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Motivation 1

The goal of this method is:

Find a “duality-relation” between

one—/two—loop integrals

(scattering amplitudes) single—/double—cut

with arbitrary number Bremsstrahlung integrals
of external legs (momenta)

For one—loop case, see: [Catani, Gleisberg, Krauss, Rodrigo, Winter, JHEP 09(2008)064]
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Review of the duality—relation at one—loop 2

Duality—theorem relies on the pole structure of a amplitude.

Consider different propagators:

1 1 1
a0 CA@= g Gr@= g

Gr(q) =

Gr()] ' =0 = ¢o=+Vq2—1i0 and  [Ga(g)] =0 = qo~+/q2+i0

= in the complex plane of the variable qg:

e Feynman propagator: the pole with positive/negative energy is slightly displaced

below /above the real axis,

e both poles (independently of the sign of the energy) of the advanced/retarded propagator
are slightly displaced above/below the real axis
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Review of the duality—relation at one—loop 3

Gr(q) 4 Galq) 4

qo plane qo plane

Using the identity:

1 1 .
p =PV (5> Fimd(x)

where PV is the principal value, we can define transformations from one description of

propagators into the other:

~ ~

Galg)=Grlg) +0(q) , Grle) =Gr(g) +0(=q) , Gal=q) =Gr(e), Gr(-q) =GCGr(g)

~

0 (q) =2mib(q0) 8(¢*) = 2mi 64 (¢%)
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Review of the duality—relation at one—loop 4

Feynman tree theorem: o

N N
0 = LE4N) (p17p27 <. 7pN / H GA / H [GF Q’L Q’L)
i=1 1=1

- L(N)(p17p277pN)+Lg ():ut(pl p277pN)++L1(\T )Cut(pl p27""pN)

with

Lgn )cut(p17p27---7pN) :/ {g(ch)g(qm) Gr(gma1) .- Gr(gn) + uneq. perms.}
q

L(N)(p17p27"'7pN> |:Lg Zut(p17p27"'7pN>+'“+Ll(\I )Cut(pl p27"'7pN>:|
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Review of the duality—relation at one—loop 5

L)
X X X
Duality theorem: v : 9o
Cr
a ,
LN (p1,pa,...,pn) = —2mi / Z [Resgi—th pole} Gr(¢i)] H Gr(q))
q j=1
L jFi = {i—th pole}
1
[Res{i—th pole} Gr (%)} - [Res{ith pole} 2 I ZO] /dQO 5—|— (qz)
1
H. Gr(g;) B H q? + i0 -1l 5 a7 —2077( —4i)
37 {i—th pole} # {i—th pole} #i
where 7 is a future-like vector, 1, = (no,n) , no >0, n? = nunt >0
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Review of the duality—relation at one—loop 6

1
q; —i0n(q; — ¢

Define a dual propagator as: Gpl(qi,q5) =

which is related to the Feynman propagator via:

~ ~

5(a:) Golainas) =3 (a) |Grla,) +0(a;—a) 3(a)| . 0(a) = 0(na)

Using this definition and putting everything together:

N
q =
ji
b1 Pi—1 S(Q) i
q
P2
N 1
- =) (q+pi)* —i0np;
N =1
Pi+1

P3
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Towards a duality—relation at two—loop 7

(

b1+ p1y 0<:<r,
Qi = { lo 4+ pii—1 r+1<:<1,
| liet P11 tpin=lia+pig1 [+1<i<N,

where (19 = 01 + ¥5.

N
Momentum conservation: } : pi =0
/L e .
1=1

a; =1[0,7], as = [r+ 1,1, ag=[l+1,N].
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Towards a duality—relation at two—loop 8

I) Twice—dual:
e Apply the Duality—relation to first loop momentum

e Re—express “appropriate” dual propagators via

5(a:) Golaina;) =0 (a) [Grla;)+0(a; — ) 3 (a))

e Apply the Duality—relation to second loop momentum for terms with single cut
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Towards a duality—relation at two—loop 9

~

5(a:) Gplai ) =8 (@) |Gria) + 0 —a) 5(a)], Cplana)= 5

y D F = y F F _|_

0(q1 — q2)
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Towards a duality—relation at two—loop 10

~

5(a:) Gplai ) =8 (@) |Gria) + 0 —a) 5(a)], Cplana)= 5

y D F = y F F _|_
D F F F F
r = rd + rd
0 (a1 —az)
change: q0 — —qo
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Towards a duality—relation at two—loop 11

The final expression becomes

N ddgl dd€2
R N ==

> 6(a)d(a) [] Golaza) [ Golaia)

1€ keas leag,as
JEQ2,a3 k1 l#]
+ > 6B d(q) 1] Go(Bias Brar) || Golasia)
1EQ],Q0 k€aq ,ao leas
j€as ki 1#j
— Y (@) 6 (q5) (é(qj—qz-) Il Golaa) ] Grla)
1EQ k€aq ,k#1 lEas
JEas keas,k>g leas,l<g
+0(;—q;) || Golaia) ]] Gﬂm))] :
k€an ,k>1 leaq,l<i
keas,k#j leas

Where g; = +1if 1 € ag, and 3; = —1if i € a;.

Several of the Gp(q;,q) depend on ¢; or {2 in the in—-description !
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Towards a duality—relation at two—loop 12

IT) Advanced—dual: (Check)

e Express the first loop in terms of advanced propagators

0= /g | I GawGra)

£2 icaiVas
JEaz2

e Re—express the advanced propagators via

~

Galq) =Gr(q) +6(q)

e Apply the Duality—relation to second loop momentum to generate the second cut
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Towards a duality—relation at two—loop 13

o di d
- | G e

Ga(q0)Ga(q1)Galq2)] |GF(g3)GF(q4)] [Gal(gs)Gal(gs)]

For line o, we find:

Gala0)Ga(a1)Gala) = |Grlao) +3 (a0)] [Gr(ar) + 3 (a)] |Grlaz) + 0 (a2)]
= Gr(a0)Gr(@)Gr(e) + |0 (q0) Gr(a)Grla) + Cr(a0)d (@) Gr(g) + Grla0)Gr(a)d ()]

5(90) 8 (1) Grlg2) + Gr(q0)d (a1) 8 (a2) + 3 (a0) Gr(a1)3 (42)] + 0 (q0) 3 (1) 3 (g2)
= Gpi(Q())GF(Ch)GF(CD)

~

+ 10 (q0) Gp(q0,91)Gp(q0, q2) + S/(ql> Gp(q1,90)Gp(q1,q2) + S/(612) Gp(q2:9)Gp(qe, Ch)}

+

Which is generalizable to n propagators!
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Towards a duality—relation at two—loop

14

We can express the multiple—cut—contributions in a4, aj respectively, in terms of dual

propagators and single cuts only (proof by induction):

| |
Z H Gr(giy) 0 (¢i,) + H(S(qz‘) = Z 0 (q;) H Gp(4i,q5) =@ Gplag)
unequal  %1,i2€a1 1=1 1€y JEQ
perm(ay) t1+i2=|agk| JF£i

~

with Gp(q;) := d (¢;)

Gr(ew) = ] Grl@) . Galaw):= ] Galar), Grlaw):= ][] Grla)

1EQL 1EQ 1EQ L

Hence:

GA(Oék) = GF(Oék> -+ GD(Oék> . GR(Oék> = GF(Oék) + GD(—Oék)
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Towards a duality—relation at two—loop 15

Going back to the example:

o:/ Ga(a1)Gr(a2)Ga(as) = / [Gr(a1) + Gp(a1)] Gr(az) [Gr(az) + Gp(as)]
01 Jby by J o

Solving for the propagators with G only:

/ G r(on) Gr(an) Gr(as)

/g / {Gp(a1) Gr(az) Gp(as) + Gp(a1) Gr(az) Gr(as) + Grp(ar) Gr(az) Gp(as) }

e The first term is in the correct form

e Terms 2 and 3 need one further cut: apply dual method
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Towards a duality—relation at two—loop

| | GrlanGraGras) = - [ [ Golan)Grlaz) Golas)
01 J s by J Lo

2

o[ [ enen] ¥ G

¥ /K [ Gon {3 dm)

1€ Vas

\

Where 6, = +1if i € ag, and 6, = —1 if i € ;.

Some of the Gp(q;,q) depend on ¢; or ¢2 in the in—description !
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1EaoVasg JEa2Vas

JFi

Il Go(Ba,Bay)

JeEa1Vas
JF#i

~
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Towards a duality—relation at two—loop 17

~

Express all g(q@) Gp(gi,q) — g(Qi)GF(QJ') ‘|‘9~(Qj — q;) g(%) 0 (gj)

= both final expressions are equal to the formula:

L; %oop(pl p27"'7pN / /
by J Lo

n+m=2
[ > {ml) 6(gi,) 0 (g) -0 (q5.,) Grlar,) - Grqr,) + uneq. perm.}

n,m=1
1rE01,03
Ir coao

n+m=2

+ D {’5(_%) c+0(=qi,) 0(a5,) -0 (q5,,) Grlaw,) - - Gr(qr.) + uneq. perm-}]

n,m=1

1€

Jj1E€as
Jr€ag,az,r>1

where Z is the number of loop internal lines.

This shows that both formulae are independent of the “artificial” vector n, as expected!
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Towards a duality—relation at two—loop 18

We can find a description for the integral as:

N)
Lé loop(plj.. 7pn> _

/g1 /52{ (1) Gp(az) Gr(as) + Gp(— Oz1)GF(a2)GD(oz3)+G*(a1)GD(a2)GD(a3)}

where: G* (o) = Galar)+Grlag) — Gr(ar)

e This relation can be achieved using both descriptions

e [t is not unique, but there are several possible representations, depending on the choice of

propagators
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Towards a duality—relation at two—loop 19

Using GA(Ckk) = Gp(ak) + Gp(ak) , GR(Ckk) = Gp(ak) + GD(—CMk)

G*(ax) = Galag)+ Grlag) — Grlak)

Hence, if we allow for triple—cuts, we obtain:

N
; %Oop pl? 7pn)_

/g/g{ (1) Gp(ag) Gp(as) + Gp(—a1) Gp(az) Gp(as) + Gr(ar) Gp(asz) Gp(as)

+ Gp(a1) Gp(az) Gp(as) + Gp(—a1) Gp(ag) GD(Oé:a)}

= This double—integral is given in terms of only Gr and Gp !!
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Towards a duality—relation at two—loop 20

Examples:
a1 az | do

The massless sunrise two—loop integral is given by

Lé2—)100p(p1,p2> - / / Gr(l1)Gr(l2)Gr(f + €2 + 1),
q1

q2
with qo = 01, ¢1 = {2, and g2 = €1 + {2 + p1.

LN () = /E L {5<qo>5(q1)GF(q2)+5(—qo)GF(q1)5<q2>+G*<qo>5(ql>5<q2>}.

Where the last term is given by

G"(q0) = gF((JO)JFg(CJO)JJF\GF(qO)+g(—902—GF(qO)

GATQO) GR\(rCIO)

= Gr()+06(g0) +0(—q) = !

q%—z'O'
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Towards a duality—relation at two—loop 21

q4 q1

a5

Consider the case: {q1,q2} € a1, {q3,q4} € ao, and {q¢5,q5} € as. -

d6

a3 q2

N
L)oo (91,02, D3, p4) = /g/g
1 2

X { [g(ql) Gp(q1,q2) +g(Q2) GD(QQ;C]l)} [5(%) Gp(q3,qa) +g(Q4) Gp(qs,93)| Gr(qs) Gr(ge)

o~ ~

+[5(=a1) Go(=a1,~w) + 8 (~1) Gp(—a, —a1)] Grlas) Grla)

X [5(%) Gp(qs5,6) ‘|‘g(QG> GD(Q67Q5>]

+|Galer) Galg2) + Grlar) Grlaz) — Grla) Grlan)| |5(as) Glas, aa) + 06 (a1) Gla,gs)

8 [S(QQ Gp(gs5,q6) + 0 (g6) GD(%’%)] } |
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Towards a duality—relation at two—loop 22

Or with triple cuts:

N
L)oo (p1,p2,p3, pa) = /e/e
1 2

x{ 9 (a1) Gola1,02) +9(@2) Golaz, )| [3(as) Golas.ar) +0 (aa) Golaa, as) | Gr(as) Gr(as)

+ [3(=1) Go(—a1,—g2) + 8 (~a2) Go(—q2,—q1)| Gr(as) Gr(s) |5 (45) G (45, 6) + 0 (46) G (as,45)]

+Gr(9s) Gr(a) [0 (as) Golas as) + 3 (a1) G (as,43)] |3 (a5) Golas, a6) +3 (a6) G (as.as)]

_|_

3(q1) Go(ar,42) + 0 (g2) Goge, )| + |5 (=01) Go(=q1,—g2) + 5 (~g2) G (a2, —m)}]

X [S(Q3) Gp(gs,qs) + 6 (qa) GD(QZL;%)} [5(Q5) Gp(gs,6) + 0 (qo) GD(%,%)” :
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Conclusions and Outlook 23

Conclusions:

e Duality at one-loop is under testing for numerical efficiency
(ask Petros)

e We found a formula which expresses a general two—loop diagram with n propagators in
terms of double—cuts only, where the propagators are dual-propagators, with most of them,

however not all, independent of integration momenta in their ¢n—description.

e If we allow for triple cuts, we can define a formula which expresses a general two—loop
diagram with n propagators in terms of double— and triple—cuts, where all propagators are
dual- or Feynman—propagators, meaning that the expression is completely independent of

integration momenta in its in—description.

Outlook (of an impatient optimist):

e Duality can be extended to higher orders beyond two-loops (under investigation)
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Thank you!

Isabella Bierenbaum Loops & Legs 27.04.2010



Back—up slides 25

Proof of the relation:

| |

Z H Gr(¢i,) 0 (gi,) + HCS(%') = Z 0 (q;) H Gp(4i,q5)
unequal  11,12€q1 1=1 1EQ) JEQg
perm(ag) i1+i2=|ag| JjFi
Consider a set of n real variables \;, with ¢ = 1,2, ..., n, that fulfill the constraint

1=1

which is basically the statement of momentum—conservation. We then have the following:
9()\1) 9()\1 + )\2) ce 9()\1 -+ )\2 + -+ )\n—l) + CYCHC perms. = 1 ,

Setting A\; = q¢; — ¢;+1 for i € {1,...,n}, with (n + i) = i mod n, which automatically fulfills this

requirement, this can also be written as:

0(q1 —q2) (1 — q3) ... 0(q1 — qn) + cyclic perms. = 1

0(q2 — q1) (g3 — q1) ... 0(gn — q1) + cyclic perms. =1
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Back—up slides 26

Take the following example for o = {q1,q2, 3}, || = 3:

> 0 (¢:) 1] éolai.a5)

j#i
= 6(q1)Gp(q1,92)Gp(q1,q3) + 6 (32) Gp(q2. 1)G p(g2, q3) + 6 (a3) Gplgs, 1)G p(gs, q2)
= 3(q) [Grla) +0(a: —q1>5<q2>} Gr(as) + 005 — @) (as)
10 (¢2) [GF(ql) +0(q1 — q2) ] [GF q3) + 0 (g3 — 2 5((13)}
10 (g3) [GF(ql)—l—@ q1 — q3) ] [GF 32) +0 (g2 — g3 5((12)}

— 5(q1) Gr(g2)Gr(gs) + 0 (q2) Gr(q)Gr(gs) + 0 (g3) Gr(q1)Gr(ga)
+Gr(02)3 (1) 3 (q5) |0 (s — 1) + 0 (a1 — a5)

+GF(Q3)5(91) 5(92) _9~ (g2 — q1) + 6 (q1 — CI2):
+Gr(q1)0 (g2) 6 (g3) :é (g2 —q3) + 0 (g3 — QQ):

+ [5 (@1 —q2) 0 (g5 —q2) + 0 (g2 — q1) 0 (g3 — q1) + 0 (g1 — q3) 0 (g2 — (J3)] 0 (q1) 0 (q2) 9 (q3) -
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