
These variables can be categorised into two classes, according to the minimal number of

final-state particles required for them to be non-vanishing: the most common variables

require three particles (and are thus closely related to three-jet final states), while several

other variables were constructed such that they require at least four particles (related to

four-jet final states).

Among the event shapes requiring three-particle final states, six variables were studied

in great detail: the thrust T [19], the normalised heavy jet mass M2
H/s [20], the wide

and total jet broadenings BW and BT [21], the C-parameter [22] and the transition from

three-jet to two-jet final states in the Durham jet algorithm Y3 [23].

(a) Thrust, T [19]

The thrust variable for a hadronic final state in e+e− annihilation is defined as [19]

T = max
!n

(∑

i |!pi · !n|
∑

i |!pi|

)

, (2.1)

where !pi denotes the three-momentum of particle i, with the sum running over all

particles. The unit vector !n is varied to find the thrust direction !nT which maximises

the expression in parentheses.

The maximum value of thrust, T → 1, is obtained in the limit where there are only

two particles in the event. For a three-particle event the minimum value of thrust is

T = 2/3.

(b) Heavy hemisphere mass, M2
H/s [20]

In the original definition [20] one divides the event into two hemispheres. In each

hemisphere, Hi, one also computes the hemisphere invariant mass as:

M2
i /s =

1

E2
vis





∑

k∈Hi

pk





2

, (2.2)

where Evis is the total energy visible in the event. In the original definition, the

hemisphere is chosen such that M2
1 +M2

2 is minimised. We follow the more customary

definition whereby the hemispheres are separated by the plane orthogonal to the

thrust axis.

The larger of the two hemisphere invariant masses yields the heavy jet mass:

ρ ≡ M2
H/s = max(M2

1 /s,M2
2 /s) . (2.3)

In the two-particle limit ρ → 0, while for a three-particle event ρ ≤ 1/3.

The associated light hemisphere mass,

M2
L/s = min(M2

1 /s,M2
2 /s) (2.4)

is an example of a four-jet observable and vanishes in the three-particle limit.

At lowest order, the heavy jet mass and the (1− T ) distribution are identical. How-

ever, this degeneracy is lifted at next-to-leading order.
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