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Tll\e Prﬁﬂw has muH»-'r(e ehrands —
Jq[tui _* ° Cl\omclrcriz;:j c.belwoic chruckures aseocieded 4o vorious closses o LCFTs.
e us‘\nj Y.ece +o constron A‘ase;\fj spaces of SCFs.

e Com‘:an toclc 4o “solva” de whatever extent Po&que sFedF.'c models of inferest:
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CFT and the conformal Eoo+s+rap
SuFechncFormo| 'Hnecries ond ‘H«eir cl'\o"en(jes

Hidden MGHAEMQ“’MQl &4ruc+ures

> Accociated VOA<
= SuPercgm;%rmol deJermation quan#iia‘lion

Condugions /;Fu-l'ure directiong
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C ooformel Eﬂfmﬁ (cFT)

> Scde invoriance.,

ln limi“s CJL\ere iw"ringic |eﬂ3+h sco‘es na GzF‘I’ Can l:e wfj(ec{—ed

'n relotivictic sdsJ'ems, generiwuj sco|e = conformd S\TMM&'U



COn'porma' ]‘—ielc{ WCOU (CFT)

| limits conere brinsic |e¢\\j+h scales na QFT can be n@lecl—ed

ln celabivictic sdsJ'ems, 3en€riw“\lj scale => conformal it!mme‘"r\‘j

> SCO'@ invariance.,

Covt?ormo«‘ ‘l’r‘ansgorma‘.'iof\s OC‘}‘OQ looal f‘o‘l’u“‘ion + f‘cgcalfhé.
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CFTs are 3ener‘icogj g‘l‘ro\njb couP(ed when Jormulated via, sqy, a PaJrL in+¢<3m| —

5[1)@ exp ( el fed ‘PJ)
ZIe1-7(op) -5 -de'
CCMFIU conctonts all o(1); hard 4o Comlmr'-e.l (sc:u‘e invariance oEswred)

Even Coorse , "‘OQS CFTs hove severdl, inequivalent szmcj;m deseriptions (duahb)'
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C onfoemel Fed Ty (CFT)

CFj’S are 3enericogj g"’ro\/\jb couP‘ed cwhen \Yormulo*l'ec‘ via, say, a Pa#. M‘(jml —

5[])\@ exp ( el fed ‘PJ)
ZIPT-2(r) -2 -qe'--.
Ccur)th conctonts all o(1); hard 4o COMFM"‘(J (sc:u‘e invariance oEswred)

Even toorse , morg CFTs have Severalj inequivalent I_:jmcjsm c[cscrif‘,*img (dual,'b)_

Even ccrsé, some CFTs hove no Lejranaion c'egcr;F'L'on orl' a“ (ui“ return o ‘Hn;s) .

This motivates ueto seek an aﬂamocl« 1t 'eve{?es cenSormal invoriance nor)Pcr‘furEa-Hvel\\f
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CFT; Ge A'Oebm;c &ruchres

|_ocal OPera‘[’org CYorm o Hilbert space )‘([$d'J due +o canFormal Wg

{c(,j./ _Z = |3\P|2‘\/(p) —“‘eog : go(x), SOZ(X)/ . Wﬂkaﬁmaﬂﬁ";

TDr*oduc+ dructure: O, x) O, (%) = Z C.ZK (x,—xz )Oz(xz)

//OPe(q-[—cw P‘ocfuc-f E)LFa/)Qion// (OPE)

Conve{jec in correlaticn Fanchions
(M co/r"rafl’ +o Simi lar ¢xPansions o/ou+ amfonm:'u' *3)



CF_’: Ge /Abelw‘oic &ruchres

L ocal oPero-l'org Jorm o Hilbert space HIS“T due 4o conFormal Wg

{C{j‘/ .Z = |3\P'2‘\/(5D) -“\eozj : go(x), SOZ(X)/ . %Bka’ul-~-é’dﬁo§

produc-l' chructure s O, () O, () = Z C.ZK (x,—xz )Oz(’(z)

_ZVXT\X/

Determined b \j Con:Yormo.\ sdmmel'\rj

up +o overall normalization, “OPE coefficients”
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CFT; (@38 A'Oebmic &ruchres

/4” correladion J2's Pxed lfj CFPE, Plus vcmislniv& of one- Foin+ Junctions

<O(><)>n?d: O unkes O=1

*0,



CFT; (@38 A'Oebmic &ruchres

/4” correladion 52 U\T‘xec( l\zj CPE, PL« vonishing oF one- F°“‘+ Functione

<O(><)>n7d: O unlss O=1

= g C'ZK (XZI) CKZK’ ()(3 |) CK'HK” (Xm) C—K"si ()<s-|)

K, K’ K"
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Se‘y- cangi&-'-ensj /we“-cleSinec‘n& of correlators 'IMFoseS OSSOCEG"'N@ conditions on OPE —

O (%)
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The Beokotrup

L i< emugh o ensure consistency oF H-ph. Suncions: {0610, () 05 () O, (x) )

Y Ol Oy O )
Oz () O, ("0 Oz () @ ("0

C rossin J JMM ,,JCJ

Olc‘ O.S,?h’a"fof) (Cu'rca 1970 : Ferram-c'a‘l'fb-crﬂlo,]%\ljakoV) :

//80 Ive CFT< b &7'@ CFOQQ()j @M'VBJ'O”

(’u.e. ) Se|§-congis+cm{j hould be em@ln>
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EeMQrks onthe ConSormol Boo‘l'&mp

> Generally, an infinibe sebof non=lineor, caupled Funchonol equations in inbinitely many arkinaens.
Opereter scolirzjs, spins, and OPE. cceSFicients
= SFecia' situation chen d= 2 20(2,2) Vivocers * \/i:ogoro
L(_ii&'m% dimensionad ‘Oca‘ cenformol -l-ron1§or~1a+fong

In -H,\. £ Ccace, CroSSu'?j can reduce “’6 a &nil& %j&‘"em o§ eciua-lv'ons p ‘ead.'/\\j"'c ho-lr‘on OF

” iZQ‘l'iono' C—FT ’

Herc o W{J succeseFul clogeiFication Pr?mm 08 corried out in the late 1920%.



Eewmrks onthe ConSormol Boo‘l'&mp

e Genemtlj, an infinite set oS non-lineor, coupled Functional equations in in§.‘n.’-l-el\j many wknowns.

lemlur scoliijs, sping, and OPE cceFicients

© SFeciaJ sﬂ-ua«l'ion chen d= 2 ERSTe) (7, 2) < %V‘osc;rc B \/Lu\focoro
L(_ii&‘m‘% diMeM\O/\C&‘ ‘oca‘ cmyorm‘ "'von$§or~1ar['ron S

In -H,\. £ Ccace, crossi?j can reduce “’6 a &nil& %j&“'em o§ eciua-lv'ons p ‘ead.'/\\j"'o ho-lr‘on OF

” iZa‘l’iono' C—FT ’

Heee o very succeseFul closeiSication Paﬁmm 08 corried out in the |ake 1920

e ,V) d>2 SFaceJ'ime climensiong, no such gtm|>| Hicoticn poscble, held «p mresc ¥r a Lv:j ime.
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> MO\)OI‘ rcneual 0\? eJ\jtor-I'in d>2 ;pc“oui:j }Dreok"'l«ma'n of [rzoﬂbizij chl,.kov,—,:milv:hi (2008)].
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> MO\)OI‘ rcneual 0\? eJ\jtor'I'in d>2 :Po“oui:j }Dreok"'l«ma'n of I_—rzo*oizij szchov,—,:nm'}Vclni (2008)].

> //Numeﬁcal EM‘I’S"’MIO”’ Sea(c\n Sar ineauali"’i&g :Far OPE coeFﬁcidn"’s X 0})@4‘0;‘ quan-l'um wwnlxrs
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)Zemorks on ‘”\e COACYcrma‘ BOG"&""G‘P

> MO\)OI‘ rcneual 0\? eJ\jtor-I'in d>2 ;pc“oui:j }Dreok"'l«ma'n of [rzoﬂbizij chl,.kov,—,:milv:hi (2008)].

> //Numeﬁcal gw‘I’S"’m'O//’ Sea(c\n Sor ineziuali"’iag :Far OPE coeFﬁcidn"’s X 0}:0‘&4‘0:- quan-"um wum'xrs
\‘Fouaqi:vj ;rom omeﬁ :reu L’-— F+ :ch"?ons’.

ope redor 2eclin

climencion

> A,

20
| Excluded /
M(5,4)
\ X

15 - 2d Ising

\ M

o
Allowed

), CJF!’fW"Dl’ QCO'iI\\j

[ - - - - -
0.1 02 03 04 dlw@nslon

> IJ: o CFT correlotor is “extremol” (s«"ura'l’es EaundSD H con in Pr:nc;’ak be recenstructed Srom the same
da+a 'H\a"’ save rise ‘|"o ‘H\e Bound.
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8 uPers:Smmeer;c CFT @

A"’ an o‘:s"’r‘ad'/ cFonvm' (cvck) gugy\jus‘L ex—{-enck CO()SCIMG' o‘djebra So(d,?) "’o a 'a@er Lie (suFer) o'aebru B

d=2: s0(32) — osP(NlbD
d=y: 0(4,2) —> su(2,2IN)

d=5: s0(52) —> \'P(‘f)

d=6: s0(6,2)

> osp (KIZN)

No SMFQFCOI'SO(DAO( o\ljetzras in d>§ [ Nahm (197 8)]
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A"’ an o‘DS"’f‘ac{'/ CFOthJ (cvck) gugy\jus‘L ex—{-enck CO()SCIMG' o‘djebra So(d,?) "’o a 'a@er Lie (suFer) o'aebru B

d=2: s0(32) — osP(NILD
d=y: 0(4,2) —> su(2,2IN)

d=5: s0(52) —> \'P(‘f)

d=6:  s0(6,2) — osp (8 | ZN)
No SMFQFCOI'SO(DAO( o\ljetzras in d>§ [ Nahm (197 8)]

Ex‘vo &ermiom‘c QFcce‘hm( S(jmme“’r&kjenem-‘ors g&/ & ]) _gFace"'ime glaiv\org,
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° lﬂ d=3 £ d- Y, ma:j covendional Qugy OM\T Hneories = rise o SCFTs

™ |n Ud, comedimes oclmit (Muljrfrle'.) weal? mu/ol.‘?j exponsians.
- |a ZJ'OM”O'\'j s“‘rocjjj cow'o|ec( IC Frveel Fl-g
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A Mmijm oF gufe,\sjwh.-c CFT.

° lﬂ d=3 £ d- Y, ma:j covendional Qugy OM\T Hneories = rise o SCFTs

™ |n Ud, comedimes oclmit (Muljrfrle'.) weal? mu/ol.‘?j exponsians.
- |a ZJ,OmeroJ\'j s“‘rocjjj cow'o|ec( IC Frveel Fl-g

o O\H—en in L’clj no reasonable chjrm(jim Aescr.'F-Hon.

6.3., ”Ar&jros -D |as '”\eorieg ”
(erb ) ‘”«eories 05 w‘ass'ess ggc—l'rcns' -Wl«ollo]?a‘es)

° Mow SCFTe in d=5 & d= & - Fred;cl—ed b s#w/f"]-ﬂwr& - c\efj cenventicnal wisdom!
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N X MS [fmneg

° |n d =€, S‘I’ar‘} D/non-in"'erac"ifj i«j&*”ﬂm

not
1[\(’] = ‘lea\P‘ : [P] = HGQQZ => rencimalizable

E«Mﬁ

(Z/ O )N guref‘car\gorma( Feu TL:U



Surfarfszaj chhmz, Ejre S‘lw / M"“fwi-j

N X MS [fmneg

° |n d =€, S‘I’ar‘} D/non-in"'erac"ifj i«j&*”ﬂm
‘iI\P] = _lea\P‘Z [sz H“ggz = :::armliaaue

° de§omn\lﬂj Miemc‘l'ic.ng:

SZ~Y" [P Mo

E«Mﬁ

(Z/ O )N guref‘car\gorma( Feu TL:U



Surfarfszaj chhmz, Ejre S‘lw / M"“fwi-j

N X MS [fmneg

* I d=8, shart u/no/\-in-"erac"ifj E‘SS#M

L16< 418P1" [PI-Hace® > fomomabecble
. de§omn\lsj irhecactiong

SL~Y" T¢I Moe’

. C]ua/\-"um iLeoU ot cell -cleSined !

E«Mﬁ

(Z/ O)N guref‘cor\gorma( "ieu TL:U
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N X MS [Zmnes

* I d=8, shart u/non-in"‘erac"ir:j E‘SS#M

L16< 418P1" [PI-Hace® > fomomabecble
. de§omn\lsj irhecactiong

SL~Y" T¢I Moe’

. C]ua/\-"um -uueo\rj ot cell -cleSined !

(hd)
E« MF‘ + Cd CFTe necessorilj ”v\cn-LoOraf(wjion”

(Z/ O )N guref‘cor\gorma( "ieu TL:U



Surf)rfszaj chhmz, S S‘lw / M"“«po\rj @

N X MS [Zmnes

* I d=8, shart u/non-in"‘erac"ir:j E‘SS#M

L16< 418P1" [PI-Hace® > fomomabecble
. de§omn\lsj irhecactiong

SL~Y" T¢I Moe’

. C]ua/\-"um -uueo\rj ot cell -cleSined !

(hd)
E« MF‘ + Cd CFTe necessorilj ”v\cn-LoOraf(wjion”

(Z/ O)N gurefcoﬂgorma( Feu TL:U ° Haximm suFemonSUrMa| fﬁMMdzﬂ 1) "’aP sPacelﬁmc cl-'mcns'-on.
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Associorhve OPE inherided Ej cohomo |€jico( quo‘Hevr" =

Ker (S - HE) - HE))

H*(H(Sd"7> = T (3 HE—HE)

[O(xz)]a = {O(x) + g O'K) | 00 =o§



Cot\omo‘c@ico‘ Reclucl'ions o‘f SupchOH§ormo| OPE A'@e’bros

Associorhve OPE inherided Ej cohomo |€jico( quo-f':‘evr" =

Ker (S - HE) - HE))

H*(H(Sd"7> = T (3 HE—HE)

[O(xz)]a = {O(x) + g O'K) | 00 =o§

/4 bebmic S‘l’mc‘l'urc can be dmma-h‘ca@ &I'IWF(EP here —

{Q&f-H = s, [om] -0

\—Iere Hb s a Losonic sktjwlme'l’% Genera“’orl c(.j./ J"‘ms‘q«[lmgj r—o"‘q-"icnsl dl'lq‘l&-l'fanl.



SIMFIQSJ’ Cose

I¥ 5“5} = gquce"'ime +mns|a‘l'ions§, ..

o] = o] = (o],



SIW‘FIQS‘J’ Cose

I¥ 5“5} > gquce-'-ime +ransla‘l’ions§, ..
o)l = o] = o],

T‘%si+ion c‘ePenc(ence ‘L'Fvia‘izcc‘ -

C;J-" (x-x) — Cie R C



SIM’DIQSJ’ CO\SQ

I¥ 5“5} > gquce-hme +rans|a‘l>ions§, ..
o)l = o] = o],

P()si+ion c‘ePenc(ence ‘L—Fvio‘izcc‘ -

C;JK (X;"Xj) —— C..JK (S R or C

OPE  reduces +o (Su,;er)commw"a+ive, associative a((ﬁebro.

4 ”CL{raI [ZUQ ’ do“'e ‘I’O [LercLe) Va:?t-, \/JOrner (lng)]

> nis is -“\g Iocal o('jebmlc COun4er’:or{-o$ T;Folgjim‘ Quqm‘um Fiel& queov (T—C{‘F—r) .



SIM’DIQSJ’ CO\SQ

I¥ 5“5} = ESPace'hme +mns|a‘l'ions§, ..

o] = o] = (o],

P()si+ion c‘ePenc(ence ‘L—Fvio‘izcc‘ -

C;JK (X;"Xj) —— C..JK (S R or C

OPE  reduces +o (Surer)cammwl'a+ivel associative a((ﬁebro_

4 /Z:L"rod [ZUS ’ do4£ 'I’O [Lerchj VQ:FG) \/\}arner (lng)]

0 nis is he [ocal o('jebmlc c::un#er,:or@a? —IZF':'?]"C“‘ Quantum Field queov (T—C{‘F—r) .

\/e\lj -‘MPor"'on“'J |>u+ vw‘l’ immcd-’of['e‘ uSeS'u( 5—2.— l>c°‘|’S"|T‘oP Fur]:oses,
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d=t N>2 uvy

- cr -—

d=6 N2(20) 20Uy \

[ ] OZ(??I?Z )

0@z,2)
[ )

d=Y,6

Rxd~ (il < 2
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