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@ The N =4 SYM is a four-dimensional gauge theory with four
different supersymmetry generators.

@ Beta function vanishes, superconformal symmetry at the quantum
level. The symmetry algebra gets extended
s0(1,3) @ s0(6) — psu(2,2/4).

@ No asymptotic distances and thus no asymptotic states.
Correlation functions are well defined. Interesting observables are
ADs of the composite operators

O(x) =Tr (CD\U* ),
L

which receive quantum contributions A(g) = Ag + v(9) -
@ The full dimensions are eigenvalues of the dilatation operator

DO(x) = Ap(x)(9) O(x).
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@ Huge mixing problem!

@ Even more symmetries appear in the planar limit

2 N
(N — 0 ,g2 = % = Const) [Minahan, Zarembo, 2002]

psu(2,2|4) — psu(2,2|4) x u(1)>.

@ More precisely, the dilatation operator is a member of an infinite

family of commuting charges as long as ¢ < L.
[N.Beisert '03], [N.Beisert, V.Dippel, M.Staudacher '04],[B.Zwiebel '05], ...

@ The mixing problem for ¢ < L

dilatation operator of the planar A" = 4 SYM == Hamiltonian of an integrable spin chain .

@ The corresponding spin chain exhibits many novel features like
long-rangeness of the interactions, length fluctuations, ...

@ ... but it is still integrable and solvable by means of the Bethe
ansatz:
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Asymptotic All-Loop Bethe Equations
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@ The corresponding eigenvalue of the dilatation operator (D — Dy)
is given by

i 1 1
19) =207 Q= r—1 Z ((x+(uj)) - (X(Uj))> .

Jj=1
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@ The corresponding eigenvalue of the dilatation operator (D — Dy)
is given by

P& 1 1
19) =207 Q= r—1 Z ((x+(uj)) - (X(Uj))> .

Jj=1

@ These equations yield the AD of any local trace operator up to
order O(g?h).

@ Recently, adapting the techniques of the Thermodynamic Bethe

Ansatz a complete all-loop set of spectral equations for the planar
N = 4 has been formulated. [G. Arutyunov, S. Frolov, 2007], [G. Arutyunov, S. Frolov, 2009]

[D.Bombardielli, D. Fioravanti, R. Tateo '09; N.Gromov, V.Kazakov, A.Kozak, P.Vieira '09; G.Arutyunov, S.Frolov '09]
@ lItis a an infinite set of coupled non-linear integral equations.
@ The spectral problem seems to have been solved!

@ And thanks to AdS/CFT also the free string theory on AdSs x S°!
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... but they are still a conjecture
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Twist operators and the five-loop result

@ A suitable testing ground at weak coupling provide twist operators.
@ The twist-two operators (in the sl(2) twist equals the length) are
the shortest operators in the theory
O=Tr(D"22)+ ...

@ Interestingly enough closed expressions (as function of M) of the
AD can be found to first few orders. At one-loop

7(9) = 84% S1(M).

@ The harmonic sum S; is the simplest of the so called nested
harmonic sums

Z(Sgn LN i G}

jlal
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[Kotikov, Lipatov, Velizhanin, 2003&2004]

M
72(4 ) =S (M)
M -
7—4(4 ) =83+S_3—-2 (51,2 +52,1 51,72)
M + +
76(8 ) = 285+2S_5—-S532+2 (5,2772.1 S—21,-2+ 51,22+ 51,22

—S 3.2—-5 23— 53,72) +4 <51,2,2 +S21,2 + 52,21 + 531,10 + 51,31
+51,1,3 + 51,22 +S21,—2 — S1,4 — S41 — 574,1> -5 (52,3 + Ss,z)

+6S5 21 —8 <51,74 +S11,-21 — 51.73,1) —9855 34+12511,-3
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Up to this order one can calculate the AD using the asymptotic Bethe
equations and there is no need to refer to the full spectral equations...

... at higher orders ABE still "work", but a mismatch with field theory
computations is expected.
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Four-loop (A Kotikov, L. Lipatov, A. R., M. Staudacher, V. Velizhanin, 2007]
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Five-l0op [ tukowski, A. R, V. Velizhanin, 09]

28672
(2048055 — 81025252 + 20488 — 20480841 — 163848 a2 — — -2
‘mbﬁ.s arak lb‘ms apat 19:&45 22:) 8} + (2048087, + 40968 + 819205 4

—3_ (dn?zus_.. + auzs. ) + 3072055 — 9830455, — 122885 _p — 10240054
—B1928 4y — 901125 55+ 53(245765 3 — 163845 5,) — 573445, + 40965,
+ 1038455 1 + 1228805_ 1 — 1638455 o1 + 1064965_y 12 + L0GA65 52,

. 131072

—163848 g1 — BI928_p_pa+ Sof — B1925%, + 481525, + B1925,; — 5 a1
#1920

-5+ S_zy) + 655365 s 5 + 653365_g2 + 65336505,

—OB3048 5,00 — -'ULJE.S 2112 — 401625 4 0 — 401525,

a11)5] + (122885,
—9215&,)5‘32 + (6324885 _5 + D4GT6S; — 614408 _; — 4[135[:.5_;,,9 — 04805 _a 5
—32TBRS 5, + 163845 4, o + 163845 5, )5 4 + 1136645 + 30725, — 1638405 4,
—1720825 5p — 1740805 45 — 1638405 3 + ST{368045 5 + 1228855 — 246765 »,)
+{ — 122885, — 368645,) S_y,, — 1187848 o ; + 51928, 5 + 8192555 — 4096055,
250525 510 + METES 4 oy + AHTES 4o + 266208 4, 0 + 2662408 4z,
+163845 5 5 — B1925 3 _aq+ 163845 5, 5+ 2498565 5, 4+ R1925 44 5
+25804BS 5, + PAOBEES 55, — 163845 5 4, — 163845 5 5+ S 4 (143365
+AI008 S — 481525 5, — 245T65_g 5 .szms_“ 1) = 83(522245_, + 122885,
—BTH4S 5, — 4096055 5 + 491525 5 ;) + 1720328 5,4 + 1802248 444
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Five-loop [ tukowski, A. R, V. Velizhanin, ‘09]

+1BO2248 550 + 1THES 541 — B1928, 55 — 81025, 5, — 32T68S:
—3G86405_, 4 + S27T6BS 4 _aq, — 3440645 5, 50 — 3440645 50, — 34406848 50,
HA2TORS 5 g1 + 163848 5 50 + 163845 5 _aay + S2(021605 5 + 5_,{491525 4
+245TES, ) + BOT208; — 1228805 — 120888 5 o — 1208808 4, — BGOL6S o5

+ 129885, 1 + 1720325 5, — 245765 5 _q; + 1228805 o + 1228805 g
—L4T4G65 g 1) — 2211848 o1 — 22118485 50y — 2211845 45,

—9211845 55,2 — 2211845 appy — 2211845 o9, + 3932165 5,4,
+ 1966085 5 1 11,2 + 1966085 _5 1 1 2 + L9GG08S 5, 21, + 1OG608S 521, ) 5%

+ (204857 + B1925 457 + (921657, + 245765, + 92165, — 368645 4, — 307205 4
+401525 51,1 57 + (409657, + (F2TEES_,; + 245765, — 491525 5, — 245765 22
+A2TABS ,5,1) 82 + 144575 + 532485 s + 61445, — 001125 5, — 042085, »
—042085_y 5 + 53 (32T8S_5 — 32TEBS 2,1 ) — 163845 35 51 — TTB245 54 + 810252
— 163845, | + 1638408 o + 163848, o, + 163848 5 o+ 1720325 4, 2
+1T20325 501 — 163845 5 po + 13092645 512 + 1474565 200 + 1392645 20,
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Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]

— 163845, — 2040125 5 5, +32TEES 5 o0 — 245TE0S o, 0 — Z4ETEOS 40y
—24BT60S 2211 + 3932165 50.1,0.1) 5 + 1382457, 4 460857 + 1638457,
+143365%, ) + BT34S ¢ + 5%, (30725, + 122885,) + 645125, — 983045
—30T205_5_p — B804S o — 163845 _; 5 — 102400855 — 30725_5 3 — BEI0LE_ 4
—9R304S_5; — D2LB0S 55 — 153605, 4 — 122885, 4 + BH245; ; + 368645y,
1638405 g1 — 245765 5 o + 1802248 5.0 + 1802245 52, — 245768 4 a1
—G1445 4 _p_p — 184325, _p o + 18432054 1 5 + 1966085 2 2 + LBA3205 45,
—B1825 5 4 — 40965 5 5 2 — 286725 5 52— 40965 5 o s+ 122885 5 o5
1802245 5, 4 + 1926128 524 + 1925125 450 + 1761285 44, + 81928 5 s,
—2U5288 4 sp + 40965 o us + 307205 5 g+ 5o (B0R645 40 — 163845 4, )
—B1825 555 51, + S_al — 143365 5, — 102405 5 + 368645_51,)

+8, (307208, — BI2005_y, — 430085 5 + 696328 4, ) + 1392645 5,y

+5_51( — 40965_5 — 20480855 + 245765, + 308645 _35 + 2867250y — 163845 ;5 5
—B1828 g 2 — B192S_g01) + 1454085 5 54 + 147456S g5 + 1433605 542
1310725 gy — 81925, 5 — 81925, 00 — 81025, 5y — 163845, 1 5 — 1638451
—2048195_5 1 11 — JLV4BES ;1 0 — 194885y | ay — J194BBS_ 5 + 491525 5 500
+81925 a,-3-111 163845 a-212+ 163845 3-2217 163845 31,1, ;5_3112955 3,115
—32THR0S 5 120 — 3112065 551 — 163848 52 51 — H2TGB05 551 2 — 32T6RO0S 5021
—3112865 55, + TIT2ES 5 00+ 81025 4 5y + 408608 5 5,5+ 409605 5 g,
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Five—Ioop [T. tukowski, A. R., V. Velizhanin, '09]

+RIO2S o g g+ 40965 5 u on -+ 163848 u oq+ 163845 o 2o+ 163845 o sy,
—245765_g,11,—¢ + Sy (409605_5 + 1638485 — 286T25_y; — 2252855 — 225985 g4
HAOBGS, | + 401525 4, — B1025 5 o, + 368645 5, o — B6864S .,

1126405
—491525 5311} + S(409605_5 + 81925, — 5324855 ; — 512008_g5 — —————2

3
212952 143360 143360
: 31,0 + 3 S_a12+ 3 =8 g0 — 48152551 1,) — 22118485 5 1 4

—815;25' 31p-3— J3THEBS ;a5 — 23TH6BS 5 40 — 2211845, — 163845 45 4
—B1925 32 22 —BI925 33,3+ J2 (4[]53553_3 -+ 5192.5'; + 5632055 + 2560055
—32THES 5,1 — 206245_4 2 — ZBET2S a3 + 33{21.143[]5'_3 — 81825 g1} — 240765 04
+2048542 + B192855 ) + 368645-41,1 — BLO25 3 a1 + 368645512 + 368645521
—B1925 5 3, — 40065 5 _p2 + 245765 5,5 + 246TBS a2 + 240765 33,

—491828 4 ;10 — 240765 0000 — 24BTO8 0100 — 248768 204, ) — 2375085 0214
—MATE0S 5302 — 23TE68S 534, — 163845 55 o) — 237H685 05,2 — 23TH6BS 2320

.......
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Five—Ioop [T.kukowski, A. R., V. Velizhanin, '09]

—ABLG205 4,00, — 983045 3 51,10 — 32TEBS g1, 9,00 + 4815205 55,112
+4915205 44 10, + 4915205, g 4016205 45 4 — 983045,
—481525_5 _g,1.,2 — 491625 5 — 491525 3 5471 — 327685 21,51

—1B3RLE 5 pgp— 163845 5. apq + 32THB0S 40100+ 32T6H05 54 00

+32TOR0S 01,00 + 3270805 21200 + J2TAHBOS 0,1 22,1 + J2THR0S 21,311
—1G384S py 201 + 32TER0S 201,02 + 32THB0S 22,12, + B2TGENS 222,11

+32T6805 2211, — G553605a 11,000 — J2TEB0S20,1.1,00 — F2TER0S 21 11,21
—32TOR0S 215,201 — 3270808 212,000 — 2TOR0S _52.1.1.1) 81 + 51255 — TIG8S
+T1685, — 184325 4, — 20485, -+ Sﬁ(li[JTE.S' a— 20488 5,) + 5.:_,‘(1[]248 4
+10248y — 3!]485_5_1) +48_; (3[]725__33.: — 61448 5,5, + Sy (3[]72 S_4 + 61445,
—409GS 5, — 20488 -3_;):] — 81925, 5 + 81928, 5 — 163845, _y + 163845, 5

—30725;, 5+ 3072856 — 138248, s + 46085, 5 — 3481655 o — 204855 4 — 3532852
—4608S; 5 + 1024087 _o + 9216575 + 163845, + 266245 15, — 276485 5 _a;
—B1445 61,2 + 122885 512 + 122885 4521 — 1843258 5 a1 — 20485 52,2
—A0BGS_; gz — 184325 _5 | _5 — 40965 59 9 — 266245 _4 41 + 440325, _y 4
512008 4 a0+ TOGDGS 4 p g+ 122885 , a5+ 133125, , + 174085, .
+T1685 43 — 10245 43 5 + 440325_4 41 — 102405 3 _51 + 450565 _5 4 —2
+312005 a-42 1576965 ] + 3379285, &3 + T3T28S. 3,-2, ;—&1!]23 k=24
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Five-loop [ tukowski, A R., V. Velizhanin, ‘09]

—B1925 1, 5 + 614405 3 5 + 143365 32 4 + 204B0S 524 — 30725 4,
102405 _3 4 g + 450568343 + D01125 g5, — 133125 g1+ 10245_; 5 o
—40065 5 5o + GEGORS 3 4 5+ 122885 2 sa+ TOBGES 5 5 g+ 81025 ¢ a4
+153605_3 s + TI68S 3 g5 — TI6BS 51 g + 2150455 5 — 102405 7 s

—133125 168965 4 o — 56328_ g4 + 51205 5, + 10245, , + 35845, .
—2T1365 4,5 + 02165y 5 — 230625 _35 — 40065 _23 5 + 2BOT25 525

0245 554 + B1925 54 —a+ 112645 5 45 + 133125 55 5 + 409605 550

+3584085 26,1 + 4006051, -5 1 — 112645, -6 -2 + BLO25, _sa — 32TBRS) 5.2
40965, _55 + 184325, 4 g + 235525, _; 4 — 102408, 55 + TIGBOS, 55

— 112648 ~2 -5 + 256008 ~2 ¢ + 32T68S: 1 7 — 32768511 7 + B192850 2 o — 81025120
40965, 3 _5 + 3584057 4 _y — 61445, 1.5 + 830685, 5,_y + 184325, 5.5 + 174085, 5 _s
1225288, 4 u — BITEES, ;. + 143865y 4, — 204805, , . — 81928, .

95285y _y 3 + 10245, 5+ 32T685, 4y -+ 3072055 3.4 — 61445, _»_s

389125, oy + 81098, . 4 — 819255, 5 — 409650 s + 1638450 — 102454 4
—512085 54 + 43008554 _3 -+ B2168y.15 + 3276855 s + 409608y 5.2 + 61445 5.
F204885 5y — 0728y 4 2 — 07255 o+ 122885 4 o+ L0245 45+ 512085 5
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+TIB8S;, g4 + 40065, ;
U168y 1.2 + 81928

+92165; 9.2 — 61445, 2« + BH01GS:,
1843255 15 + 327685 3 s + L096(
| - 184308, |

+22528

s+ 29528

—34BI6S 12,2 — 4300854
— 204854 21,2 — 1024008 5,

—001125_5 o

— 4096054,

—O01128 44, — 81925,

—593925 s a2 — LGOOBLS 5 5 -4
—1515525 5 _3,1,—3 — 3086455 513 — 635365 2 32,2 — B19205_5 522
—36B645 5 g4y — TOTTES 5o a1 — 240765 0 5 s

Adam Rej (Imperial College London)

5— 1024555 4 — 51208y 4 + 30725, 5
+ 399365, 4,0 — B144S; g, 4 ;
+1530608; _y 5 + 32TORS, 1, —q — 61445 ) 4 + 3686459 3 + V2165, 53 + 81925, 5 5
|+ 819255 —o -0 + 36BG4Ss 2.2 + 81920851, -a
2+ 1843255 5.1 + H01T6S; —z.1 + 20480551, -2
— 245765 6,111 + 81825 &,=21,1
+2BET2E 51 —20 + 81025511, —2 — 1024005_5 5, — BEOG45_,
—032485 4 040 — 503925 4 10—

Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]

g+ PGS, e
a2 — G1445,,

—-2,1
593925 4 pa, — 552065 4, 4,
a2 — L4368 a1, 5 — 20485 4.0 5 — 120888 40 21
o — IBBL1GS 5 5 o — 1260768 5 a1 2

— 1556485 5,110 — 1656485 5 a0 — 1802245 4 o a) — 25765 a5 2 o

— 1BHG4R5_y g g — 368648 5 514 — B5EI6S 5 o0 s

—BI9208 4 _npp — 368645 5 g4y — G105 5y 4y — 1024005 4, 4 o
—122RE08 5, 52 — 1607445 51 » 5 — 307208 5 _pn — W6T2S 5111

AT 122833 41,2 -3 + 2[]488 314,-27 983[]’45 31417 5144[18 42-31

— 409608 55, a2 — 401595 55 a2 — 129885 401 s+ 40065 55 2, + Z04BS 541 2
— B3068S 5 4 oy — SAZABS ., . — 503025 . L.
— D4ETES 5 g 2o — BIVERS 4 4 oo

2= THBT2S 4 9 a2

04.2010
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Five-loop [ tukowski, AR, V. Velizhanin, ‘09]

—D4BTES .y g — 2P2BS o o uy— GIGI25 o sy 4 — 81025 4 o4
—T3T285 2223 — 184325 5 523 — 163845 5 a5 -2 — 184325 3 332

—81925_3 _z4,1 + 1228BS_ 5, — 430085 51,42

—15TB06S ¢4 —a-5 — 07205 21 —as — TIGBOS 21 —x -4 — B1O2S 05 04
+81925_21,0,-5 + 54 (451]85'_5 + 153655 — 02165_,, — 02165 55 — B2165 5
184328 5 )+ 184325 o 0 + 184325 5 0, — 368645 ‘_\_'__[_J) + S5 (48085, + 153065,
—92168_;, — 02165 _y, — 0216555 + 184325 41 1 + 184825 51 2 + 184325 40,
368645 o1 1:) + 5530728, + 10248, — 61445y, — 61448 45 + 5 5(20488 4
40965y — 40965 o) — 61445 sy = 192885 y 1, + 122885 o 12 + 122885 0,
—245T65_,11,1) + S_aa[ — BOT25_5 — 102455 + 61445 ; + 61445 2 + 61445 g
—192885 3,1 — 122885 510 — 122885 451 + 245765 :,|,-_,|,;| + 85 31 ( — 61445 y

— 90485, + 122885y, + 120885 5, + 1298885 5 5 — 245765 4, — 245765 51
—245T65 5 + 401625 g, 1) — 5T3445 5, 1 — BI92S 45, — 143365 414,
+d0065 o 3.y — 1228BS oy 4 o — 430085 o140 — 001125 o 51 — 204805 50 4
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Five—Ioop [T.kukowski, A. R., V. Velizhanin, '09]

—430085 g0 a2 — 491625 53 _59 — TOBT25 59 o _y — 122885 g0 o3

—81925_, 1+ S a(TEBOS 4 + 206055 — 122885 1, — 122885 45 — 128885 54
02165 34 + 184325 411 + 184328 512 + 1843285 52 + 122885 515 + 122885 202
122888 g5, — 245765 5, — 122885 5, » — 1228885 950y — 122885 45 ,)

+8a (2660575 — 01445018y + 204857, | + TEBOS- ¢ + 25605 — 12288551
—122885_ 45 — 122885 55 — 92165 54 + 1B4325_ 1,1 + 184325 51 2 + 184325 52
122885 5 4+ 122885 5., + 122885 5, — 240765 4, ., — 122885 ;..

—122885. — 122885 ;000 ) + 5z [ — 153605_5 — 512085 + 2457655,
+245TEE_; o + 245THS 53 + 1843285 5 4 — 368645, — J68645_ 5,4

—308645 55, — 246765 5, 3 — 240765 502 — M0T65 551 + 4001825 5, 1,

245768 g2 10+ 245765 4100 + 245765 an 1) — 143365 0014

—H120085 2241 + 20485 05 a1 — 20485 25 00 — 20485 21 0o + 965 241 -3
—40965_ 54 g1 — 122885 541, 2 — 380125 54,2 — 3BI125 540,

—B19205 55, — 163845, g, + 409605, 4 o, + 245765, 4| —» — BID6RS,
=512008; 4 -2 — 503925, po — 2RGT2S, _4 1.5 + 20485 _41,5 — 40965,
F20485; g qq — 962068, g gy — 1200248, 5 5 o — 166485 4 4
—1G58B8S) —5,—2,—3 — 3680451 3 —n.3 — 212008 _3,1,—4 — T93928) _5.1.4
—41_]!]6[]5'.__ EN-3 ;s+819281. 34,-2 —9525[]5,_ L +819251. 2, |'J.l_rlmusl. 2.-4,-2
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Five—Ioop [T.kukowski, A. R., V. Velizhanin, '09]

—T3T288s _g1,—3 + 409652 _31,9 — 163845y _y0 _p + 40965, 331 — 5529652 _9 _4.1
—696328y o 5o — B192085; o g0 — 860168y p o g — 184325, o ox
—307208a, 21,4 — 3276852, 2,14 — 286T2S, 02,3 + 61445 a5 2 — 491525 24
+LG3848) 5 5y — 20485,y o+ 40BG5, ;g — 1108025, + 40065, 1 n
—34816501,-0,~a — 2BO6T2S0: —24 + 8192501 1.5 — 32TOH8S 011 5 — I6BGLT2,1 4,0

— 4096052 1,42 — B35365,,1 5, — 163845s 2 _y 3 — B1B28s 5 50 — 65036523, —5
—4915251_.,”_' _31!]23':.&. 31T 11124[]3;:.“. 22+ 319282 A=22 = 41]15252.-1. 1

— 3686450 41,2 — 00605 45 2 — 4006055421 — 81920825, + 614455 41,
—225285, g gy — 20485 _q1 o — A0DGSy g0 — Q0865 g0y — 266248, s s,
—184328y 3 37— 1B4328: 5 g2 — 1024085 5 5 + 204855 5,5 — 20485y 5
+2048Sy _pq1 — 20488y, g4y + 102408y g o + 40968y 50 — 143365,
—40965, 1 -2 + 2048511, -4 + 1024085 11,0 — 1433655 4.1 + 81928530 2
+1024085 2 g, g + 8192550 50 — 6144855 2 — 184325y, 1 — 634885, 51,
+81928; s o, + 40965, — 380128, o0 — 380125, 5.y — 666365, 5y
+8192S;,1,—9,—2 — 24676 2 — TAT285;
—402608, 120 — 184325,
—408605, 221 — 184329, 5.
—B18208; ;0 — 810205, , 5, — B19205; 5 . ; — 456056

e

2,2

s — 1843285, 11 5 — 327685, 12 s
209605, 4 g, — 32TE8S, 0, g — A0D605, 4 10
0 — T3TE8Ss —a1.1 — DBA048; 1 21 — GBH36S5 10,2

a1 h LIBTBAS
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Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]

+E-.‘-|'.i11165_.‘_1,-g.-._| + 24ﬁ?ﬁ5_.1_1.'._-'z,| + 4[]%5_.|_|_1,| —z T3l lZEJLiS.;_-_a,l 11
FIB0224E g oy + 1802248 5 oy ey + 13L0T25 4 gy o+ 1638405 5 04,2
FIG3BA05_y 312, + 16384055 5201 + 2467605 g 1,51 + 1966085 3122
+1228805 4, o+ 14T4B0S 5y a0 + 14T4865 5 g + 1228805 50 a1
FBLO205 g1, 5,2 + DB3045_g 11 gz + 2A5T65 51,113+ 245765 51921
+O83045 g0 o, + 2A5T65 gy g+ 118TELS oy + 16THIGS 2 5 214
F1TR0925 5 g1 a1 + 1310725 50—z + 1638408 5 5112+ 1638405 o 510,
1638405y 5211 + 1507445y s 511 + 2457655z sz

+245765 0.2 et -2+ TTE245 2 2 910+ TTB245 9~ —po1 + 1638405 2 -1 -1
+245765_2, : + B19205_5 21 —22 + 1474065 5 _1,1,-3 + 368645 2 2119
+655365 2-212-2 + 819205 2,~2,12%2 368645 2-2101 + 818205 2-22-21
+ERGA65 . ~2 +B19208 5 _p21 2 + B1O208 5 502, + JOBO4S 5.

FBO016S g + 1920125 5y g oy + 1228808 o) 5y

FIATAB65 31 g1 + 4TG5 11 321 — 1761285 g1 sy + 245765 2, 222
+B60165_31,—,—2.2 + 1G66485 2 21—z + 368645 51,215 + 6BB3BS_o1 223

A0,
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Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]

19205 5, spo+ 368645 4, pay - 409605 4., g+ 860165 4., .
FOB304S 511 gz + 1597445 o1 1 a3+ 2570551523+ 163548 51114
+2BET2E 540,00+ 1024008 53 100 + 327685 510 g + 286725 510 92
+32TOBS 21,222 — B192S 515 21 + BB0LGS 4,10 + 983045 22 51,1

1024005 5,5 321 + 573445 g5 a1 _p + O55365_g2 312 + 655365 2222,
+32TEBS 221,21 + 286725 221 2,2 + J2TBRS 201 —22 + 40065 25 2,11
—B1928 551,21 + TTB24S 5. 10,0 + L1BTELS, _, 1491528 _aq,—aa
‘Hﬂgzsl. 4,11, 3_31129581_ E-EL _19251281. 3=2-2,1 T 1392&4&. a,-11-2
+1638405,, 21,2 + 1638405, + 2211845 _31,-3,1 + 11BTELS) 51,22
+ 147406 a2+ B19208, g4 4+ 81925, 2+ TAT288, 3221
+81925) _gm1,—2 + 1187845, 541 + 1843205, 5 5o, + 1310725 _a 51,2
+1638405, 3 512 + 163805 2 _sa, + 1843208, _ _5,1 + 248765, 2 _5_z_3
+9420851, 2,222 + 1606485 2 21 -3 + 68645 2210 + 6053652222
+B19208) _s a2+ 368645, g oy, +B19208) o1 41 + LIETEAS, o1 5 o
+14T4B0S) gz + 130TALE) o g g+ 36BGLS) gy oy + 400605 4y 4
532488 114 + PAGTES, 212,y — A0065) 3152 + MI0BS) 141
+9[]11251. 22,-a1+ 5324881. .2, —-2,-2 + G55 ql. 22-932+F 245?551. 221,-3
—40965) _g3.1,—2 + MBS, o400 — F2TEES) -5, + TTEIS 120
+122885) 3 a1~z T BI928, 5 g0 + 81825,y 0 + 2TBA2BS, ) 5 5y

+13926451 15,22 + 1638408 1 g -2 + 1474565 1 a0 — B19251 1 500
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Five-loop [ tukowski, AR, V. Velizhanin, ‘09]

FH2TERS 1 a2 — BIO25, | _aaq + 110BH2S ;g s + 1392645 5 s s

F1E384051 1 2,02 + 1T203251,1 -2 -0 -0 + 30804511 2 a0+ 61440811 21 4
+H553651,1,-2,1 4 3 — 1228831 1 _23.—2 + 9830451 1,—24,1
—32TOBS 11,-51 + 40065 11 a2 — BLO2Sy 11 —ax + 2211845

—B19285, ;3,33 + 606325, —a + GT3445) 11 —pq — 163845 1 10,5
+T3T28S ) 1100 + BLO20S, 14 40 + 1310728, 4 5y + 32T6ES) 2 50
+163845),13, 5,2 + L310T28, 12,23 + BI04, 1 20 — 163845133

—204808) 15 2 o — 163845 14 a0 + 983048 44 0y + TET28S51 1 00 0

+8192081 14,02 + 81920511 42,1 + 16384051 2 51,0 — B19251 2 221 + LE3BL05, 0 3 2
+aT3445) 2 _5,1,—2 + 163845, 2 _g1,0 + 163845, 5 521 + 1474665, 2 2 31
+73728S1,2,-2,-2,-2 + B192051 2, 2,22 + 901128 2,2, -5 — 8192510 2,13

245765, 22,7 — 81925, , + 827685, 21 52 + 163845, 51 3z

F1B10T25 5 o 5 + 9B304S) o) 5 o + BI9205) 541, — B1928, 4 54, + 2867255 2 9

+B1925) 5 _nq s+ 81028 5 a0y — 163845, 9 31 — 204805) 31,22 — 16384521 a2

+ 665365 10,15
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Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]
614408, 1 g1+ D018, 43 _a; + 6553651401,z + 819208 4112 + 819205, 4121
810905, 4oy + 1638408, o 1, | + 819255 .y + 1638408 4 21,

1146888, g1, + 327685, 51,2 + 1638405, 5 411 + 953048, o s o
+T3T285, o o4 o+ 819205 o o400+ 8192085; o _asy + 1310725 oy a2y
+6803652, 05,2, 2+ 8102052 o, pa+ 573445 0y a+ B1025) aq0 o
481525, 37 _a1 + 81928y _sa1 g — 81928551 g1 + 1638408,
+0Td4450 1 oo+ 16384801 500 + 1038450 a4 1474565, 4,1
+T3728521 —2,-2,~2 + 8192082 2,22 + 90112551 21,3 — 8192531 213
+2457652 | —2a -2 — 81928y g + 32TERS, 4
—1310?‘233,| 1,-2,-3 + 9831]45‘3.|_1..|_| + 31ﬂ205'3|| 11+ 163848 2,=3,1,1

OBI04S, o oy + S2TOESs s oy o+ 163848, 5 g0+ 1038480, o0,
—16384855 g1 + BL920854,7,00 + 819285 551,10 + 368645 5 010

1638455 31 g + 40865y 11,2 — 8192851 g1 + 28672851 221

+81928y ;210 + 819255 — 16384541,1,-3,1 — 20480801,1, 2,2 — V63845511, -22
163848y, g1+ TTR24S, o111 + 40152541 a1, + 819208y, 1 2 + 65536551112
819208, , 1 + 819205, 10, + 819205, 4., = B10205 1638405, 4
—32TOB0S 5, —p,1.1,1,1 — 249125 5 o711 — 1IEGE0BS_3 1 — 491625 3, 1.1,-2.1
—B2TG80S g s 1111 — 1666485 3 5 010 — LEBBA0S 5 5y w14
—1638405_ 3 —31.0,—-21 — L3LOT2S 5 _aq,11,—2 — 163B405_ 3 211,12 — 1638405 2 —21,1.21
—1638405_ 3 —21.2,1.0 — 1638405 3 _2mq,10 — 249125 54 _51.1,0 — 1720325 21 —2.—2,11
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Five-l0op [ tukowski, A. R, V. Velizhanin, 09]

—1802248 01, 23, 21 — 1310728 21 211, 2 — 1638405 05 2012 — 1638405 a; 2121
— 1638408 0 g0 — 1966085511 51,1 — 2048008 511 —2 2 — 1146885 511 g1 s
—13I0728 5y g — 1BM0T2S p ) ppy — 685365 55y g0 — HTHSE 51 10 00
—BE5365 21,112 + S ( (10245 5 + 408655) 57, + (1126485 + 51208; — 819254,
—Gl445 4y — B102S oy + 20488, + 122885 4, — 40065 2 o, + 122885 4,
122888 521 — 245765 21 0,0) Sz + B1925_ - + 021685, — 163845 51 — 61445 5
—1B3845 5, — 102484 5 — 1T40B5 5 — 1536055, — 184328 55 — 51208,
+A006GS5 2 + 6144851 + I2TO8S 521 — B1445 4 21 + 368645 0,12 + J6B645 42,1
— 40065551 — 204BS_3 s _3 — 40965 5 g2 + 368645 3,1 5 + 400605 352
FBEBO4S g + 204BS 5 .. — 81928 5 40+ 102408 4 sy + oo — 40065,
—B1025, + 129885 4, + 163848 g0 — 81925 41 + S_5(61445_, + 30725,
ATI048 4,
3

—61445 ., — 40965 5, + 122888 5 ) + 5{102405 _, + 30725,
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Five—Ioop [T. tukowski, A. R., V. Velizhanin, '09]
- % GQEL;E 8 o l_,:] + 348165 4 1 4 + 368645 904+ 368645 440
+32TEBS a4 — H0D6501r — 40065020 — TATIBS 0000 — B19205 01,12
—BLO205 _y 121 — S10205 511 + 2457655 511 + 40965 o oy + 810255 512
+EI925 5 oy — 81925 4 5 — TAT2ES 4,04 — BL9205 4,00 — T3T285 4 4
—B1925_ 59 g1 — B19205_g99 — B19205_g201 — T3T2BS a1, + 246765411,
+1G38405 419, — 401525 5 o) 4y — 1638485 o, o4y + 1G3B405 44490
163840551 1 21 + 1638405 _y 1 2,11 + 1638408 0111 — B2T6805 211111
—055365 1, g1 — 1310725 0 2111 — 655365321 21,1 — 32768081, 52,111
—2048125) 51,21, — 147450651 5,11 — 163845, 2 — 32TGBOS, o,
—18B4165) 32211 — 1802245, 21— L3LOT2S) 2 —21.1,-2
— 1638405 2 -2 110 — 1638405, 22100 — VG3B40S) 5 5001 — 2040125 a1 -1
—1BB4165, 21 -3 -2 — 1310728, 2, 2 — 1638408, _31, 512 — 1638405, 21,221
—1B02245, 5y g — 1064968, 50 00— 1310728, oy oun — 401625, 2y o
—401525; _g12,-21 — 1310728, o3 51 — 491528, o511 — 1638451 40,10
—32TGEOS, 3 4511 — 2293765, 1 a1 21 — 635365, 1 g2 — 32TBS0S, Rk
—1966085 1, 0,221 — 14T4565) 3 -2 23,2 — 1638405, 3 0 212 — 163840812 2 221
—2621445) 4, _a21,—31 — 1310725, | _s1,—9,—2 — 1638408, | 01, —s2 — 1146885, 1 2113

-
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Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]

— 163845, 1 o192 — DRANLS, | a0 s — 163845, s 21,21+ 163845, 1,1,=4,1,1
—32TOBOS, 42 —a -0 — TI4GBBS, 1 50 oo — B2TBES 1) 510 — 327088 10 aa
—20491285, 43, _3,—31 — 14T4665) 11,02,z — 1638408, 15 352 — 1802245, 17 213
+163848) 1 1 010 — 491525, 1 _aa o+ 163845, v — BHEI6S |
—32T68S 10,150 — 2621445, ; 4 5 — 19GE0BS; 11,122 — 16384051 1,141,1

— 327685, 12,9, — L9BG0BS, ;2 g — 6383651 9,-01,—2 — 32TGEES, 12000
—32768S1,1,2,-2,21 + 327685119, -2.1,1 — 1638405),1,4,1,1,0 — 32768519, -3,,11
—16G38405; 2 _» 1 — 1310725, 2 _9.1,—2,1 — 4915282 _9.1,1,—2 — 3276851 2,1.-3,1.1
— 1066085, o — GB8368, 0 oy o — 32TOES 00 010 — 327088 54 02
—1G3845; 3 1+ 3276851 30,21, — 163840.57,4,1,1,1.0 — 16384052 2,211
_16334[]5';. 21.-21,1 _953[1482. 211-21 7 153845‘2. Z111,-2 7 32?585}.1. 3,3,1.1
— 163840821, —p ~21,1 — 13WOT2E0 1 01 —20 — 49152501 —p00.-2 — 3276850 01 -a11
—1066085; 1,1,-2,—2,1 — G55365:1,1 —21.—2 — B2TOBS: 11 —21.2 — F2TEBS: 11,221
—32T68S2 0 2100 — LB3RAS 1 o140 + 32TBES 1,050 — 16384084.1,1.0,0.1
+A2TAROS 2 a0, + 32TEBOS a3 20,00 + 2621445 01, 2100

3-2
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Five—Ioop [T. kukowski, A. R., V. Velizhanin, '09]

+1310725 _5,1.0,1,-2,1.0 + 32TEB0S), 3 210,10 + J2TEBOS) _21.-2.1,1,
+2621445, _a00 + 983045 _20.0,0.-20 + 32TEBOS 1 —2 21,10
+32T6805,1,-2,1,-2,1,1 + 1966085, _a, 1+ 32TEBS, 1 21,1,0,—2 + 656365711, —8.1,10
+32TEE0S 1,1, 22,11 + 2621445, 11 21,31 + D045, 15 g, 3+ B563657,1,1,1,-3,11
+39321681,1,1., -2, -2 + 1310728 1,10, -0.1,-2 + GE53651,1.1,1,-2,1.2 + 655365,1,1,0,-0.21

+6553651,1,2,~2,1,1,1 + B553651,2,1,-2,1,1,1 T B8EI6Sp 1,1, -1, — 131072 1,5,

+512 (45 218-a— 50, + 51 — 455, + 33(283; — 48 5+ 685+ 165 4. + 125 22
—ms_ﬁ,,,-_] +5 ( — 985 — 4545 + 45255 + 4855 + 685 + BS_y, — 45_5 2
128 55+ B5_25 a; + BSaS oy + B8 g + 484 — M85, — 8BS a1 — 245 21,
—48 40, + 485 3_,_1_.)) <(3)

+2560 §1(55 — 8.3+ 25 2.) C(5)
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@ The remaining contributions may be calculated by

o Exploiting the putative spectral equations
e LUscher corrections adapted to AAS/CFT

[Lukowski, Janik, 2007], [Bajnok, Janik, 2008]
e This approach has been already used at four-loop level and for the
Konishi operator at five loops.
[Bajnok, Janik, Lukowski, 2008] [Bajnok, Hegedus, Janik, Lukowski, 2009]
@ Tedious algebra, computations with high precision (app. 1000
significant numbers) and EZ-Face allowed to find

A, =13440¢(7)SF — 1536 ¢(3)%S5 + 2560 ((5)S1(3 S1(2.S—2 + S2) — S§ + S_3 + S3 — 2.5_21)
+1024¢(3)S1(—2558_0 +257(25_5 +35;3) + S1(4.52, + 69555 + 354 — Sy
—2(8-31 =289 2+ S92+ 831 =285 211)) +255(S_3+ 53 —25_21))

—1024 S1((S1(3 82 +28_2) +S_3+ S3 — 2891 — S3)(S_s — S5 +25_2_3 — 2532
+2841 — 45 9_21)+ 252256 — 286 — S_42+25_5_3+35 9 4+ S 04
—2833—284,9+812+481—45321—48 2312822 2—25 2 29)
+51(55_7—587—45 61+45 52— 5 52+35 4 3+85 3 4—534+85 25
—6.S 95 —453_4+2834—884_3+3813—685_o+ S52+6551+25 51,1
—65_4921—2S5 3 31+25_3_92—2531_3—-85 5_41+6S5 3 3 2253 32
+148 9 5 3—6S8 9 93—28 91 4+25 914—25 92 3—45 93 9+10S 941
4283 51 =483 9 _9+283 90+2831_3+2830_04+1084 91 +6S541,2—2S5s12
—28121 = 28511 +45 31,21 +48 2311 —205 29 21 -85 2 21,2

+4S5 5 910+4S 2 001 +45 91,3145 210-2+45 911, 3+45 2221
—483 911~ 483112 +481110 =85 2 211185 211,-21)) -
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Tests

@ Adding up these two contributions should provide complete
answer. How to check its veracity?
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@ The BFKL equation! It predicts the leading polesat M = —1 + w at
any loop order
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any loop order

v = (2—1—0w—|—(9(w2)) (#) - (0+0w+(’)(w2)) (%92)
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@ Upon analytic continuation of the five-loop resultto M = —1 +w
we found perfect agreement!
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@ Adding up these two contributions should provide complete
answer. How to check its veracity?

@ The BFKL equation! It predicts the leading polesat M = —1 + w at
any loop order

v = (2—1—0w—|—(9(w2)) (#) - (0+0w+(’)(w2)) (%92)2
+(0+ ¢@)w+0?) ( 49)3
~(4¢(3) +5/4¢(4)w + O(?) (FL)*
—(0+ (2g(2) ¢(3) + 16((5)) wt O0W?) (HE) +

@ Upon analytic continuation of the five-loop resultto M = —1 +w
we found perfect agreement!

@ Analytic and numerical analysis of the spectral equations
reproduce the above result. [Arutyunov, Frolov, Suzuki, 2010], [Bajnok, Hegedus, 2010]
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Conclusions

@ The recently proposed spectral equations for the planar N' = 4
SYM theory, if supplemented by appropriate analytic properties,
provide the full solution to the spectral problem!

Adam Rej (Imperial College London) 27.04.2010 34 /34



Conclusions

@ The recently proposed spectral equations for the planar N' = 4
SYM theory, if supplemented by appropriate analytic properties,
provide the full solution to the spectral problem!

@ There is no need for Feynman diagram computations, as long as
the ADs are concerned.

Adam Rej (Imperial College London) 27.04.2010 34/34



Conclusions

@ The recently proposed spectral equations for the planar N' = 4
SYM theory, if supplemented by appropriate analytic properties,
provide the full solution to the spectral problem!

@ There is no need for Feynman diagram computations, as long as
the ADs are concerned.

@ Their veracity needs thus to be extensively tested!

Adam Rej (Imperial College London) 27.04.2010 34 /34



Conclusions

@ The recently proposed spectral equations for the planar N' = 4
SYM theory, if supplemented by appropriate analytic properties,
provide the full solution to the spectral problem!

@ There is no need for Feynman diagram computations, as long as
the ADs are concerned.

@ Their veracity needs thus to be extensively tested!

@ Motivated by this we have calculated the five-loop anomalous
dimension of twist-two operators. It has been found to satisfy all
known constraints.
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