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Outline of the lectures
10 July Intro to Monte Carlo techniques and structure of matter
17 July DGLAP and small x: solution with MCs
23 July Small x, CCFM and BFKL
24 July W/Z production in pp and soft gluon resummation

Lectures will be recorded and made available immediately .....

Exercises in the afternoons: 14:00 – 16:30 in sem 1
Assistant: A. Grebenyuk

Discussion forum online:
see link from web page or

http://www.terascale.de/research_topics/rt1_physics_analysis/monte_carlo_generators/discussion_forum/discussion_forum_lecture_2009_qcd_and
_monte_carlos

http://www.terascale.de/research_topics/rt1_physics_analysis/monte_carlo_generators/discussion_forum/discussion_forum_lecture_2009_qcd_and_monte_carlos/
http://www.terascale.de/research_topics/rt1_physics_analysis/monte_carlo_generators/discussion_forum/discussion_forum_lecture_2009_qcd_and


5H. Jung, QCD and MCs  II , DESY - HH,  17 July 2009

Requests to you ... 
If things go wrong .. lecture is too easy... too trivial ... too 
complicated, too chaotic or too boring ...

PLEASE complain immediately !
PLEASE ask questions any time ! 



  

Questions from 
last lecture and
last exercise ?



  

Recap from 
last lecture ...
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recap: Higher order corrections to DIS

lowest order: 
higher order: 

 What is the dominant part of the x-section ?
Investigate full x-section of QCDC and BGF
dominant part comes from small transverse momenta ...
rewrite x-section in terms of 
use small t limit:

e+ q ! e0 + q0 O(®0s)

e+ q ! e0 + q0 + g; e+ g ! e0 + q + ¹q O(®1s)
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recap: Inelastic Scattering: x-section,phase space, ME

Cross section definition:

with initial flux 

and Lorentz invariant phase space
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recap: partonic cross sections

Flux for virtual photons: 

x-section with virtual photons:

real photons
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=
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ŝ+Q2
1

ŝ
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recap: kinematics

Using s+t+u=-Q2  gives:

and for           

    Define:

ŝ = (p1 + p2)
2 = Q2
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2
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recap: QCDC - contribution

integrate over kt generates log, BUT what is the lower 
limit
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recap: boson gluon fusion 

integrate over kt generates log, BUT what is the lower limit

Blackboard
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Splitting functions in lowest order

similarity to EPA...
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recap: O(s) contribution to F2

divergency for                  or 

F2

x
=

k? ! 0 Â! 0

F2

x
=

X
e2q

Z
dx2

x2
qi(x2)±

µ
1¡ x

x2

¶

+

qi(x2)

·
®s

2¼
Pqq

µ
x

x2

¶·
log

µ
Q2

Â2

¶
+ log

µ
1¡ z
z

¶
+ :::

¸
+ Cq(z; ::)

¸

+

g(x2)

·
®s

2¼
Pqg

µ
x

x2

¶·
log

µ
Q2

Â2
+ log

µ
1¡ z
z

¶
+ :::

¸
+ Cg(z; :::)

¶¸



16H. Jung, QCD and MCs  II , DESY - HH,  17 July 2009

Collinear factorization: DGLAP
introduce new scale                 and  include soft, non-perturbative 
physics into renormalized parton density:

DokshitzerGribovLipatovAltarelliParisi  equation:
V.V. Gribov and L.N. Lipatov Sov. J. Nucl. Phys. 438 and 675 (1972) 15, L.N. Lipatov Sov. J. Nucl. Phys  94 (1975) 20,  
G. Altarelli and G. Parisi Nucl.Phys.B 298 (1977) 126, Y.L. Dokshitser Sov. Phys. JETP 641 (1977) 46

BUT there are also gluons....

DGLAP is the analogue to the beta function for running of the 
coupling 
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Collinear factorization ....

... generalisation of 
parton model result 

to QCD !!!
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Collinear factorization 

Factorization Theorem in DIS (Collins, Soper, Sterman, (1989) in Pert. QCD, ed. A.H. Mueller, Wold 

Scientific, Singapore, p1.)

hard-scattering function            is infrared finite and calculable in 
pQCD, depending only on vector boson V, parton i, and renormalization 
and factorization scales. It is independent of the identity of hadron h.
pdf                             contains all the infrared sensitivity of cross 
section, and is specific to hadron h, and depends on factorization scale. 

Generalization: applies to any DIS cross section defined by a sum over 
hadronic final states .... but be careful what it really means....
explicit factorization theorems exist for:

inclusive and diffractive DIS (... see above....) 
Drell Yan (in hadron hadron collisions)
single particle inclusive cross sections (fragmentation functions)

see handbook of pQCD, chapter IV, B

F
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Factorization proofs and all that ...

The problem with Drell-Yan: initial 
state interactions... 
factorization here does not hold 
graph-by-graph but only for all ....
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About factorization proofs (Wu-Ki Tung, pQCD and the parton structure of the nucleon, 2001, In *Shifman, 

M. (ed.): At the frontier of particle physics, vol. 2* 887-971)
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Collinear factorization ....
So far  considered only “leading twist”

Factorization theorem (Collins hep-ph/9709499):
in general:

NOT covered by factorization theorem.... but contributions can be 
large ?!?

twist = dimension (spin) of operators in 
Operator Product Expansion (OPE)

Ellis, Webber, Stirling, 123
Roberts 108

n>0   higher twists
         non-leading powers ...

F2(x;Q
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X

i
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X

n
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Q2n
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Warning on factorisation
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But even this is not the full story...
J. Collins, J.W. Qiu hep-ph 0705.2141

factorization breaking in pp! j1j2X
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Collinear factorization schemes
DIS scheme: absorbing all finite contributions        into quark 
densities, with no finite             corrections:

         scheme, where only minimal contributions from the finite 
parts are absorbed in the quark distributions:

once the scheme is chosen, it MUST be used in all other cross 
section calculations
higher order corrections will of course depend on the chosen 
scheme...
BUT.... there are still other contributions to be included... gluon 
induced processes 
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PDFs in different fact. schemes

differences between LO and NLO DIS,  MS  scheme in 
quark and gluon densities
can make significant effects for x-sections



  

But back to the 
evolution equation
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Evolution kernels – splitting fcts

  Splitting functions have perturbative expansion in the running 
coupling:

  including more and more loops .... 

P (z; ®s) = P (0)(z) +
®s

2¼
P (1)(z) + :::
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Splitting functions at higher orders
S. Moch, HERA-LHC workshop, June 2004

  loops again: 
  1-loop
  2-loops
  3-loops

P (z; ®s) = P (0)(z) +
®s

2¼
P (1)(z) + :::
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Splitting functions (cont'd)
S. Moch, HERA-LHC workshop, June 2004

P (z; ®s) = P (0)(z) +
®s

2¼
P (1)(z) + :::
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Splitting functions (cont'd)
S. Moch, HERA-LHC workshop, June 2004
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NLO contributions to F2(x,Q2)

virtual corrections cancel 
collinear singularity

no collinear singularityvirtual corrections to QPM
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Evolution kernels – splitting fcts

 some of the splitting functions are also divergent...

  use plus-distribution to avoid dangerous region:

divergence cancelled by virtual corrections ... 
use splitting functions with plus-distribution
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virtual contributions, again ...
we should have:

conservation of quark (baryon) number: 

changed splitting function: 

P (z) ! P (z) +K±(1¡ z)
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How to apply these results 
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Applying DGLAP to DIS data ...

Theory describes measurement over huge range in x and Q2

Success of theory (DGLAP)
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Extraction of PDFs from DGLAP fits 
Solve DGLAP equations
adjust input parameters 
(starting distributions) such 
that F2 is best described
extract PDFs as fct of x
then DGLAP gives PDFs at any 
Q2

Sum rules are essential to 
constrain starting 
distributions 
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Meaning of evolution equations
order emissions by “size”
limits on the included emissions 
are provided by the scales (     ) 
for the short distance and      for 
the long distance

next separate contributions above 
and below factorization scale 

factor scales      to        into 
renormalized parton distributions. 
All above      can be calculated 
perturbatively

From S. Ellis, Lecture 2, 2003 

¹

¹Â

Q2

Â

¹
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Solving DGLAP equations ...
Different methods to solve integro-differential equations

brute-force (BF) method (M. Miyama, S. Kumano CPC 94 (1996) 185)

Laguerre method (S. Kumano J.T. Londergan CPC 69 (1992) 373, and L. Schoeffel Nucl.Instrum.Meth.A423:439-445,1999)

Mellin transforms (M. Glueck, E. Reya, A. Vogt Z. Phys. C48 (1990) 471)

QCDNUM: calculation in a grid in x,Q2 space  (M. Botje  Eur.Phys.J. C14 (2000) 285-297)

CTEQ evolution program in x,Q2 space: http://www.phys.psu.edu/~cteq/

QCDFIT program in x,Q2 space (C. Pascaud, F. Zomer, LAL preprint LAL/94-02, H1-09/94-404,H1-09/94-

376) 

MC method using Markov chains (S. Jadach, M. Skrzypek hep-ph/0504205)  

Monte Carlo method from iterative procedure
brute-force method and MC method are best suited for detailed studies 
of branching processes !!!

df(x)

dx
=
f(x)m+1 ¡ f(x)m

¢xm

Z
f(x)dx =

X
f(x)m¢xm
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Comparison of different methods
Compare Laguerre and Mellin method with brute-force (BF) method 

S. Kumano, T-H Nagai hep-ph/0405160
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Evolution code in LHAPDF

Can use LHAPDF to evolve starting distribution to any Q2 with
CTEQ, QCDNUM, and other evolution packages...



  

From evolution equation to 
parton branching ...

How ?
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Divergencies again...
collinear divergencies factored into renormalized parton 
distributions
what about soft divergencies ?
treated with “plus” prescription

                                        with

soft divergency treated with Sudakov form factor:
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DGLAP evolution again....

differential form:

differential form using              with 

integral form

               no – branching probability from       to  
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Sudakov form factor: all loop resum...

                         Splitting Fct 

Sudakov form factor .... all loop resummation 
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Sudakov form factor
what is the limit on z- integration ?

resolvable branching ?

                             with         a soft cutoff

probability  of no -radiation between Qa and Qb

Blackboardz < 1¡ Q
2
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Sudakov form factors



46H. Jung, QCD and MCs  II , DESY - HH,  17 July 2009

Solving integral equations
Integral equation of Fredholm type:
solve it by iteration (Neumann series):

with the solution:
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DGLAP re-sums leading logs...

solve integral equation via iteration:
 branching at t'

 from t' to t 
 w/o   branching

 from t
0
 to t' 

 w/o branching

f(x; t) = f(x; t0)¢s(t) +

Z
dz

z

Z
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DGLAP re-sums leading logs...

solve integral equation via iteration:
 branching at t'

 from t' to t 
 w/o   branching

 from t
0
 to t' 

 w/o branching

DGLAP re-sums                  to all orders  !!!!!!!!!!!!!!!!
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DGLAP evolution equation... again...
for fixed x and Q2 chains with different branchings contribute
iterative procedure, spacelike parton showering

f(x; t) = f0(x; t0)¢s(t) +

1X

k=1

fk(xk; tk)
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What is happening at small x ?
For                 only gluon splitting function matters:

evolution equation is then:

with t = ¹2

Pgg = 6

µ
1¡ z
z

+
z

1¡ z + z(1¡ z)
¶

= 6

µ
1

z
¡ 2 + z(1¡ z) +

1

1¡ z

¶
x! 0

Pgg » 6
1

z
for z ! 0

dg(x; ¹2)

d log¹2
=
®s

2¼

Z 1

x

d»

»
g(»; ¹2)Pgg

µ
x

»

¶

xg(x; t) =
3®s

¼

Z t

t0

d log t0
Z 1

x

d»

»
»g(»; t0)

Blackboard

dg(x; ¹2)

d log¹2
=
®s

2¼

Z 1

x

d»

»
g(»; ¹2)Pgg

µ
x

»

¶
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Estimates at small x: DLL

use constant starting distribution at small t: 

with

double leading log 
approximation (DLL)

xg0(x) = C

xg1(x; t) =
3®s

¼
log

t

t0
log

1

x
C

xg2(x; t) =

µ
3®s

¼

1

2
log

t

t0

1

2
log

1

x

¶2
C

...

xgn(x; t) =
1

n!

1

n!

µ
3®s

¼
log

t

t0
log

1

x

¶n
C

xg(x; t) =
X

n

1

n!

1

n!

µ
3®s

¼
log

t

t0
log

1

x

¶n
C

xg(x; t) » C exp

µ
2

r
3®s

¼
log

t

t0
log

1

x

¶

xg(x; t) =
3®s

¼

Z t

t0

d log t0
Z 1

x

d»

»
»g(»; t0) t = ¹2
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Results from DLL approximation
DLL arise from taking small x limit of 
splitting fct: 

                 from small x limit of 
splitting fct 
                 from t integration 
strong ordering in x from small x limit
strong ordering in t from small t limit 
of ME...

DLL gives rapid increase of gluon density 
from a flat starting distribution
gluons are coupled to F2... strong rise of 

F2 at small x:
●consequences: 
● rise continues forever ???
● what happens when too high gluon density ?
●

xg(x; t) » C exp

µ
2

r
3®s

¼
log

t

t0
log

1

x

¶

log 1=x

log t=t0
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Remember the pre-HERA times
Just before HERA started in 
1992, new PDF fits (NLO 
DGLAP) were released, using all 
existing high precision data

1st HERA data 1992 

Martin, Stirling, Roberts  Apr 1992.
Phys.Rev.D47:867-882,1993.

H1  Nucl. Phys. B407 (1993) 515


