Consistent Perturbative Fixed
Point Calculations in Gauge
Theories



QCD in conformal window

e | will discuss QCD in a phase in which it is conformal in the deep infrared.

* In other words | will imagine taking the number of flavors to be sufficiently large
such that the first two beta function coefficients have opposite signs.

W. E. Caswell, Phys. Rev. Lett. 33 (1974) 244
T. Banks & A. Zaks, Nucl. Phys. B 196, 189 (1982)
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SQCD in the conformal window
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* In SQCD the extend of the conformal window is known exactly (duality checks,
NSVZ beta function, etc)

N. Seiberg, Nucl. Phys. B 435, 129 (1995)

3
“Ne < Ny <3N,

o0+ arr — 0
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Observables in the IR conformal phase

At an IR conformal fixed point a set of natural physical quantities are the
anomalous dimensions of various operators.

The scaling equation of some (gauge invariant) operator O is

dO

dln p = —do0

where dp = deassical — Yo and Yo is the anomalous dimension.

;oo 0d
. ﬁ(a)—aaﬁ(a)  Zg,
Two schemes S and 5’ : 91 F=_—
PP n k' 7
Yo(a') =0 + 5 B(a) P

The existence of a fixed point is scheme independent.

The anomalous dimension at the fixed point is scheme independent.
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Observables in the IR conformal phase

Initially we will focus on the anomalous dimension of the (mass) operator

Flavor non-singlet _@ET G
O =Y and flavor singlet 1))

have equal anomalous dimensions

J. A. Gracey, Phys. Lett. B 488, 175 (2000)

Unitarity at the fixed point implies

G. Mack, Commun. Math. Phys. 55, 1 (1977)

In the case of SQCD

O =2, die =2 — Y5 > 1 = Vo <1

Later we will also extend our analysis to include the anomalous dimension of
several other operators....
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Let us face it head on....
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5-loop beta function and anomalous dimension

* 5-loop beta function and anomalous dimension are known in MS scheme

F. Herzog et al., JHEP 1702, 090 (2017)
P. A. Baikov et al., Phys. Rev. Lett. 118, 082002 (2017)

2 =15 () A () () -4 () e
o= () 40 () 4 () +ra () o (2) + 0t

T. Luthe et al., JHEP 1701, 081 (2017)
P. A. Baikov et al., JHEP 1410, 076 (2014)

* Strategy:

Solve B(arr) =0
Y

Take argr closest to the origin

4
Evaluate v, (rr)
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2, 3 and 4 loops
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MS scheme (N,=3 and r=F)
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Solid: arp <1
Dashed: arp > 1
— : 2-loop
— : 3-loop
— : 4-loop

TAR & R. Shrock, Phys. Rev. D 83, 056011 (2011)
C. Pica & F. Sannino, Phys. Rev. D 83, 035013 (2011)
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—: 2-loop

—: 3-loop
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TAR & R. Shrock, Phys. Rev. D 94, 105015 (2016)
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Supersymmetric QCD (SQCD)

* In SQCD the anomalous dimension is known exactly (from the NSVZ beta function)

o 3C2(G) — ZT(T)NJC
Ted = TS ()N,

V. A. Novikov et al., Phys. Lett. B166, 329 (1986)

* The 4-loop beta function and 3-loop anomalous dimension are known in DR

hem W. Siegel, Phys. Lett. B 84, 193 (1979)
scheme W. Siegel, Phys. Lett. B 94, 37 (1980)
D. M. Capper, D. R. T. Jones & P.
van Nieuwenhuizen, Nucl. Phys. B 167, 479 (1980)

—B(a) = =1 — P2 (%) — B3 (%)2 — Ba (%)3 + O(a?)
Yob — V1 (%) + 72 (%)2 + vs (%)3 + O(a4)

I. Jack et al., Phys. Lett. B 435, 61 (1998)

I. Jack et al., Phys. Lett. B 386, 138 (1996)

A. G. M. Pickering et al., Phys. Lett. B 510, 347 (2001)
R. V. Harlander et al. Eur. Phys. J. C 63, 383 (2009)

 Same procedure as before and then compare to the exact result...
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2 and 3 loops vs exact result

10 N.=2 and r=F 10 N.=3 and r=F
0.8 0.8
0.6 0.6
Yoo Yoo
0.4 0.4
0.2 0.2
O'03.0 35 40 45 50 55 6.0 0.0 5 6 7 8 9
N Nf
.9 3
+ 2-loop ves <1 =  SN.<N; <3N,
—: 3-loop 2
—. exact At 4-loops arp turns complex just below 3N,

TAR & R. Shrock, Phys. Rev. D 85, 076009 (2012)
Usual statement:

Electric (magnetic) theory weakly (strongly) coupled for 2N, < Ny < 3N,
Electric (magnetic) theory strongly (weakly) coupled for 2N, < Ny < 2N,
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Brief summary and outline

Before we send perturbation theory to the grave we should remember that there

are two sources of error in the calculation: TAR & R. Shrock, Phys. Rev. D 86, 085005 (2012)
TAR & R. Shrock, Phys. Rev. D 86, 065032 (2012)
TAR, Phys. Rev. D 91, 039906 (2015)

Truncation of perturbative expansion + scheme dependence

Can we rinse the value obtained so far for scheme dependent contamination?

There should be some scheme independent information hidden in the
perturbative calculation. How can we extract it?

At higher and higher loop order, more and more scheme independent information
should be hidden in the perturbative calculation.

Goal: Find a way to calculate which is scheme independent and exact order by
order.
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An advance

T. Banks & A. Zaks, Nucl. Phys. B 196, 189 (1982)

* We suggest to follow Banks and Zaks and calculate & Gardi et al, JHEP 9807, 007 (1998)
E. Gardi & G. Grunberg, JHEP 9903, 024 (1999)

P. M. Stevenson, Mod. Phys. Lett. A 31, 1650226 (2016)
7= ciA} Ay =Ny — Ny
i=1
* This expansion has several nice properties

— The coefficients ¢; are scheme independent since Ayis.

— The coefficient c;is exactly determined from the 7 + 1 loop beta function and i
loop anomalous dimension. It receives no corrections from higher orders!

* In this way the anomalous dimension can be calculated with only perturbation
theory as an error to the finite order indicated.
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An advance

* The usual procedure for finding @1 R is not very elegent and efficient.
* Instead: we are interested in

OéIR
— = E azAZ

e Evaluate the beta function at oy and expand

0=B(arr) = > _Bi (Z ajA«j;> = k1Af + ko AT + k3A% + O(A})

i=1 j=1

* where
by = ay B0 — GOV
bo = a2l — a0+ 2" A = G
ks = asB + 201028 — asBY — a2B) + o330

e Setting k1 =0, ks =0, k3 = 0 allows to solve for a1, az, as,.....
* a1 depends on the 2-loop beta function,

* azdepends on the 3-loop beta function,

* a3 depends on the 4-loop beta function, etc....
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An advance

 Now that we have solved for the fixed point value we can evaluate the anomalous
dimension

7

Y(arr) = Z%‘ ZajAjc =cAy + czAfc + c3A§’c + O(A;%)

— 4 v
c, =ay,

_ 0 20) _ () W= L
c,=a,y” +a’y,” —ay, g N |Nf=Nf

— —(0) 32(0) _ _2=(1)
;= a3y1 + 2a 612)/2 + a, 7/3 17/2

¢ depends on the 2-loop beta function and 1-loop anomalous dimension,
¢, depends on the 3-loop beta function and 2-loop anomalous dimension,
¢, depends on the 4-loop beta function and 3-loop anomalous dimension.
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Supersymmetric QCD (SQCD)
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Supersymmetric QCD (SQCD)

. I. Jack et al., Phys. Lett. B 435, 61 (1998)
In SQCD we know the beta function to 4-loops and the I. Jack et al., Phys. Lett. B 386, 138 (1996)
A. G. M. Pickering et al., Phys. Lett. B 510,

anomalous dimension to 3-loops in the DR scheme. So: R. V. Harlander et al. Eur. Phys. J. C 63, 38

~2T(r) 2T(r) \? > 20(r) \* 15 4
7@D@‘:s(b(c;)Af*(302«;)) Af+<302(G)) Ay o@y)

TAR, Phys. Rev. Lett. 117, 071601 (2016)
TAR & R. Shrock, Phys. Rev. D 95, 085012 (2017)

The exact result (via NSVZ) is:

2T(r) A 2 :
A 2T (r) 27 (r) ) 21(r) i
o Aj A ol =] A

V. A. Novikov et al., Phys. Lett. B166, 329 (1986)

Exact agreement to the order we can calculate.
Confidence in DR as a viable consistent scheme.
How well does perturbation theory do and how fast does the series converge?
N, = 3, Fundamentals : Tée = lAf + <1>2 A? + (1)3 Afc + ...
9 9 9

Note: We would have been able to guess the entire series (exact result)
correctly....
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Supersymmetric QCD (SQCD)

SU(N3=3) and r=F

TAR, Phys. Rev. Lett. 117, 071601 (2016)
TAR & R. Shrock, Phys. Rev. D 95, 085012 (2017)

* The perturbative result converges quickly to the exact result. High level of accuracy
of perturbation theory throughout the entire conformal window.

* With perturbation theory + unitarity we would have nailed down the conformal
window.
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What is the relative error?

SU(N3=3) and r=F

1.0
0.8 — O(Af)
—. 0(A2) TAR, Phys. Rev. Lett. 117, 071601 (2016)
0.6 ' f TAR & R. Shrock, Phys. Rev. D 95, 085012 (2017)
| — oa})
Yoo g
0.4 —: exac s
SR
0.2 : r—1
7j=1
003 6 7 8 9 . | /
Ny = 5 ( Ag )J
. Yexact — Vs 1_3Ach J=1 \ 8Ne Af ’
* Relative erroratorder s: €& = = a7 =
Yexact 3Ng 3]Vc
S
1_3NC
. Example at bOttom Of WindOW' TAR & R. Shrock, Accepted for pub. in PRD
3 3 1\’
Af:3Nc_§Nc:§Nc = € = (§> :e—(1n2)s

 So: O(A%): €, =6.25% , O(A}): €, =3.125% , O(A%) : €, = 1.56%

* If oneis not happy with the relative error in the computation the full exact result
can just be guessed.
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Supersymmetric QCD (SQCD)

2T(r) A 2 i
2T 2T 2T ,
Vod (e 2TU) Ay + (r) Af+... () A +...
1— 3203,;((2) Ay 3C3(G) 3C2(G) 3C2(G)

Having the exact result in hand we can also turn it around:

If somebody, some day, calculates the i+ 1 loop beta function and i loop
anomalous dimension then at a fixed point they must find

o 27 (r) '
“=\36,(0)
This shows how the exact NSVZ result emerges order by order in perturbation
theory.

It also enables us to understand how well perturbation theory does order by order

to any order without making a single loop calculation.
TAR, Phys. Rev. Lett. 117, 071601 (2016)

TAR & R. Shrock, Phys. Rev. D 95, 085012 (2017)
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Supersymmetric QCD (SQCD)

SU(N3=3) and r=F

 Thisis the order to which we can calculate in QCD

TAR, Phys. Rev. Lett. 117, 071601 (2016)
TAR & R. Shrock, Phys. Rev. D 95, 085012 (2017)
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Supersymmetric QCD (SQCD)

* How about anomalous dimensions of other operators?

3
i In SQCD Do = §Ro
* For baryons and antibaryons
Bfifye — Eal...aNC(I)al’fl
Bfl---ch = €a1..-aNc(I)a1’fl )
e  We find
N. (3N, 1 1
=5 = — 1) ==A A?
TB=TE T (Nf ) 6~/ TN, T

 Or more generally

Pproq = M™ B B

20/03/2018 Thomas A. Ryttov

7q>prod —

.« . @a‘Ncthc

.. (I)GNC S,

TAR & R. Shrock, arXiv:1706.06422, PRD in press

1 3
AR

FAN? Ay =3Nc— Ny

npg+ng 3N,
—— =N, —1
T ] (Nf )
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Supersymmetric QCD (SQCD)

N.=3, Fundamentals N.=4, Fundamentals

Ny

TAR & R. Shrock, Phys. Rev. D96 (2017), 105018

* Inall cases is perturbation theory remarkably accurate.
* Note: all coefficients are always positive for all anomalous dimensions

20/03/2018 Thomas A. Ryttov 23



Supersymmetric QCD (SQCD)

M =T (@,07)
1 AdJOIIlt
firfe _ arazf1 | . Ha2k—102k [k _ .
B - 2kk! Eal...a2k® @ 9 NC 2k Mffl — Bffl — Bffl _ H(@f@fl)
1 / / 3
Bfl"'ch = NC!Eal...aNCEa'l...aﬁvc(I)alalfl ”'(I)aNcachNc , Ne= 2k +1 ’YM:W—].
N, [ 3N, )
YB = - - —1 ) Nc =2k
4 [Ny(Ne—2) |
N, [ 3N, )
\f 2 | Ny(N.—2) ‘ /
(= h
e Again, in all cases perturbation theory is Mi = Tr (@fq)f'>
remarkably accurate! Bheive = L . pmaih .. panca, fr.
Nc. al...aNc al...aNc
= 1 ’ /
s By fy, = g€ e ey gy Payaly fae
* Note: all coefficients are always 3}1\\[@ ¢
positive for all anomalous dimensions ™MZ NN, +2)
N 3N, .
TAR & R. Shrock, Phys. Rev. D96 (2017), 105018 TB=T87T o m - /
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Central charges: a & ¢

* Inthe presence of a curved background the trace of the energy-momentum tensor
is

1 vpo
T, = e (W pppe WHP? — aEy)

* Where W,.,s is the Weyl tensor and E; is the Euler density.

. . .
Their values in the IR are known exaCtly D. Anselmi et al., Nucl. Phys. B526 (1998) 543-571

1 — j+1 3 5N2\ N,
= — An — T & . —A
T T ; BNz 7 0 Y ( 16 16 ) 247
Ne — J+1l [/ 1 3N\ N,
CIR=Cuv g (mf _§WAf) v = (—g 3 ) BT

TAR & R. Shrock, arXiv:1711.01116, Submitted for pub.
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Central charges: a & ¢

3.0—— - - - - 4.0
3.5}
2.5}
3.0¢
a|R2.0- 1 Cr2.5}
2.0}
1.5}
1.5}
107 6 7 8 5 U5 6 7 8 ?
Nf Nf

TAR & R. Shrock, arXiv:1711.01116, Submitted for pub.
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One last important quantity...

The slope, 5'(arr), is a scheme independent quantity

D. Anselmi et al., Nucl. Phys. B 491, 221 (1997)
E. Gardi et al., JHEP 9903, 024 (1999)

B = do AT + ds A} + dyAG + ...

with
i — 2T (r)? iy — 2T (r)3(Ca(G) + 205(r))
3C5(G)Ca(r) (3C2(G)Cxa(r))?
ds — (N} —2N2 +5) — 18N2(NZ2 + 1)¢3

108N2(N2 — 1)3
TAR & R. Shrock, arXiv:1706.06422, PRD in press

It is not known exactly and guessing it would be difficult.

An example:

N.=3:  f/=417x107°A7+9.83 x 107°A% —3.78 x 107*A*
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One last important quantity...

N.=3, Fundamentals

N. =4, Fundamentals

2.5

B'r

12
3 D. Anselmi et al., Nucl. Phys. B 491, 221 (1997)
e Duality dictates: B’ Ny==-N.| =0 E. Gardi et al., JHEP 9903, 024 (1999)
2 TAR & R. Shrock, Phys. Rev. D96 (2017), 105018

* Interesting behavior despite seemingly slow convergence.
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How about QCD.....?

20/03/2018 Thomas A. Ryttov
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QCD

* In QCD we know the 5-loop beta function and 5-loop (mass) anomalous
dimension, so we can calculate

20/03/2018

Vou = 1Af 4 c2AF + c3A} + AT + .

B = dy A} + ds A + dy A} + ds AT + ...

Thomas A. Ryttov

= —TF?

TAR & R. Shrock, Phys
TAR & R. Shrock, Phys
TAR & R. Shrock, Phys
TAR & R. Shrock, Phys

. Rev
. Rev
. Rev
. Rev

. D 94, 105014
. D 94, 125005
. D 95, 085012
. D 95, 105004

2016
2016
2017
2017
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C1 =

20/03/2018

8T,C, ~ 4T2C,(35C% + 636CAC, + 352C7)

’ C2 =
Ca(7C4 +11C)) 2 3C2(7C4 + 11G,)3

4Tr Cr dabcd dubcd

81C4(7C4 + 11C,)5

+16C3 | 122043T2C? + 6776 —
F
+704C5 | 1521T2C2 + 112T,

+32T,Ca | 53361T,C* — 3872C, -~

A A4 (25+1320)

~55419T2C5, + 432012T*C4C, + 5632T2C, 4 .
A

dubcd dabcd

£ P (—11 +248,)
da

dabcd dabcd dabcd dabcd

d—A (4 —3903) + 242C,-F—L (=11 + 24%)
A

da
dabcd dabcd dabcd dabcd

d—A (=4 + 3903) + 112T,-2—2— (=5 + 13203)
A

da

2

f
Cf = —>——
4= SO DT

[CACfo2 (1951567102 — 131455044C5C; + 1289299872C5C7 + 2660221312C5C%

abcd jabed
dxtdy

1058481072C%C + 6953709312C AC3 + 12757155840?) +2'°C¢T?D (578903, — 4168CACy — 68200;)

abed Jabed
21°C4CsTsD (41671031 — 125477C4Cy — 532400}) d5""d3
dabcddabcd
28.112C%C; D(2569C2 + 18604C 4C — 79640}") 2 y R
A
daRbcd d%bcd dabcd daRbcd

2M.3CATFD? +21%.3303T, D3 £ in

28D [ —3C4CsT}D (49910,44 — 17606C5C; + 33240C5C7 — 30672CACY + 95040}‘)

dabcd abed dabcddabcd
2tC, T} (17206C% — 60511C4C; — 45012C3) + 40CACy Ty 2 -4 (351685 — 154253C.4C; — 88572C3)
A A
dabcddabcd dabcddabcd dabcddabcd
ssogof%(gmcﬁ —93412C4C; — 566280}%) +1440CT?D* B4 _ 7920C5T;D* 2 £ ¢4
da dr dr
4 D?
50560(;3Acf [ _ 4T_?d?4b6ddaAde + 2de%ded%de(IOCA + 3Cf) + 110Ad%b6dd%b0d(c,4 _ 3Cf) :|<-5 :| . (35)

Thomas A. Ryttov
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dy

d da =
2= 32CAD 3 3302 D?
23ng 2 4 3 2 2 3 4
= —W o 3CATf (137445CA +103600C, Cy + 72616CACf + 9518080A0’f — 638880f)
abed Jabed abcd jabed abced Jabed
— 512072 I | 901190, DT IAT 34073603 p %R R
da da da
o o 0 0 0 d%bcddiqucd dabcddabcd 0 dabcddabcd
+ 848D |C4T#(21C% +12C4Cy — 33CF) + 16T} A A~ 1040ATy A 4 8803 R

ds =

20/03/2018

2°T7 2"T3(5C + 3Cy)

2'T?
f
5CiDT | CuT} (394501450?1 +235108272C5C + 1043817726C4C7 + 765293216C3C?
dabed Jabed
737283360C5C + 730646400CAC} — 3567505920}5) — 29T D=4 (6139C7 + 2192C4C; — 3300C7)
A
abcd jabcd abcd jabcd

QQCATfD%(43127C‘,24 — 28325C AC — 2904C7%) + 15488C5 DL (2975C% + 8308C4Cy — 12804C%)

da
2"D [BCAT D (6272CA 49823C5,C; + 40656C3C2 + 13200CAC3 + 21120f)

dabcd abcd
dA

abed jabed
g2 440
da

dabcd dabcd
88C2 £

(19516C3 — 18535C4C — 217800%) — 2°C Ty L2 (182938C% — 297649CCy — 197472C3)

- (245C% + 62524C 4C + 4210801%)] €
9 dabcddabcd

210. 55C 4 D? [QCAT]%D(CA +2Cf)(Ca — Cf) + 160TF -4 y
A

dabcd dabcd

o o dabcddabcd
80T(10C4 + 3Cy) H——A— — 440C4(Cs - 3C )— G| (4.9)
A
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Observations:
— (, appears. Itis not a scheme artifact

— Higher order group invariants d?<ddsbed, @abedqaped, qopedqabed appear. They are
not scheme artifacts

— Very hard to guess the entire series (unfortunately)
How about convergence? (N. =3  and fundamentals)

Vo =49 X 107245 +3.8 x 107°A% +2.4 x 107A} + 3.7 x 107°A}

B'=83x107°A% +9.8x 107*A} —4.6 x 107°A} — 5.6 x 107 °A}
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N.=2, Fundamentals N.=3, Fundamentals

9 10 11 12 13 14 15 16

10 N.=4, Fundamentals

0.8}

0.6
* Good convergence (similar to SQCD) wao A
up to O(A%)
* Coefficients are positive 0.2
(also for SO(N), Sp(N)) 0.0k _ _ | _
12 14 16 18 20 22
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Pade approximation

20 SU(N,=2), Fundamentals 20 SU(N,=3), Fundamentals
15 1.5
Ypypir 1.0 Vouir 1.0 “
0.5
0.0 8 10 12 14 16

SU(N,=4), Fundamentals

2.0

— O(Ag) 1.5

B o

— O(Ai) Yypuw R 1.
—: O(A

( f) 0.5

0.0

12 14 16 18 20 22
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10 N.=2, Fundamentals 10 N.=3, Fundamentals

0.8¢

0.6}

0.4¢

0.2}

10 11 0.0

(0]
~
(o]
(]

9 10 11 12 13 14 15 16
Nt
N.=4, Fundamentals

* Implications for (possible) dualities?
*  Where does it cross 0?

22
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Adjoint QCD

* Does it simplify for adjoint fermions? In SQCD the anomalous dimension is

independent of the number of colors N.. 0.20 Ne=2, Adjoints
* Inadjoint QCD
0.15
4 341 61873 592 1
L= — Co = —— C3 = - 5 .
9 1458 472392 6561 N p0.10
S 53389393 n 368 ¢ B 2170 33952 ¢ 1 0.05
* 7 612220032 1 59049 59049 | 177147° |
0'002.0 2.1 22 23 24 25 26 27
— ini N,
* Thereis a mild N, 0.6 Ne=2, Adjoints ™
dependence 0.5l
—: O(Ay)
0.4} —: O(A?)
e Also (3 dependence —: O(A%)
Yoy 0.3} —: O(AY)
f
0.2}
TAR, Phys. Rev. Lett. 117, 071601 (2016) 0.1}
TAR & R. Shrock, Phys. Rev. D 95, 105004 (2017) :
000 27 22 23 24 25 26 27
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2-Index Symmetric Representation

15 N.=3, 2-Index Symmetric 04 N;=3, 2-Index Symmetric
1.0
0.3
0.8
Vo 0.6 80.2|
0.4
0.1
0.2
002227 26 28 30 32 02227 26 28 30 32
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How about dualities

Thomas A. Ryttov
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SUSY Duality

| SU(Ne) SU(Ny) SUNy) U(l)s U(Dr
Qll N. Ny 1 1 N fNe
Q| NW. 1 N; -1 Hfe
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Non-SUSY Duality

Work in progress..........

Thomas A. Ryttov
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Viewing things from a distance

* We have found a tool that is readily available in both QCD and SQCD. It works
remarkably well in SQCD and there is evidence that it works equally well in QCD.

e Infact: in SQCD the physics is controlled by the first (handful) of orders throughout
the entire conformal window.

« We now have a tool to ask about possible dual desctiptions of non-SUSY theories.
To appear very soon..
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