing in the construction of the one-loop single

unresolved subtraction terms, X1
ijk can never be related to integrals of tree-level subtraction

terms. Therefore, this component of the subtraction term must cancel with parts of the

two-loop m-parton contribution and we must integrate it over the three-parton antenna

phase space. This can be accomplished using the techniques described in [31] and yields

X 1
ijk(sijk) =

(
8π2 (4π)−ε eεγ

) ∫
dΦXijk

X1
ijk. (2.35)

2.4.3 Compensation terms for oversubtracted poles

By construction, (2.33) correctly approximates the one-loop (m+1)-parton contribution to

m-jet final states in all single unresolved limits. However, outside these limits, where (m+
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