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	 � � � � �� � � �� � � ���� � � �� �� � �	 	 � � � �� � �� �� � � � � � �� � � � �	 � � � �

� 	 � � 1/(p2 − m2) � �� � � � �� � � �� � � � � � �	 � � 	 � � � � � � � � � � 	 � � � �� � � � �

� � � �� �  � � �� � � � � � � � � � � � 	 �� �� � � � � � � � � � �� � ��  � � � � � �� � � 	 � !
α

" � � � � � � �� 

� �� �
	 �#

F
(
ajs, bkm, ci, dj, ~x

)
=

∫

γ+iR
d~z

Π
p
j=1Γ

(∑r
s=1 ajszs + cj

)

Π
q
k=1Γ (

∑r
m=1 bkmzm + dk)

x
−z1
1 . . . x−zr

r ,

�	 � � � � � �%$ � �� � � � � � � � � � � �� � � �& � � � � � � � � � � � � � � 	 � � � � � 	 � � � �� � � � � 	 � � � �

� � � � � � �� � � �& � � � � ��
	 �

F
(

ajs, bkm,~c, ~d, ~α, ~x
)

=
∑

~α

B~α~x ~αΦ(~γ;~σ; ~x) ,

�� � �

Φ(~γ;~σ; ~x) =

∞∑

m1,m2,··· ,mr=0

(
ΠK

j=1Γ
(∑r

a=1 µjama + γj
)

ΠL
k=1Γ

(∑r
b=1 νkbmb + σk

)

)

x
m1
1 · · · xmr

r ,
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�� � � �  � 	 
� � � � � �  � � �� � �� � �� � � 	 � 
�� � �� 	 
� ��

�� �� $ �� �� $ 	
 
�

� � � � �� 	 �� $ �	 � �� � � � � � � �	 � � � �� 	 � �  �� � � � � � � � � �	 � �� �� � �� � �� �	 � � � � � � �

� � � �	 � � � �� 	 � � � � � �� �
	 � $ � �� � � � � � �� � � � � � � � �� �	 � �� � � �	 � � �� �� � � � �� � �

� �� �
	 � � � �� � �� �	 � � � � � � � � � � � � �� � � � A,B,C �� � � � �� � �� �
z�

P1(A,B,B, z) 2F1

(
A ± 1, B

C
z

)

+ P2(A,B,B, z) 2F1

(
A,B ± 1

C
z

)

+P3(A,B,B, z) 2F1

(
A,B
C ± 1

z

)

= 0

��� �  �� � � � � � � � � �	 � �� �� � �� � �� �
	 � �� � � � � �� � � � � � � � � � � �� � � � � � � � � � � � � � 	

� � � �� � � � � �	 � �� � �� �
	 � 	 � � �	 �	 � � � � �� � �#
P (a, b, c, z)2F1(a + I1, b + I2; c + I3; z)

= Q1(a, b, c, z)2F1(a + 1, b + 1; c + 1; z)+Q2(a, b, c, z)2F1(a, b; c; z) ,

� � � � � a, b, c, � � � �� � � & � � � � � � � � � $ P,Q1, Q2

� � � �	 � �� 	 �� � � � � � � � � � �� � � �

a, b, c �� � � � �� � �� �

z $ �� �
I1, I2, I3

�� � � � � � � � � � � � � � � ��

* + ,.-/ 01 *23 254 6798/ 1 0:; < 8 8 - =>? @ <9AB = *23 24 CD EFHG D IJ G IHKL EHMN



Γ � � �� 	 
� � �� ε � �� � � � � 
� �

� � � �� � �� � � � �	 � � � 	 �

ε �& � �� ��
	 � � � � � � � � � �	 � �& � �� ��
	 � 	 � � � � Γ
�� � �� �	 � �

ln
Γ(k+1+p

q +j+z)

Γ(k+1+p
q +j)

= ln
Γ(k+1+p

q +z)

Γ(k+1+p
q)

−
∞∑

m=1

(−z)m

m

j
∑

r=1

1
(

r+k+p
q

)m

= ln
Γ
(

1+p
q+z

)

Γ
(

1+p
q

) −
∞∑

m=1

(−z)m

m

j+k
∑

r=1

1
(

r+p
q

)m ,

� � � � �� � � � � � � $ �	 � p = 0 $ � � � �� �

ln
Γ(1 + j + z)

Γ(1 + z)
= ln Γ(1 + j) −

∞∑

m=1

(−z)m

m
Sm(j) ,

� � � � � Sa(j)

� � � � � � � � �	 � � � � � � � � � � � � � � Sa(j) =
∑j

k=1
1
ka�
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� �  � � �� � �� � �� � � 	 � 
�� �� �� 	 
� � �� ε � �� � � � � 
� �

� � � � � � �� � � � � � �� �
	 �

2F1(I1+a1ε, I2+a2ε; I3−p/q+cε; z) → 2F1(1+a1ε, 2+a2ε; 2−p/q+cε; z) ,

2F1

(
1+a1ε, 1+a2ε

2−p
q + cε

z

)

=
1

z

(

1−p

q
+cε

) ∞∑

j=1

zj
Γ(j)Γ

(

1−p
q

)

Γ
(

1−p
q+j

) ∆ ,

� � � � �

∆ = exp





∞∑

k=1

(−ε)k

k

(

−AkSk(j − 1) + ck

�[q−p,q]
k (j − 1)

)



 ,

Ak = ak
1 + ak

2 ,

�[p,q]
k (j) =

j
∑

r=1

1
(

r + p
q

)k
. Sk(j) ≡ �[0,q]

k (j) .
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�� � �� 	 
� �� ε � �� � � � � 
� �

� � � � �� � � � � � � $ � � � � � �� � � � �	 � � �� �� � � 	 � � � � ε �& � �� ��
	 � � � � �#

∞∑

j=1

zj
Γ
(

1−p
q

)

Γ(j)

Γ
(

1+j−p
q

) exp





∞∑

k=1

(−ε)k

k

(

−AkSk(j − 1)+ck
�[q−p,q]

k (j − 1)
)





=

∞∑

j=1

zj
Γ
(

1−p
q

)

Γ(j)

Γ
(

1+j−p
q

)

{

1 + ε
[

A1S1(j−1) − c
�[q−p,q]

1 (j − 1)
]

+
1

2
ε2

[

A2
1S

2
1(j−1) − A2S2(j−1) − 2cA1S1(j−1)

�[q−p,q]
1 (j − 1)

+c2

(
[

�[q−p,q]
1 (j − 1)

]2
+

�[q−p,q]
2 (j − 1)

)]

+ O(ε3)

}

.
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 � � � �  � �

� � � � � � � �� � � �	 �� �� � � � � � � � � � 	 � �� �� ��� ��� ��	 
 �� � � �  � ��� 	  � �� � � $ � �� � � � � �

� � � � � � � �

Σ
[p,q]
a1,··· ,ak; −;c;−(z) ≡

∞∑

j=1

zj

jc

Γ(j)Γ
(

1−p
q

)

Γ
(

1−p
q +j

) Sa1(j−1)Sa2(j−1) · · ·Sak(j−1) ,

� � � � � a1, · · · , ak, c

� � � � � �� � � � � � �	 �� � �� � � � � � � � � �� � � � � � � � � � w = c+1+
a1 + · · · + ak

� � � � � � � � � � � � � ��� � �

d = k

� � � � � � � �	 � � � � � � � ��
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� � � � � � ��� � � � � � �� � � � � � � � ��� � � � � � � � � � � � � �	 � �	 � � � � � � �� � �  � � � � � � �	 � � �

�	 � � � � � � � �	 � �� �� � �� � �� �
	 � � �� � � � � � � �� � � � � �� 	 � � � � � � �� � � � � �

�	 � � $ � � � � $ �� � � � � � � $ 	
 
 	�� �� � � � � � � $ 	
 
 ��

�	 � � � � � � � � � ���� �� �
	 � � 	 � � � �� � � � � � � � � � �	 � � � � 	 �& � �� ��
	 � 	 � � � � � � � �	 

� �� �� � �� � �� �	 � � � � � ��� �� � �

�� � � � � � � $ 	
 
 	�� �	 � �

&

� � � � $ 	
 
� �

� � � � � &

� � ���� � � $ 	
 
� $ 	
 
 	

 �� � � �� � � �
 �� � �� �	 � � � � �	 � � � � �� � � � �� � � � �� � � � 	 �	 � �� � � �� �	 � 	 �

ε

�& � �� ��	 � �	 � � � � � � � �	 � �� �� � �� � �� �	 � � �� � � 	 � � � � � � � �� � � � � �� 	 � � � � � � � 

� � � �
�� �� $ 
 �� � � � � � �� $ 	
 
 �� �� �� $ � � � $ �	 �� $ 	
 
 �� �� �� $ �� � � � � $ 	
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� � � �� � 	 
 � � �  �� 	 
� � � � � � � �� �

� �� � � � � � �� � � � � � � � �� � � � � � � � � � � � � �	 � �

Σ
[p,q]
~a;−;c;−(z) =

∞∑

j=1

zjη~a;−;c;−(j) .


 � � � � �� � � ��� � �� �
	 �#

[

j + 1 − p

q

]

(j + 1)cη
[p,q]
~a;−;c;−(j + 1) = jc+1η

[p,q]
~a;−;c;−(j) + r

[p,q]
~a;− (j) ,

� � � � �

Γ
(

1+j−p
q

)

Γ(j)Γ
(

1−p
q

) r
[p,q]
~a;− (j) = j×







k∏

r=1

[

Sar(j − 1)+
1

jar

]

−
k∏

r=1

Sar(j − 1)






.

[(
1

z
−1

)

z
d

dz
−1

z

p

q

](

z
d

dz

)c

Σ
[p,q]
~a;−;c;−(z) = δ~a,0 + R

[p,q]
~a;− (z) ,
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� � � �� � � � ��� � �� �
	 �#

[(
1

z
−1

)

z
d

dz
−1

z

p

q

](

z
d

dz

)c

Σ
[p,q]
~a;−;c;−(z) = δ~a,0 + R

[p,q]
~a;− (z) ,

� � �� � �� � � � �

ξ =

(
z

z − 1

)1
q

� � � � � �� � �#

(
1

q
(1 − ξq)ξ

d

dξ

)c

Σ
[p,q]
~a;−;c;−(ξ) = ξpσ

[p,q]
~a;− (ξ) ,

−1

q

1 − ξq

ξq−p−1

d

dξ
σ

[p,q]
~a;− (ξ) = δ~a,0+R

[p,q]
~a;− (ξ) .
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� � � � � � � �� � � � � � � � � � � � � � � � � � � � �

I(z; ak, ak−1 · · · , a1) =

∫ z

0

dt

t − ak
I(t; ak−1, · · · , a1)

=

∫ z

0

dtk
tk − ak

∫ tk

0

dtk−1

tk−1 − ak−1
· · ·
∫ t2

0

dt1
t1 − a1

� � � � � � � � � � � � �� � � � ak 6= 0� � � � � � � � �	 � �� � � � �� �	 � � � � � � � � � $ � 	 � � � � � � $

� � � �	  
 �� � � �� � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � �	 � � �� � � � � � � �	 � � � � � �	 � 

� �� � 	 � � � � � � �	 � � �� � � � � � � � � � � � � �� � � � � � � �� �� � �#

I(z; a1, · · · , ak) = I
(

1;
a1

z
, · · · ,

ak

z

)

.

� � � � �� � � � � � � 	 � � �� � � � � � � � � � $
Gmn,mn−1,··· ,m1(z; xn, · · · , x1)

≡ I(z; 0, · · · , 0
︸ ︷︷ ︸

mn−1

� � � � �

, xn, 0, · · · , 0
︸ ︷︷ ︸

mn−1−1

� � � � �

, xn−1, · · · , 0, · · · , 0
︸ ︷︷ ︸

m1−1

� � � � �

, x1)
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� � � � � � � � �	 � $ � � � �� �� � � � � �	 � � �	 � � �� � � � � � � � � � � � � � �	 � � � � � �� � �

Lik1,k2,··· ,kn
(x1, x2, · · · , xn) =

∞∑

mn>···>m1>0

x
m1
1

m
k1
1

x
m2
2

m
k2
2

· · · x
mn
n

mkn
n

,

� � � � � � � 
 � � 	

k = k1 + k2 + · · · + kn

�� � � � � 	 � � � �� � � � � 	 n�

� � � � � � � � � � �	 � |xn| < 1 �� � � � � � � �� �� � � �� � � � � �	 � � � � � �� �
	 � �

� � � �� � �	 � � � � �	 � � � � 	 x1 = · · · = xn = 1�

� � � �� �� � � � � �	 � � �	 � � �� � � � � � � � � � �� � � � � � � 	 � � � � � �� � � � � � � � � � �#

Lik1,k2,··· ,kn
(y1, y2, · · · , yn)

= (−1)nGkn,kn−1,··· ,k2,k1

(

1;
1

yn
,

1

ynyn−1
, · · · ,

1

y1 · · · yn

)

,

Gmn,mn−1,··· ,m1(z; xn, · · · , x1) = (−1)nLim1,m2,··· ,mn

(
x2

x1
,
x3

x2
, · · · ,

z

xn

)

.
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� �� � � � " � � � � � � � �

Lik1,k2,...,kn
(z) =

∞∑

mn>mn−1>···>m1>0

zmn

m
k1
1 m

k2
2 · · ·mkn

n

� � � � � |z| < 1 � � �� � � � ki ≥ 1 $ 	 � |z| ≤ 1 � � �� kn ≤ 2���� 	 � � � � � � �� � � � � � � � � � � � � � ! � � �� � � � � �	 � � �	 � � �� � � � 	 � � � � � � � � �	 	 � 	 �

� � � � �%$ " � � � � � � � �

Li(σ1,σ2,··· ,σn
s1,s2,··· ,sn

) (z) =
∑

mn>mn−1>···m1>0

zmn
σmn

n · · · σm1
1

msn
n · · ·ms1

1

.

� � � � � ~s = (s1, · · · sn) �� �

~σ = (σ1, · · · , σn) � � � � � �� �  � � �� � � � �� �

σk

� � 

�	 � � � � 	 � � � � �� 	 � � � � �� � � � � �	 	 � � 	 � � � � � � $ σk = ±1� � �� � � � �� � � � � � � � � � �

	 � �� �� � � � � �	 � � �	 � � �� � � � � � � � � � �� �� � � �� � � � � � �� �� � � � � � �� � �� �� � � � � 

� � � � � �� $ 	
 
 
 �
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 � 	 
 � � � ! �  �� � � � � 	 
� � � � �  � �� � � � �� � � � � � � !

�� �� &

� � � � � � $ 	
 
 	

∞∑

j=1

zj
Γ(j)Γ

(

1−p
q

)

Γ
(

1+j−p
q

) Sa1(j − 1)Sa2(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
∣
z=z(ξ)

= ξp
∑

~J,~s

c ~J,~s
Li~s

(

λ
j1−j2
q , λ

j2−j3
q , · · · , λ

jr−1−jr
q , λ

jr
q ξ
)

,

� � � � �

ξ =

(
z

z − 1

)1/q

, λq = exp

(

i
2π

q

)

.

1 ≤ {jm} ≤ q ,
r∑

k=1

sk = 1+a1+· · ·+ap ,

p, q � � � � � �� � � � � � � � � � � � � ��
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 � 	 
 � � � ! �  �� � � � � 	 
� � � � �  � �� � � � �� � � � � � � ! !

�� �� &

� � � � � � $ 	
 
 	

∞∑

j=1

zj

jc

Γ(j)Γ
(

1−p
q

)

Γ
(

1+j−p
q

) Sa1(j − 1)Sa2(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
∣
z=z(ξ)

=
∑

~J,~s

c̃ ~J,~s
Li~s

(

λ
j1−j2
q , λ

j2−j3
q , · · · , λ

jr−1−jr
q , λ

jr
q ξ
)

(c ≥ 1) ,

� � � � �

1 ≤ {jm} ≤ q ,
r∑

k=1

sk = 1+c+a1+· · ·+ap .
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 � 	 
 � � � � � 	 
� � � � �  � �� � � � �� � � � � � � !

�� �� &

� � � � � � $ 	
 
 	

∞∑

j=1

zj
Γ
(

j+p
q

)

Γ(j + 1)Γ
(

1+p
q

)Sa1(j − 1)Sa2(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
∣
z=z(τ )

=
∑

~J,~s, k

(

c ~J,~s,k
+d ~J,~s,k

τ−p
)

lnk τ

×
[

Li~s

(

λ
j1−j2
q , · · · , λ

jr
q τ
)

−Li~s

(

λ
j1−j2
q , · · · , λ

jr
q

)
]

,

� � � � �

τ = (1 − z)
1
q .
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 � 	 
 � � � � � 	 
� � � � �  � �� � � � �� � � � � � � ! !

�� �� &

� � � � � � $ 	
 
 	

∞∑

j=1

zj

jc

Γ
(

j+p
q

)

Γ(j + 1)Γ
(

1+p
q

)Sa1(j − 1)Sa2(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
∣
z=z(τ )

=
∑

~J,~s, k

d̃ ~J,~s,k
lnk τ

[

Li~s

(

λ
j1−j2
q , · · · , λ

jr
q τ
)

− Li~s

(

λ
j1−j2
q , · · · , λ

jr
q

)
]

(c ≥ 1) ,
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� � � � � �

(
1

q
(1 − ξq)ξ

d

dξ

)c

Σ
[p,q]
~a;−;c;−(ξ) = ξpσ

[p,q]
~a;− (ξ) ,


 � � � � �� � � � � �	 � �#

(
1

q
(1 − ξq)ξ

d

dξ

)c−j

Σ
[p,q]
~a;−;c;−(ξ) = Σ

[p,q]
~a;−;j(ξ) ,

� � � � � � � � �	 � �#

(
1

q
(1 − ξq)ξ

d

dξ

)c−j−1

Σ
[p,q]
~a;−;c;−(ξ) = q

∫ ξ

0

dt

(1 − tq)t
Σ

[p,q]
~a;−;j(t) , j ≥ 1 .

� � � � � �

� �
�

�� � � � � � � 	 � � � � � j �
� � � � �� � � � Σ[p,q]

~a;−;j(ξ)

� � � �� � � � � � � ��� � 	 � �� � � � � ��� �

� �� �� � � � � � � � � � � � �� � � ��� � �� � � � � 	 � � � � � � 	 � � � �  � � � � � � � � �� � � � � �� � �

Σ
[p,q]
~a;−;j+i(ξ) � � � � � � � � � � 
 � ��	 � � � �� � i 	
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& � � � � � 
 	 
� � �

& � � � � � 
 	 
� � �

�� � c = 0 �
� � � � 	 
 �� � � �  � ��� 	  � �� � � � � � �� � � � � � � ��� ��	 � � � � � � � �� �� ��� ���

� � �� �� � � � � � � � � � � � � � � 	 � � � � ��	 � � � � �� � � �

q �� � � � � � � � 	 � � �  	 � � � � 
 � �  � ���

ξ � � � � �� � � ��� � �� � � � � 	 � � cr,~s

� � � � �  �  � � � � ξp �  �

Σ
[p,q]
a1,··· ,ap; −;0;−(z)

∣
∣
∣
z=z(ξ)

= ξp

×
∑

~J,~s

c ~J,~s
Li~s

(

λ
j1−j2
q , λ

j2−j3
q , · · · , λ

jr−1−jr
q , λ

jr
q ξ
)

,

� � �� � � � � � � ��� � � � � � � � � �
	

�
	 � 	  	 � � � � � 	

�
	 � 	 � � � ��  � � �
	 � 	 s1 + · · · + sr =

1 + a1 + · · · + ap 	

� � � � �

ξ =

(
z

z − 1

)1/q

, λq = exp

(

i
2π

q

)

, 1 ≤ {jm} ≤ q .
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� � � � � � �� � �

� � � �� � � � � � � � �& � � � � ��	 � � �	 � � � � � � � �� � � � � �	 � �� � � � � ��� � � � � � �� � � � � � 	 �

� � � � �� 	 �� � �� 	 � $ � � 	 �� �� �

Σ
[p,q]
~a;−;1;−(z)

∣
∣
∣
z=z(ξ)

=
∑

~J,~s

q
∑

j=1

λ
−jp
q

∫ ξ

0

1

t − 1

λ
j
q

Li~s

(

λ
j1−j2
q , λ

j2−j3
q , · · · λjr−1−jr

q , λ
jr
q t
)

=
∑

~J,~s

λ
−jp
q c ~J,~s

Li1,~s

(

λ
j1−j2
q , λ

j2−j3
q , · · · , λ

jr−1−jr
q , λ

jr−jr+1
q , λ

jr+1
q ξ

)

.

� � � � � � �� � ��

�� � c ≥ 1 �
� � � ��	 
 �� � � �  � �� 	  � �� � � � � � �� � � � � � � �� � 	 � �� � � � � �� �� ��� ���

� � �� �� � � � � � � � � � � � � � � 	 � � � � ��	 � � � � �� � � �

q �� � � � � � � � 	 � � �  	 � � � � 
 � �  � ���

ξ � � � � �� � � ��� � �� � � � � 	 � � d ~J,~s
�  �

Σ
[p,q]
a1,··· ,ap; −;c;−(z)

∣
∣
∣
z=z(ξ)

=
∑

~J,~s

d ~J,~s
Li~s

(

λ
j1−j2
q , · · · , λ

jr−1−jr
q , λ

jr
q ξ
)

(c ≥ 1) ,



� � � 	 � � �  � �

Σ
[p,q]
−;−;c;−(ξ) =

∞∑

j=1

zj

jc

Γ(j)Γ
(

1−p
q

)

Γ
(

1+j−p
q

) .

(
1

q
(1 − ξq)ξ

d

dξ

)c

Σ
[p,q]
−;−;c;−(ξ) = ξpσ

[p,q]
−;−(ξ) ,

d

dξ
σ

[p,q]
−;−(ξ) =

q
∑

j=1

λ
jp
q

1

ξ − 1

λ
j
q

.

σ
[p,q]
−;−(ξ) = −

q
∑

j=1

λ
jp
q Li1

(

λ
j
qξ
)

, Σ
[p,q]
−;−;0;−(ξ) = −ξp

q
∑

j=1

λ
jp
q Li1

(

λ
j
qξ
)

,

Σ
[p,q]
−;−;1;−(ξ) = −

q
∑

k,j1=1

λ
(k−j1)p
j Li1,1

(

λ
k−j1
q , λ

j1
q ξ
)

.
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� � � 	 � � �  � �

Σ
[p,q]
a1;−;c;−(ξ) =

∞∑

j=1

zj

jc

Γ(j)Γ
(

1−p
q

)

Γ
(

1+j−p
q

) Sa1(j − 1)

(

ξ
d

dξ

)c

Σ
[p,q]
a1;−;c;−(ξ) = ξpσ

[p,q]
a1;−(ξ) ,

d

dξ
σ

[p,q]
a1;−(ξ) = −q

ξq−p−1

1 − ξq Σ
[p,q]
−;−;a1−1;−(ξ) .

Σ
[p,q]
a1;−;0;−(ξ) = ξpσ

[p,q]
a1;−(ξ) , c = 0

• a1 = 1�

σ1;0(ξ) =

q
∑

j1,j2=1

λ
j1p
q Li1,1

(

λ
j1−j2
q , λ

j2
q ξ
)

• a1 6= 2�
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�� � � ! � �  � 	 
� � !

• � �� � � � � � � � � � � �� & � � � � � 
 	 
� � � � � � � �� � �	 � � � �� � � � � � � � � � � � � �� �	 � � �

� � � � 	 � � � �� �

k $

Σ
[p,q]
a1,··· ,ak;−;0;−(z) = ξp

∑

~s,1≤{jm}≤q

c ~J,~s
Li~s

(

λ
j1−j2
q , · · · , λ

jr−1−jr
q , λ

jr
q ξ
)

,

• � � �� �	 � c ≥ 1 $ � � � � � � �� � � � � �	 �	 � � � �	 � � � �� � � � � � � � � � � � � �� �
	 � � �

� � � � 	 � � � �� �

k $

Σ
[p,q]
a1,··· ,ak;−;c;−(z) =

∑

~s,1≤{jm}≤q

d ~J,~s
Li~s

(

λ
j1−j2
q , · · · , λ

jr−1−jr
q , λ

jr
q ξ
)

.
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� 	 � � � � 	 
�� � � ! � �  � 	 
� � ! !

• �	 � � � � � � � 	 � � � �� �

k + 1 $ � � � �	 � � �� �� � � 	 � � � � � 	 �  �	 �	 � �� �	 � � � � ��

� � � � � �& � � � � � � � � � �� � � � � �	 � �� � �� �
	 � �	 � � � � �	 � � � �� �
j

�
j = 0, · · · , k

�

d

dξ
σ

[p,q]
a1,··· ,ak+1;−(ξ)=−q

ξq−p−1

1 − ξq

∞∑

j=1

zj
Γ(1+j)Γ

(

1−p
q

)

Γ
(

1+j−p
q

)

×
k∑

p=0

∑

(i1,··· ,ik+1)

1

p!(k+1−p)!

Si1(j−1) · · ·Sip(j−1)

jip+1+···ik+1
,

� � � �

ip+1 + · · · ik+1 ≥ 2 $ � � � �� �� �� 	 � � �� � �� � �� �
	 � � � �& � � � � �� � � � � � � � � � �

	 � � � �� � � � � �	 � � �	 � � �� � � � � 	 � � �� � ��

k �� � � �	 � � � �& �	 � � �� �� � ��

	� � �

ip+1 + · · · ik+1 = 1 $ � � � �� �� �� 	 � � �� � �� � �� �	 � � � �& � � � � �� � � � � � � � � � �

	 � � � �� � � � � �	 � � �	 � � �� � � � � 	 � � �� � ��

k �� � � � �	 � �	 � � � �� 	 � ξp�
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 � 	 
 � � � ! �  �� � � ) 
 �� � 
 � � �  � �� q = 2�� �� � � � $ �	 �� $ 	
 
 �

∞∑

j=1

1
(

2j
j

)
uj

j
Sa1(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
∣
u=−(1−y)2

y

=
1 − y

1 + y

∑

p,~s

cp,~s lnp yLi(~σ
~s

) (y)

∞∑

j=1

1
(

2j
j

)
uj

jcSa1(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
∣
u=−(1−y)2

y

=
∑

p,~s

c̃p,~s lnp yLi(~σ
~s

) (y) , c ≥ 2 .

� � � � � Sa(j − 1) =
∑j−1

i=1
1
ia ,

� � � � � �	 � � � � � �
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 � 	 
 � � � ) 
 �� � 
 � � �  � �� q = 2�� �� � � � $ �	 �� $ 	
 
 �

∞∑

j=1

(
2j

j

)

ujSa1(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
u= χ

(1+χ)2

=
∑

p,~s

[
cp,~s

1 − χ
+ dp,~s

]

lnp χ Li(~σ
~s

) (χ) ,

∞∑

j=1

(
2j

j

)
uj

jcSa1(j − 1) · · ·Sak(j − 1)

∣
∣
∣
∣
∣
∣
u= χ

(1+χ)2

=
∑

p,~s

c̃p,~s lnp χLi(~σ
~s

) (χ) , c ≥ 1

� � � � � Sa(j − 1) =
∑j−1

i=1
1
ia .
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� � � � �� � � �� � � � �� �	 � � �	 � � � � $ � � � � � � � �� � � � �	 � � � �� � � 	 � � � � � �� � �� �� � � �

	 � � 	 �  � �� � �� �� � � � � � �� � � � � � � � � �  � � �� � � � � � � �	 � �� �� � � � � � �� �� � � � � � � � ��

� � � �� � � �� � � � � � � � 	 � �� �� � � � � � � � � � � � � � �� � 	 �� � � � � � � 	 � � � � �� � � � � � � � �

	 � � � �� � �� � �� � �	 � � �� � �� � � � � � � � � � � � � � � � � � � �� � �� �	 � � � �	 � �� � � � � � �

� ��� � � � � � 	 �� �� � � � � � � �� � � � � � � � � � �� � �� � � 	 � � � � � � � �	 � � � �	 � � �	 � � �� � � � �

y, χ

� 	 ±1#

u = 4 , y = −1 ,

u =
1

4
, χ = 1 .

��� 	 � � � � � � � � �	 � � � � � ! �	 � � �� � �� �	 " $
u = −1 , y =

3 −
√

5

2� � � � � �� �� � � � � � � � � � � �� ��� � � � � � � � � �	 � � �& � 	 � � � � � � �� �� � � �& � � � � ��	 � � �	 �

�� � � �� � � �� � �� � �� �	 � �� �	 � � �	 	 � � � � �	 � � � �

u = 1 , y = exp
(

i
π

3

)

,

u = 2 , y = i ,



� � 	 � �  �� 	 
� � � � � ! �  �� � � ) 
 �� � 
 � � �  � �� ) � � � � 
 � � 	 � �� � � ��

ζ(4n + 3) =

n∑

j=0

∞∑

k=1

(−1)k+1

k4j+3
(

2k
k

)

∑

~a

c~a

k−1∑

n1=1

1

n4~a
1

,

� � � � � ~a

� � � � �� � � � � �& $ ~a = a1, a2, . . . , a1 + a2 + . . . = n − j �� �

c~a

� � �

� �� �
	 � � � � � � � � � ��

ζ(2n + 2) =

n∑

j=0

∞∑

k=1

1

k2r
(

2k
k

)ΠN
i=1ci

k−1∑

ni=1

1

n
2ai
i

,

� � � � � r +
∑N

i=1 ai = n + 1 �� �
ci

� � � � �� �	 � � � � � � � � � ��

* + ,.-/ 01 *23 254 6798/ 1 0:; < 8 8 - =>? @ <9AB = *23 24 CD EFHG D IJ G IHKL EHMN



� � �� �  � 
� �

• � � � � �� � � �� � � � �� � �� �	 � � � � �	 � � � � � � � � � � � �� � � � � $ �	 � �� � � � � � �� � ��

�& � � � �� � � � �� � 	 � � �� � �� � � � �� � � � � ��

• � � � �� � � �� � � � � � � � � �� � �	 � �	 � � � �� � � � � � � � �� � � � � � � � � � � � �� � � � � � � � � �

� �	 � �	 � �� � � � �� �	 � 	 � � 	 � �  � � � � � � � � � � �	 � �� �� � �� � �� �	 � � �� � � � �� � ε

�& � �� ��	 � � � � � �	 � � � �� � � � �� � � � � �� � �� �	 � ��

* + ,.-/ 01 *23 254 6798/ 1 0:; < 8 8 - =>? @ <9AB = *23 24 CD EFHG D IJ G IHKL EHMN



� � � � � 	� � � ��� � �� � �� � � 	 � 
�� �  �� 	 
� � �� � � � � � 	� � � � �� 
 � �

� � � � �	 � � �� � � �� � � � 	 �� � � � � � � �	 � $ � �	 � � � � � � �� � �� � � �	 � � � � � �� � � � � r

� � �� � � � � � $

Φ(~x) =
∑

C(~m)~xm ≡
∑

m1,m2,··· ,mr

C(m1,m2, · · · ,mr)x
m1
1 · · · xmr

r ,

� � � � � � � � � � � � � � �	 � �� �� � � � �	 � � � � �

i = 1, · · · , r

� � � � �� �	

C(~m + ej)

C(~m)
=

Pj(~m)

Qj(~m)
.

� � � � �� �
	 � � � �� � �� �	 � � � � � � � � � �& 	 � � � � � �� �
	 �# ~m = (m1, · · · ,mr) $ � � � � �

~ej = (0, · · · , 0, 1, 0, · · · , 0),

� � � � � � � � �� 	 � �� � � � � � � � � � � � � jth � � � � ��
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C(~m) = C(~m) = Πr
i=1λ

mi
i R(~m)

(
ΠN

j=1Γ(µj(~m) + γj)

ΠM
k=1Γ(νk(~m) + δk)

)

,

� � � � � N,M ≥ 0, λj, δj, γj ∈ C

� � � � � �� � � � � � �	 � � � �& � � � � � � � $ µj, νk :
Z

r → Z

� � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � $ �� �
R

� � �� � � �� � � � � �

� �� �
	 � � � �� � �� �	 � �

� � � � 	 �� � � � � � � � � � � �	 � �� �� � �� � �� �
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�� � �� �	 �

Qj





r∑

k=1

xk
∂

∂xk




1

xj
Φ(~x) = Pj





r∑

k=1

xk
∂

∂xk



Φ(~x) .
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Φ(~γ;~σ; ~x) =

∞∑

m1,m2,··· ,mr=0

(
ΠK

j=1Γ
(∑r

a=1 µjama + γj
)

ΠL
k=1Γ

(∑r
b=1 νkbmb + σk

)

)

x
m1
1 · · · xmr

r ,

� � � � �� � �� � � � ~γ = (γ1, · · · , γK) �� �

~σ = (σ1, · · · , σL) � � � � � � � � � � � � �� �� �
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�� � � � �� � 	 � � � � � � �� � � � � �� �� � � � � � � � � � $ Φ(~γ + ~ec;~σ; ~x) �� �

Φ(~γ;~σ; ~x) $ � � �

� � � �� � � � � � �� � � � � �� � � � �� � � � � 	 � � � �� 	 �#

Φ(~γ + ~ec;~σ; ~x) =





r∑

a=1

µcaxa
∂

∂xa
+ γc



Φ(~γ;~σ; ~x)

Φ(~γ;~σ − ~ec; ~x) =





r∑

b=1

νcbxb
∂

∂xb
+ σc



Φ(~γ;~σ; ~x) .
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Φ(~γ − ~ec;~σ; ~x) =
∑

a

Sa(~x, ~∂x)Φ(~γ;~σ; ~x)

Φ(~γ;~σ + ~ec; ~x) =
∑

b

Lb(~x, ~∂x)Φ(~γ;~σ; ~x) .
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P0(~x)Φ(~γ + ~k;~σ +~l; ~x) =

∑

m1,··· ,mp=0

Pm1,··· ,mr(~x)

(
∂

∂~x

)~m

Φ(~γ;~σ; ~x) ,

� � � � � P0(~x) �� �
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~x
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R = C(x1, · · · xn)[∂/∂x1, · · · , ∂/∂xn]
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 �� 	 � � � � Sλ

� � � �	 � � � �� �	 � 	 � �� � � 

� �
	 � � �� � � �� � �� � � � � Iλ�

� � �	 � � � � � � � � � � � � �#

� � � � � �� � �� � �  � � 	 � � � �� 	 � � $

H+
λ : Sλ → Sλ+1 ,

� � �� � � � �� � �  �	 �� 	 � � � �� 	 � �

B−
λ : Sλ+1 → Sλ ,

�	 � � � � � �	 � �� � � �� � � � � �	 �� � � � � � � �� � �� �
	 �

B−
λ+1H

+
λ ≡ 1 (mod Iλ)
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