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Introduction

I Fixed order
I Higgs Boson Gluon-Fusion Production in QCD at Three Loops

[C.Anastasiou et al. 2015]

I Resummation to all orders
I Resummation of logarithmic enhancements at threshold

[G. Sterman, 1987, S. Catani et al., 9604351]

I Leading power (LP) resummation of Drell-Yan (DY) at NNNLL
[T. Becher et al., 0710.0680, S. Moch et al., 0508265]
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The Drell-Yan process - LP review

A(pA)B(pB)→ DY(Q) +X

pc = (n+pc, n−pc, pc⊥) ∼ Q(1, λ2, λ)

ψ̄γµψ

=

∫
dt dt̄ C̃A0(t, t̄ ) JA0

µ (t, t̄ )

JA0
µ (t, t̄ ) = χ̄c̄(t̄n−)γ⊥µχc(tn+)

z =
Q2

ŝ
λ =

√
(1− z)

pc−PDF ∼ (Q,Λ/Q,Λ)
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The Drell-Yan process - Decoupling transformation

χ(0)
c (tn+) = Y †+(0)χc(tn+)

where

Y± (x) = P exp

[
igs

∫ 0

−∞
ds n∓As (x+ sn∓)

]
From now on use decoupled fields. Leading power current becomes

JA0
µ (t, t̄ ) = χ̄c̄(t̄n−)Y †−(0)γ⊥µY+(0)χc(tn+)
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The Drell-Yan process - LP amplitude

〈X|ψ̄γµψ(0)|A(pA)B(pB)〉 =

∫
d(n+p)

2π

d(n−p̄)

2π

∫
d(n+pa)

×
∫
d(n−pb)δ (n+p− (n+pa)) δ (n−p̄+ (n−pb)) C

A0(n+p, n−p̄)

×〈XPDF
c̄ | ˆ̄χPDF

c̄,αa (n−pb)|B(pB)〉γµ⊥,αβ〈X
PDF
c |χ̂PDF

c,βb (n+pa)|A(pA)〉

×〈Xs|T
[
Y †−(0)Y+(0)

]
ab
|0〉
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LP result

dσDY

dQ2
=

4πα2
em

3NcQ4

∑
a,b

∫ 1

0

dxadxb fa/A(xa)fb/B(xb) σ̂ab(z)

where [G. P. Korchemsky et al., 1993]

σ̂(z) = |C(Q2)|2QSDY(Q(1− z))

SDY(Ω) =

∫
dx0

4π
eix

0Ω/2 1

Nc
Tr 〈0|T̄(Y †+(x0)Y−(x0)) T(Y †−(0)Y+(0))|0〉
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NLP factorization formula

dσDY

dQ2
=

4πα2
em

3NcQ4

∑
a,b

∫ 1

0

dxadxb fa/A(xa)fb/B(xb) σ̂ab(z)

The σ̂ab(z) is now

σ̂ = [C ⊗ J ⊗ J̄ ]2 ⊗ S

I C is the hard Wilson matching coefficient

I S is the soft function

I J is the collinear function

.
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Matching at NLP

N -jet operators are built out of following relevant building blocks
[M. Beneke, M. Garny, R. Szafron, J. Wang, 1712.04416, 1808.04742.]

(A1-type)

χ̄c̄(t̄n−)[nµ±i/∂⊥]χc(tn+), χ̄c̄(t̄n−)[nµ±(−i)
←−
/∂⊥]χc(tn+)

(B1-type)

χ̄c̄(t̄n−) [nµ± /Ac⊥(t2n+)]χc(t1n+), χ̄c̄(t̄1n−)[nµ± /Ac̄⊥(t̄2n−)]χc(tn+)

With the the scaling

χc(tn+) ∼ λ
χ̄c̄(t̄n−) ∼ λ
[nµ±i/∂⊥] ∼ λ

[nµ± /Ac⊥(t2n+)] ∼ λ
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Time-ordered products

(
JT2
A0,V (s, t)

)µ
= i

∫
d4xT

[
JµA0(s, t)L(2)

V (x)
]

[M. Beneke, M. Garny, R. Szafron, J. Wang, 1712.04416, 1808.04742.]

The NLP soft-collinear SCET quark-gluon interaction Lagrangian written
in terms of building blocks Bµ± = Y †± [iDµ

s Y±] and q± (x) = Y †± (x) qs (x)

is [M. Beneke et al., 0211358]

L(1)
ξ = χ̄cix

µ
⊥
[
in−∂B+

µ

] /n+

2
χc

L(2)
1ξ =

1

2
χ̄cin−xn

µ
+

[
in−∂B+

µ

] /n+

2
χc

L(2)
2ξ =

1

2
χ̄cx

µ
⊥x

ρ
⊥
[
i∂ρin−∂B+

µ

] /n+

2
χc

L(2)
3ξ =

1

2
χ̄cx

µ
⊥x

ρ
⊥
[
B+
ρ , in−∂B+

µ

] /n+

2
χc

...
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Collinear functions
We match generic collinear fields to collinear-PDF fields∫

dt ei(n+p)t i

∫
d4z eiω(n+z)/2 T

[
χc(tn+)χ̄c(z)

/n+

2
χc(z)

]
=

∫
d(n+p

′)

∫
dt ei(n+p

′)t J(n+p, n+p
′;ω)χPDF

c (tn+)

This is done at amplitude level. [D. Bonocore et al., 1503.05156, 1610.06842]
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Power suppressed amplitude

〈X|ψ̄γµψ(0)|A(pA)B(pB)〉 =

∫
dn+pa

2π

dn−pb
2π

CA0(n+pa,−n−pb)

×〈Xc̄,PDF| ˆ̄χPDF
c̄,αa (n−pb)|B(pB)〉 γµ⊥αβ 〈Xc,PDF|χ̂PDF

c,βb (n+pa)|A(pA)〉

×
{
〈Xs|T

[
Y †−(0)Y+(0)

]
ab
|0〉

+
1

2

∫
dω

4π
J

(O)
2ξ (n+pa;ω)

∫
d(n+z) e

−iω(n+z)/2

×〈Xs|T
([
Y †−(0)Y+(0)

]
af

i∂ν⊥
in−∂

B+
⊥ν;fb(z−)

)
|0〉
}

+ c̄-term
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Cross section: L(2)
2ξ example
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Soft functions
The generalised soft function at cross section level here is

S2ξ(Ω, ω) =

∫
dx0

4π

∫
d(n+z)

4π
eix

0Ω/2−iω(n+z)/2

× 1

Nc
Tr 〈0|T̄

[
Y †+(x0)Y−(x0)

]
T

[
Y †−(0)Y+(0)

i∂ν⊥
in−∂

B+
⊥ν(z−)

]
|0〉
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The x0 soft function

S2ξ(Ω, ω) =
αsCF

2π

{
θ(Ω)δ(ω)

(
−1

ε
+ ln

Ω2

µ2

)
+ ...

}

The soft function starts at αs order and is divergent. We need to

introduce the following for renormalization

Sx0(Ω) =

∫
dx0

4π
eix

0Ω/2 −2i

x0 − iε
1

Nc
Tr 〈0|T̄

[
Y †+(x0)Y−(x0)

]
T
[
Y †−(0)Y+(0)

]
|0〉 (1)

Sebastian Jaskiewicz Resummation at NLP 15



Motivations
Drell-Yan process at leading power

Next-to-leading power

Leading logarithmic RG equation

d

d lnµ

(
S2ξ (Ω, ω)
Sx0

(Ω)

)
=
αs
π

 4CF ln
µ

µs
−CF δ(ω)

0 4CF ln
µ

µs

( S2ξ (Ω, ω)
Sx0 (Ω)

)

where µs denotes an arbitrary soft scale of order Q(1− z). The LL

solution is

SLL
2ξ (Ω, ω, µ) =

2CF
β0

ln
αs(µ)

αs(µs)
exp

[
−4SLL(µs, µ)

]
θ(Ω)δ(ω)
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Final results

The ∆(z) is defined as ∆(z) = σ̂(z)/z. We find

∆LL
NLP(z) = − exp

[
4SLL(µh, µ)− 4SLL(µs, µ)

]
×8CF

β0
ln

αs(µ)

αs(µs)
θ(1− z) ,

Sebastian Jaskiewicz Resummation at NLP 17
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Final results

∆LL
NLP(z, µ) = − θ(1− z)

{
4CF

αs
π

[
ln(1− z)− Lµ

]
+ 8C2

F

(αs
π

)2 [
ln3(1− z)− 3Lµ ln2(1− z) + 2L2

µ ln(1− z)
]

+ 8C3
F

(αs
π

)3 [
ln5(1− z)− 5Lµ ln4(1− z) + 8L2

µ ln3(1− z)

−4L3
µ ln2(1− z)

]
+

16

3
C4
F

(αs
π

)4 [
ln7(1− z)− 7Lµ ln6(1− z) + 18L2

µ ln5(1− z)

−20L3
µ ln4(1− z) + 8L4

µ ln3(1− z)
]

+
8

3
C5
F

(αs
π

)5 [
ln9(1− z)− 9Lµ ln8(1− z) + 32L2

µ ln7(1− z)

−56L3
µ ln6(1− z) + 48L4

µ ln5(1− z)− 16L5
µ ln4(1− z)

]}
+ O(α6

s × (log)11)

where we define Lµ = ln(µ/Q). Comparison to [R. Hamberg et al., 1991] and
[D. de Florian J. Mazzitelli, S. Moch, A. Vogt, 1408.6277]

Sebastian Jaskiewicz Resummation at NLP 18



Motivations
Drell-Yan process at leading power

Next-to-leading power

Conclusion

I General factorization formula at next-to-leading power

I Appearance of collinear functions at next-to-leading power in
DY

I Generalised soft functions

I Leading Logarithmic resummation
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Thank you
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Back up slides
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Expansion

Near the partonic threshold z = 1, σ̂ab has the singular expansion

σ̂ab(z) =

∞∑
n=0

αns

[
cnδ(1− z) +

2n−1∑
m=0

(
cnm

[
lnm(1− z)

1− z

]
+

+ dnm lnm(1− z)

)
+ . . .

]
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NLP factorization formula

dσDY

dQ2
=

4πα2
em

3NcQ4

∑
a,b

∫ 1

0

dxadxb fa/A(xa)fb/B(xb) σ̂ab(z)

The σ̂ab(z) is now

σ̂(z) =
∑

terms

∫
dωidω̄idω

′
idω̄
′
iD(−ŝ;ωi, ω̄i)D∗(−ŝ;ω′i, ω̄′i)

×Q2

∫
d3~q

(2π)3 2
√
Q2 + ~q 2

1

2π

∫
d4x ei(xapA+xbpB−q)·x

×S̃(x;ωi, ω̄i, ω
′
i, ω̄
′
i)

and

D(−ŝ;ωi, ω̄i) =

∫
d(n+pi)d(n−p̄i)C(n+pi, n−p̄i)

× J(n+pi, xan+pA;ωi) J̄(n−p̄i,−xbn−pB ; ω̄i)
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Matching at NLP

N -jet operators have the general structure at NLP
[M. Beneke et al., 1712.04416, 1808.04742.]

J =

∫ ∏
ik

dtik C ({tik})
N∏
i=1

Ji (ti1 , ti2 ...)

where

Ji (ti1 , ti2 ...) =

ni∏
k=1

ψik (tik ni+) where ψi(tini+) ∈ χi = W †i ξi, ...

The relevant building blocks are

(A1-type)

χ̄c̄(t̄n−)[nµ±i/∂⊥]χc(tn+), χ̄c̄(t̄n−)[nµ±(−i)
←−
/∂⊥]χc(tn+)

(B1-type)

χ̄c̄(t̄n−) [nµ± /Ac⊥(t2n+)]χc(t1n+), χ̄c̄(t̄1n−)[nµ± /Ac̄⊥(t̄2n−)]χc(tn+)
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Factorization example: L(2)
2ξ time-ordered product

σ̂(z) = H(ŝ)× Q2

∫
d3~q

(2π)3 2
√
Q2 + ~q 2

1

2π

∫
d4x ei(xapA+xbpB−q)·x

×
{
S̃0(x) + 2 · 1

2

∫
dω J

(O)
2ξ (xan+pA;ω) S̃2ξ(x, ω) + c̄-term

}
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