Asymptotic spectrum
via
Bethe-Yang equations



Bethe wave function

On the plane momenta p; are unrestricted. Compactifying the theory on a circle of large
but finite circumference L, one naturally requires the Bethe wave function to be periodic.
Periodicity condition leads to a system of equations for particle momenta which can be
regarded as quantisation thereof.

To1) < To2) < < To(n) Bethe wave — function in the o — sector
p1>p2 >+ >DN /

W IN (gL an|o) = Z AN (| ) @4 P
TESN

flavor index is attached to a particle coordinate

The wave function satisfies the following symmetry condition

i1 tklk4+1 N (51317 ceey Tk L1,y - - 7$NL(Z) —

— (_) LR A N(th ooy L1y Lky ooy LN ak,k+10)

Y\ ¢; = 0 for boson '

€; = 1 for fermion

Because of the symmetry condition it is sufficient to determine the wave function only in
one domain which we take to be 1 < 9 < --- < xy. To simplify the notations we omit
the subscript ¢ = e, and write the wave function as

PUIN (g, o) = Z e TPT AVTIN(T) L g <o < - < XN
TEGN



Bethe wave function

PUIN (g, o) = Z TP AVTIN(T) L g <o < - < XN
TEGN

The amplitudes AN (1) are related to AN (e) = AN through the S-matrix

/ ZF — vacuum

PN (x1,...,xn) = (0|AN (xny) AN (xN_1) ... An (x1)|p1, ..., pN; A)

/ /V |

7\

Ai(fE)Z/dpeipri(P) 1oAY = > AL (pr) - AL (pa)|0) AT

J1--JN




Bethe wave function

FExample: two-body wave function

W (z1,29) = (047 (22) A'(w1) Al (p1) Af (p2) ) A
_ / dkodkye?*222 k121 (0] AT (ky) A¥ (K1 ) AL (p1) Al (p2)|0) A¥!

Al(k1) Al (p1) = AL, (p1)SE (p1, k1 ) A% (k) + 686 (ke — pr)

\I/ij (561, 5132) = dkgdkleik2x2+iklml

x (0| A7 (ko) AL, (p1) St (p1, /€1)AS(/€1)AZT(Z?2) + 856 (ky — p1)Aj(k2)AzT(p2)\0> AR

\Ifij (331,332) = /dkzdkleik2x2+iklxl

X {01S%)(p1, k1)3 (ko — p1)d(k1 — p2) + 6782 (k1 — p1)d (k2 — po)|0) AM

1] ip1T1+ip2x2 71 kl _ipoxi1+ipix2

NI ($1,$2) — AV etP1T1t+ip2T2 Sﬁ(pl,pz)v‘lkl P21 +ip1T2

/ y
Al ((12)) \ A7 ((21))




Bethe wave function

FExample: two-body wave function

We rederive the same result but with a different emphasis

\Ifij (5(31, 5132) / + / dkldkg 6ik1m1+ik2x2 <O|AJ(k’g)Az(lﬁ)A;L(pl)AzL (p2)|0> Akl
k1>ko k1<ko

d(k1 —p1)

_ / dkeydy 17140272 (0] A7 () AT (y ) AT (p1) Al o) [0) AF!
k1>ko 5(k2 - p2)

d(k1 —p1)
+ / dkeydky e*2m1FR122 (0] AT () A (ko) AL (p1) Al (p2)|0) AM
k1 >k o S

6(k2 — p2)

U (w1, m9) = PP (0] AT (py) A (p1) AL (p1) A] (p2)|0) A
PP (0| AT (p)) A¥(p2) AL (p1) A] (p2)|0) A¥!

Prescription: to compute this amplitude, use the ZF algebra to permute A4 and AT with
different momenta, and the rule that

Al(p)Al(p) = o

U (21, 29) = AY ptP121tip2T2 | Si;(pl,m)flkl oP2T1+ip122



Periodicity condition for the Bethe wave function

(zeneral case

\Ifil"'iN(l‘l,...,xN): Z eipT.;,;Ail...z'N(T)7

TEGN

where the amplitude A, is

AT (1) = (1A (pr(y) - A (pray) AL (1) - AT, (p)]0) AT 73

JN

Prescription: to compute this amplitude, use the ZF algebra to permute A and AT with
different momenta, and the rule that A* (p)A;'. (p) =95

Periodicity condition for the Bethe wave function = Coordinate Bethe Ansatz

Pty oy =0,...,2N) =V (g, =L, .., zN)

L is the size of the box (length of a circle)




Periodicity condition for the Bethe wave function

N B K\ fundamental sector
Two-body case U (0,2) = W (L,z) = (~1)79 97 (x, L)

Az’j eipgac 4 Si?é(pl’pZ)Akl ez'plx _ ( 1)616] (Ajz ip1x1+ipa L 4 Skl(p D9 )Akl 6z'p2:c—|—ip1L)

These relations are equivalent to the following equations on the amplitude A*

(158 (1, p2) — e 5] [ A = 0, (—1)5 S (pr,p2) — e PGS [ A = 0,
{S}Z(pl,pz) ( )6@635]52 zsz Akl = 0 S1a(p1. p2) S (po.p) = 1 Sl]k;(p%pl)( 1)ekez_€—2p2L5]'L€527_Akl — 0

It is convenient to introduce the graded identity [9 = (—1)%% EZ’ ® Eg and introduce

/ column

S12(p1,p2) = S (p1,p2) E}, ® E}, A= A"E,, Q@ E, , E}Ey, = 0, E}

1,S12(p1,p2) A = e PE A
So1(p2,p1) 1§ A = e P2 A

matrix Bethe — Yang equations



Periodicity condition for the Bethe wave function

he-bo case

\Ijili2i3 (3717 X2, 373)

+ 4+ + + +

Ai1i2’i3 6ip1x1—|—z'p2x2—|—ip3x3
1211 13 AJ1J2J3 ,ip2x1+ip1xa+ip3xs
Sjle (pl,p2)5j3A €
ma 131 117273 1P2T1+1ip3xro+iplx
Sjlj; (p17p2)snij§ (p1,p3) AJ1I273 pip21+ipsTotip1Ts
131 k1 lm 117273 _1P3L1+ipoxro+iplx
Sk?i 2(p1,p2)5j171n(p17193)5j2j3(p27p3) A3132J3 6p3 1 TIP2T2TIP1X3
191 i3k 117273 _1P3x1+1p1To+1p2T
ijk:l (pl,p3)5j§j3 (pszg) A313233 6?3 1 TIP1T2TIP2T3

11 Q312 J1j233 ,ip1x1+ipsra+ipaTs
5j15j2j3(p2’p3)"4 €

\IjiliQig (07 L2, 5,173) — \IjiliQiS (L7 L2, ZCS) — (_1)67;1 “i2 (_1)€i1 i3 \Iinili?) (CU27 L3, L)

This yields the matrix Bethe-Yang equations

11931192513(]?172?3)512(1917p2) A= g1l A
So1(p2, p1) 15 135993 (D2, p3) A = e P21 A
S32 (p3ap2)531 (p37pl)I§QIgl A= e—ing A

T = I{31{,S13(p1,p3)Si2(p1, p2)
Ty = So1(p2,p1)18,155523(p2, p3)
T5 = Ss2(ps, p2)Ss1(p3, p1) 13515,

For A to exist, 171,15, T3 must mutually commute



Periodicity condition for the Bethe wave function

Ty = I9,19,515(p1, p3)Si2(p1, p2) Compatibility of scattering with statistics implies that

(
Ty = Sa1(p2, p1)15, 153523 (p2, p3)

Gkl — (—1)&teitente ghl
T3 = S32(p3,p2)S31(p3, p1) 15,15, ij (p1,p2) = (—1) i (p1,p2)

I, 155513 = S13l{ Iy
Exercise
Check, for instance, commutativity of 77 and 15

1

(11, T3] = I{31{,51351252115, 155523 — S2115, [53923 115175513512
Pa——
=[50, 81315, 153523 — S21153 173523513512
e PR——
= I{3193513593 — 1{51535991523513512

YB
1

= I{,I§,513593 — 1{313,591.512513523 = 0

Analogously,
[Th T3] =0= [T27 T3]



Periodicity condition for the Bethe wave function

(General case

\I},Ll“.?’k“.ZN(xl)- . -7ajk — 07-.- 7xN) — \IJZ:L.“Zk”.ZN(xl?' * e 7ajk — L" ' '7$N)

Generalisation to the twist boundary conditions

\Ile°°°zk°°°ZN(£U1, ey U = O, .. ,wN) = \Ijzl...n...ZN(ajla e L = L7 R 7$N)}/V7?Lk
twist

where the diagonal matrix W is equal to the identity matrix if the fermions are periodic,
and it is W = (—1)% E;* if the fermions are anti-periodic.

[5k7k_1 o SpIE o T WIS I8 S 5k7k+1] A — =Rl g

matrix Bethe — Yang equations 19,19, 813(p1, p3)S1a(p1, p2) A = e~ A
So1(p2, p1) 151 135 523(p2, p3) A = e P21 A

S32(p3, p2)S31(p3, p1) [5515, A = e~ P3L A
Why the operators

— g g g g
Ty = Skgo—1 - Skaly g Loy Widpn -+ g gy 1SN =+ Skt

mutually commute?



Periodicity condition for the Bethe wave function

_ g g g g
Ty = Sk—1-" Skl]k,k—1 e g Wil - - Ik,k+1SkN ©+ e O k41

The matrices 1} are related to the transfer matrix

T(pA) = —stra WAS;ZN(pAapN)S;];,N—l(pAapN—l) T Sj;l(pfbpl)

\ auxiliary

where A= N +1,and S f ;. 18 the so-called fermionic R-operator defined as follows

¢ .1 IS, 2 9 .1 if 1 <k;
ka(pj,pk) _{ jooNt N Lk jk:(pj pkz) joNLEk..N J If_..NEIQ JE "IJQN

Y il
If...NIg...N Sjk(pj7pk)-[§]k I]g...NIiZ...N if j>k. P

\//

The fermionic R-operator satisfies the graded Yang-Baxter equation which formally looks
the same as the ordinary Yang-Baxter equation

As a consequence of the graded Yang-Baxter equation, the transfer matrix obeys

One can show that

T(pa) = —straWaSan -+ Sar Iy -+ Iy



Periodicity condition for the Bethe wave function

T(pa) = —straWa San - Sar Iy -+ Iy

Choose pa = pr and use the fact that Sag(pr, pr) = —Pagr to show that

\ permutation
Since  T(u)T(v) = T(0)T(u), Vu,v j
Ty, T =0 Vk

T ,

Denoting the eigenvalues of the monodromy matrix T'(pa) by A(pa, {p;}), the set of Bethe-
Yang equations can be written as

e U (pr, {pi}) =1 | «

D

Bethe — Yang equations
N
Example: scalar S-matrices e'Prk H S(pk,pj) =1 <{— conventional Bethe equations

J#k

Finding the eigenvalues of T(p4) is a complicated problem which can be solved by using
either the algebraic Bethe ansatz or the nested Bethe ansatz technique.



Bethe -Yang equations for AdSs x S° superstring

K KE - ) [FEL ) [F

_ iJps L — Y Ly, T — Y L
L= [ S np) [ —1 /28 LT —0 2
£k =1L — Y k =12, — Y k

These equations are supplied with auxiliary Bethe equations for the roots y(® and w(®),

o = &+,
A =+

K! _ Kyt () () 4
= POEL PR POEN R
Ky (@) (o) | 4 K3t (o) (a) | 2i
H Wy, v é _ H k w; © + EZ

() _ () _ i () () _ 2i
=1 Yk ) g 1=1 k 7 g

Five excitation numbers . ,
number of momentum — carrying particles

(KI—Ha KI—I7 KI) K—I|—I7 K—I|—H)

R Y

weights of four light — cone s1(2)’s

g1 = K — oM s1 = K!— KU
p=J— (K" 4+ Kkl + g4 g1 s; =K' — K!!

_ I I11



Large spin anomalous dimensions
of operators from the sl(2)-sector



Bethe-Yang equations for sl(2)-sector

+ — ]- T _|_
55[(2) (331,332) — 019 512, S12 = 11 :
7 —xd 1 — —/—
1 2 T
12
K!'=28
S + 1 L
_ + .-
iJpr _ H Ty — T Tp Ty 9
(& — 0Ll
v — 1 L
I#k Tk l T, T
Excitations correspond to gauge-theory operators
spin charge = twist
(D Z7) +.
The energy is
canonical
~ S
E:J+H=J+S+Z(———)
k=1 k

anomalous



Bethe-Yang equations for sl(2)-sector

Technicalities

- ‘|‘ _ _& ]._ _|_ _
L, — Ly Uk — W g L Ly
.CE];I_ X uk—ul—l—% l — ——=



Bethe-Yang equations for sl(2)-sector

Technicalities
u+— =z + i
g xt
_ 1
Uu——= + —
g €T

Dividing one equation by the other one gets

2 + 1 1
Uty _ A _atlt s

x_+x%_a:_1+w—£2

xT u—|—§1—|-x—12

) 1




Bethe-Yang equations for sl(2)-sector

The all-loop Bethe ansatz takes the form

T 1\ J g 0; 1
up + 5 1+x,;2 up — U — 1 z) ]

. =11 . Okl
ug — ¢ 1+ up—w 4+ 2\ 1- =

= F
I#£k g T, X,




Bethe-Yang equations for sl(2)-sector at one loop

First one needs to find a distribution of roots at one loop.

In the limit ¢ — 0 one has

+ \uj:Z
g

X

The Bethe-Yang equations turn into

(uk+i>J_1§[uk—ul—2i
U — 1 l#kuk—ul—l—Qif

The one-loop energy is




Bethe-Yang equations for sl(2)-sector at one loop and S — o<

For all J and S the roots are always real

The case J = 2 can be solved exactly
e The roots are real and symmetrically distributed around zero

e The root distribution density has a peak at the origin, no gap around zero

The outermost roots grow linearly with the spin {|ug|} — S/2

Take the logarithm of the Bethe equations

up + 1 Up — U — 21
—iJ log = 2mng — 1 Z log ,
U — 1 \l;ék U — up + 21

ng € Z — quantum mode numbers

U
Rescale the roots Fk — v, and expand the Bethe equations in the limit S — oo

2J 1 )
i — 27mny, stk +0(1/5%

'\l;ék
for the lowest state all roots have ny = 41 for any J

Introduce the normalised root density

'M“

d(v — vg) / dvp(v) =1

—a



Bethe-Yang equations for sl(2)-sector at one loop

;; i 1
27Tnk— E —|—O><)
£k Svk — Uy
nk—>€ Z%_“%][_Zp(v’)...

J drops out!

0 = 27e(v) — 4][a dv’ p(v)

—a
30, P(V)
Solution 25|

1
p(v) = —arctanhy/1 — v?
7

The anomalous one-loop energy is

S 1
oo 2 ,O(U) S—)oo
A — g2 g /d 2¢%log S
DI L s'log$

regularization
[Korchemsky 1995]

[Eden & Staudacher 2006]



Bethe-Yang equations for sl(2)-sector at one loop

Exercise

A general solution of the singular integral equation

is given by

plv) =

b —a - b
{][ dt\/(t fu—)Sfb t)f(t)+7rc : c:/ dt p(v)

By using this general formula reconstruct the solution of the one-loop Bethe equation

1
72y/(v—a)(b—v)

0 = 2me(v) — 4][a do’ p(V)

/
—a vV —



Bethe-Yang equations for sl(2)-sector at all loops

Recall

1\ J 1 2
(uk—l—z’)J 1+x;2 _ﬁuk—ul—% 1 xx; -
U — 1 l—l—% up —up +2i |\ 1 — L &

dressing factor
We change the choice of the branches of the logarithm by means of the formulae

U+ 1

log = ¢m — 21 arctanu, u>0,
uU—1
logu+zz—i7r—2iarctanu, u <0,
U —1
and relabel k so it runs the set {—S5/2,...,—-1,1,...,5/2}

Taking the logarithm of the Bethe equations and multiplying by ¢ yields
J—3

ﬁk = 9 6(]{7)
for the lowest state
1+ -4, 5/2
2J arctan(uy) + iJ log <1+§> = 2mhyg — 2 Z arctanz (uy — uy)
b j==5/2
370
S/2 [
r, T
+ 21 Z log T Ol
j=—5/2 w;x?'
j7#0
- J —2




Bethe-Yang equations for sl(2)-sector at all loops

After replacing k' — k

1+ L5 S/2
2J arctan(ug) + ¢J log x’i = 2rk+7m(J —2)e(k) — 2 Z arctans (ug — u;)
14 —I3 =_S/2
x Jj 0
j
5/2 ]. - +1 —
+ 21 lo L :
| Z g 1 _ 1 + Kl
j=—S5/2 T,
j#0

Introduce the so-called counting function

I P the quantum number of this solution
n(uk) = g

solution of the Bethe equations

n is monotonically increasing, in the limit S — oo the variable x = k/.S becomes continuous

Introduce the density as derivative of the counting function

o(u) = lim N(uks1) —n(ug) _ dn(u) _ de

S—oo  Ukyl — Uk du du




Bethe-Yang equations for sl(2)-sector at all loops

Divide Bethe equation by S and take the limit S — oo

2J 1 iJ d It 2 o b v
Su2—|—1+Sdulog< ‘ 1()> = 27rp(u)+—(J—2)5(u)—4/ dv p(v)

p(u) = po(u) + g°5(u)

|

one — loop higher — loop

The one-loop contribution splits off

o0 1 o S/2

o = 2mpo(u) + (] — 2)3(u) - 4/_5/2 b _Pc;<)2;)+ :

In the limit .S — oo this equation turns into the derivative of the one-loop equation

Exercise check that this is the case



Bethe-Yang equations for sl(2)-sector at all loops

For the fluctuation density one has

BES dressing phase
sets up logarithmic scale starts to contribute at four loops

2logS d 1 1 1 1. d o
Q—>§ S du[az+(u) +az‘(u)} ——2/1dvpo(v) @H(U, S0)

The equation can be solved perturbatively in g by the Fourier transform

Energy in the large spin limit E = S + f(g)log S + O(S°)

1 11 1 /73
_ 9,2 _ 124 4.6 ( 6432)8
f(g) 9~ ™9 +3607T9 76 \630” +4¢(3)% )g
- 4 ) e o o
+ 32(141757T + 37'(' C(3) +40¢(3)C(5) Jg +

[Beisert, Eden & Staudacher 2006]



Mirror theory



Gauge-String Interchange of 2dim Thermodynamic
Correspondence Space and Time Limit

Gauge Theory (—) St"':'ng :lglma L Mirror Theory L
ode

The mirror TBA - a tool to solve the spectral problem of AdS/CFT



Mirror theory

"mirror string"
" oflength R

string of
length L =]

@ One Euclidean theory — two Minkowski theories. One is related to the other by

the double Wick rotation:
o= —IT, T =lo

The Hamiltonian H w.r.t. ¥ defines the mirror theory.

[Frolov & G.A. 2007]



Mirror theory

string part. func. Z(R,L) =" (nle” " |pp) =D e 5"
n

n

mirror part. func. E(L, R) = Z(Jnle_mlﬁd
n
_ vK\l/ﬂmm
Z(R, L% =Z(L, R)
A \

PR

size

@ When R — oo one gets log Z(R, L) ~ —RE(L), where E(L) is the ground state
energy

@ log E(R, L) = —LF(L), where F(L) is the free energy of the mirror theory at the
temperature T =1/L

@ Ground state energy is related to the free energy of its mirror



Mirror theory

Finite size, zero temperature

Finite size Finite temperature

Infinite size, finite temperature




Example: 2dim relativistic QFT

Minkowski dispersion relation is
H? — p? = m? po = H
The Wick rotation to the Euclidean theory is
H=1Hg, p=pE
The dispersion relation of the Fuclidean theory
Hz +ph+m? =0
The passage to the mirror theory is performed by declaring that

Hg=p, PE =1 f[ inverse Wick rotation

We have N N
Pomimi=0 — P =m

The dispersion relation of a relativistic two-dimensional theory and of its mirror has the
», The passage to the mirror theory can be considered as the analytic
continuation

~

p—>i\/}32+m2, H —ip



Example: 2dim relativistic QFT

The dispersion relation of the original theory is uniformised on the sphere by means of a

rapidity variable 6

(3C

Unphysical

X

X
/ T

Physical

6|
H = mcosh@, p = msinh 6
where for real H, p the range of 6 is —0c0 < 6 < +o0
For the mirror theory Bound Stdes
~ 1 _ 1
H = -msinh 6, p = —mcosh6
7 0
Allow for complex 6 and consider the shift
1T
=0+ —
i 2
where 6@ on the right hand side is real, then
~ 1 1

H = ~msinh(6 + Z) = mcosh®, p= -mcosh(f+ L) =msinh6

(4 (4

Unphysical

Thus, transition to the mirror theory corresponds to the shift of the real rapidity variable

o« . . . . . ) L 211
of the original theory by the quarter of imaginary period: 5 = =*.



Dispersion of the AdSs x S® mirror theory

. 2P

H? =1+ 4¢°sin* =
2 passage to Eucllidean theory

PE

—H% = 1+ 4¢° sin” o

passage to mirror theory
Hg=p, pp=il

~ 1
H = 2arcsinh2— V14 p2
9

H
—p? =1 — 4¢° sinh? >

Thus, the passage from the original (Minkowski) theory to the mirror (Minkowski) theory
can be considered as the following analytic continuation of momentum

1
D — 2i arcsinhQ—\/l + p2
g



Some notations

@ J - momentum carried by string along the equator of S>,
L — “length” (will be related to J)

@ p - momentum of a string particle

@ £ —energy of a string particle: & = \/1 + 402 sin? g

@ p - momentum of a mirror particle

@ £ —energy of a mirror particle: £ =2 arcsinh(;—g \/1 -+ ,’(32)
@ String S-matrix S(py, p2)

@ Mirror S-matrix é(,’ih , P2)



S-matrix on z-torus

T, xtes — Dad
+ E 1‘—:1:- ;Exlwi_liaf (E1®E2 E%@E%—E%@E%+E§®Ell>
1 2 142 2

Ty N17)2
= __i (@®@+%®@+@®%+%®ﬁ)
Ty — Ty MN2

_ . __|_ _|_~~
Ty — o )Xy 20 — 12
_ (1 2)(1 2 )1nan(Ei?@Ei‘—E§®E2—E2®E§—|—E2®E§’)

(zy — x5 ) (xf zy — L)z mme
v — a3 M2 ( 3 1 4 2 3 2 4
+ 33_—$+772(E1®E3+E1®E4+E2®E3+E2®E4)
1 2
s 'rl__'CUQ_ﬁl E3®E1+E3®E2—|—E4®E1+E4®E2
v — 3 1 3 2 4 1 4 2
eV (g —\ ot ot
i(r] —x — xT —To )T X
- A ” __1)+()( - f)_(1§n17722)x1_x2_ (Bt ® B - Bt © B - B} @ B + E} 0 B}
Lo )Ty Lo 1%
B ( — T3 )12 o _B2eoE - Fle E24 E?e EL
(o —ad) (T ad — 1) 3 & L] 3 & Ly 4 QL3+ Ly I3
Ly Loy
r, —
+ 1"2 E®@E)+ E'® E} + B3 ® E3 + Ef @ E?
332771
—
+ 2m(E§®Ei’+E§®E§+Ei®Ef+E2®E§)









String and mirror regions on z-torus

0 d @

_10 L L L 1 _5 L L L 1 L 1 L L 5 L L L L 10

_10...._5.... ....5....10

~—_ - al

To(u) = 2 (1 +4/1— ui) 2 (u)] > 1

Mirror and string regions on the z-torus. The boundaries are mapped onto the cuts on

the u- and u.-planes, respectively



Gluing torus out of four planes

A

/

<




Derivation of the TBA equation

@ Step 1: Construct the mirror Bethe equations for fundamental particles.
Apply the Wick rotation to the world-sheet S-matrix:

S(p1 9 p2) — ‘Ns(ﬁ1 9 ﬁ2)

1 = e™ ] 8(6w. i)
j#k

@ Step 2: Identify configurations of Bethe roots which contribute in the
thermodynamic limit R — oo

This is known as “the string hypothesis”, but a priory it has nothing to
do with string theory!

@ Step 3: Construct TBA equations for excited states




Bethe-Yang equations for mirror particles

follow from S(p1, Do)

Auxiliary roots — w<, y<;

)

PR TT s Xk — Y Xy
H (Pk> Pr) 1_[1 111 x+ y(a) \ g
a /

l;ék

(@) _ \—

Yy X
H () +

l1yk _X/

2

%) W) ) 4
W) )
v=y+1/y

(a) ()

o i
_ V/ga) W/(a) + é




Bound states

In terms of particle rapidities uy and u» the S-matrix involves

up — Uz +

2i
S(bth)N Qg,
Ui — Uo — E

which has a pole at vy — u» — %’ -0

In general, a multi-particle S-matrix will have poles at

21
Uj—Uj_|_1—E:O, i,j:1,...,Q—1

which gives a pattern of a “Bethe string”

uj:u+(Q+1—2j)é, j=1,....Q. ucR

regarded as the Q-particle bound state.



Bethe strings

"Bethe strings" = Quasi-particles with real rapidities

uj:u+(Q+1—2j)é, j=1,....Q, ueR

Auxiliary roots v = y + 1/y and w participate in building up Bethe strings!



String hypothesis

String hypothesis suggests the existence of
nine types of TBA vacuum particles (o = 1, 2):

@ Q-particles (Q-particle bound states) carrying momentum pp — Yéo‘)(u)
@ y=(v)_particles corresponding to fermionic Bethe roots —> Yj(f‘)(u), lu| < 2

@ M|vwl®)-strings — Y,f/,j“)/w(u)

@ M|w(®-strings — Y/Wv(“)



Y-functions of the mirror TBA




Mirror TBA for the ground state
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Excited states

Integration€ontour

10 < = ol — = ‘ P}17
Y,(z.,) =1

@ TBA'’s for excited states differ only by a choice of the integration contour

@ Taking the contour back to the real mirror line produces extra contributions
—log S(z,, z) from log(1 + Y;) = K, where K(w, z) = 5 -2 log S(w, )

2mi dw



Large J (asymptotic) solution

L — oo: Bethe-Yang (all 1/L powers) + Liischer corrections (leading e~ corrections)

(standing 1-particle states) Luscher '86

(general N-particle states) Bajnok, Janik '08

Yo(v) = Ta(v) Ta-1(v) Tai(v)
@ Transfer matrix
Ta.1(u) = Tra|Sa,1(u,u) ... Son(u, un)]

@ The prefactor

T—(S TE) o TQ—'ITQ—I—‘I , TQ(V) ~ e_JgQ(V)

@ Bethe-Yang equations are equivalent to
Yf’*(uk) = -1, k=1,...,N



Excited states TBA

@ Solve the BY equations for a fixed set of integers
J, N=kK', (KI K& K K
Pick up a solution. It is characterized by a definite set of g-dependent momenta.

Auxiliary roots are completely fixed by the momenta p, and play no independent
role in the description of a state

e Compute asymptotic Y-functions and find zeroes and poles of 1 + Yand Y

Q Choose contours and engineer TBA equations for the state so that they
reproduce the asymp. solution

@ Exact momenta pj are found from the exact Bethe equations (quantization cond.)

P (p)=-1 = Yi(p)=-1
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