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From Hamiltonians to Angles

o0

x(b,E) = —m + 2b/

p= p/poo~

2 2 _ 2

2 mimsa

I'=E/M=+1+2v(y—1)=1+0E.

) X(J,E) = —7T+2J/
rmin T\/72D2(r, B) — b2 .

PM expansion:
=B+ o) (7) =rim (”Zfzw (GM)>

( ) - SAE

1
=1+g+51182,

> dr

min TZ\/pz(r) E) - J2/7‘2 .

A2 -




From Angles to Dynamics

: 2
Firsov I—)z (r,E) = exp | =
Formula U

/Oo xo(b, E)db

rIp(r,E)| \/52 — 7‘21_)2 (fr, E)_

14

Iteration Formula ll: f,, = Z gt (551()0“))0

oc€P(n) 14

¢

n = oyo
=y,

22 —n)¥ !

[

o)1)



From Angles to Dynamics

Firsov
Formula

Iteration Formula ll:

I_)Z(T’ E) = €Xp

xo (b, E)dé

2 /°°
0B \JB2 — r25%(r, B) |

n __ yv¢
2 oc€EP(n) I (1 T 2 - )
@ _ VI (3\( L/, 1 H\_~*
oo = P(Q) (F(O) 21 T 1!) =42
(3) _ VT 1 f3 1 fift 13
X = 7F<2) (F(3/2)1?§+ ['(1/2) 12!1!1 T F(—1/2)3—1!

1 1
) =f3+§f2f1 —ﬁff’-



Reconstructing the Hamiltonian

1

mg=3 8 (9)

1=

Recursion relation:

k=1 — -
\/’ El( 2)2k 1+E2(p2)2k 1

P = 2L or (5 ) Ep BB Bk O Gk (@)

The B;}’s are partial Bell polynomials, and G, (p?) is given by®

G0 =~ 33 TP (colp®) Ba (1(P). .- cumtis (6))

s=0 £=0

o 1/1 1
L Py (E
k! 2(E1+E2) K(E) -



From Amplitudes to Impetus...

M(q,p) =R IR in (4, P), M, = 4ElE2-MEFT

Fourier Transform (relativistic normalization)

M B) = o [ 29 (g, p? = g, (E))eia”
) — 2E (27_‘_)3 qap _poo )

P (1 +> fi (Gi[)j =Pt ) Mu—r “
i=1

n=1

Bern et al. found (indirectly) to 5PM order:

Mn(E) = P,(E) = p2 M" f(E),



Imbetus Formula:

p*(r, E) = po(E) + M(r, E),
+Radiation-Reaction

Original problem:

(p® + Uest (p*, 7)) [¥) = D2 (E)|9) .

Recall the scattering Amplitude:

47Tf(p,P,) — —<P,|Ueffw)p(19c>o)>a




pgc(ra pgc) — 2/);L)(r:pOO) (—V2 o pgo)l/)p('r;poo) :

two contributions (linear and quadratic in the amplitude)
pe(r, E) = Iy (r, E) + I13)(r, E),
\
R [ (45, poe) = 87, p00) ) (=92 = 2 ) (7, poc)]
R | 0h(r,poc) (— V7 = p) Up(r, po)]|

IR safe:

I(I{{)(r, E) + I(I%(r, E)=0.



d*q _,
2 2\ __ -2
psc(rapoo) o 47T§R/ (271_)36

" fir-fin (P2, q)

Matching NR and Relativistic amplitudes:

do 2 2 _ 1 2 2

47T§RfRﬁn(poo Q) _%MIR ﬁn(poo q)

Impetus Formula:

p(r, E) = p%(E) + M(r,E),

+Radiation-Reaction
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Porto ... fo Deflection Angle

M (E) = Py(E) = p2. M" fn(E),

(n)_ﬁ n—+1 1 ﬁi
Xo = 2F< 2 ) Z I‘(l—i—ﬂ—Z‘f)l;[a!’

occP(n) 2

Directly from the amplitude to all orders!

(4) _ o 5 I fi 1 fi 1 fifs 1 fi‘)
X" = 2P V7T (2) (I‘(Q) T 2 T e 4

o N—

3P 37 ~ ~ —
4\ = f (f2 +2f1fs +22) = T (M% L oMIM; + 2pgoM4)

(keep an eye on these expressions!)
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... fo Deflection Angle

M (E) = Py(E) = p2. M" fn(E),

(n)_ﬁ n—+ 1 1 ﬁL
Xo = ZF( 2 ) Z I‘(l—i—ﬂ—Ee)l;[a!’

occP(n)

In general f_i’s enter to all PM orders:

VrfiT (n+3)

20)[f1 9] = 1,2
Xb [f1a2] 2F(n + 1) ) 7=y
= = e =0,1,...
Xb [f172] 2f1f2 2F1 (27 n’ 27 4f22 ? n O’ ? ?

X[fi2] +m 1 ™ Y _
5 — Nipy (§+arctan( )) Fo = fof fi



. to Dynamical Invariants

Damour e
Schafer

r+ ’l"+
5, (J,€) =+ / pedr = = / VPR €) — Pt dr,

7.‘- . T_ / ' ! ) N N
K ! N

o 1+@__8ST(J,5)
o or oJ

We can write in terms of the amplitude

Kalin via continuation to negative binding energy
Porto

T+ ——
Sr(J,E) / \/poo M(r,E) — J?/r2dr,



. to Dynamical Invariants

Kalin
Porto
r+
Sr(J,E) / \/poo E)+ M(r,E) — J2/r2dr,
i) ADd IS, (J,E)
=14 — =— .
o 27 0J

Post-Minkowskian Expansion

1-\ EE _ 1 ng(g)
\/(; 2)S{n+222,2€}(‘]’8)1;[ ot!

SIDIE

n=0 oeP(n)

Stma) = — 10m0(2¢ — 1)B(E)A(E) ™72

Z ( 1)qzk+m+12kl'\ ( (m + k- 1)) A(g)%(m—k—2q)B(g)k

k even F(k + ].)F ( (2 +m—k— 2Q)) I (q - %) C(J, 8)%(m+k—1)

(€),
(€)G
()G —J?,
+2(5)Gn+2 ’



... o Dynamical Invariants

Kalin Pt B
Porto o | P -

T+ ——
S8 =+ [ Vrle)+ M. &) - 72/r2ar,

Ad M, G2 N 3(&% + 2ﬂ1ﬂ3 + QPEOMV4)G4

/v 6
27 2.J2 8J4 +0(&),

Post-Minkowskian Expansion

— 5 (272 —1 Notice the
My =2Mp ( T ) power counting
Cheung j\/lv B 3M2,u2 5,},2 -1 In 1/J
et al. 2T 9 r
Bern Vi M i 2 2 4 arcsin 1_77
ot al. Mz =— T 3 — 5dy® — 48v(3 + 12v° — 4v7) 0 >

18T(1 — 2+2)(1 — 52
+1/(—6+2067+10872+473— (L —27°)( 7))

(1+T)(1+7)



... o Dynamical Invariants

T+ ——
Sr(J, &) = %/ \/pgo(c‘:) + M(r,&) — J?/r?dr,

Ad Mo G2 N 3(.7\\/1/% + 2&1&3 + 2p§ox4/4)G4

— = +0(G%),
U 2.2 8J4 (G”)
Post-Minkowskian Expansion
AP 1 M,G? 3 /(57?2 -1 9
/v _ _ - |
( 2m )l-loop o \/1 M2G2 2.J? - 4j2 ( I " ’ 1/] tO a” PN
— MaG?
A 3 3(35—-10 3 194 — 184v + 2312
(_> = — + ( ” V)+ = (10—41/+ .2V+ V)S\/
27 2-loop J 4] J 4-7 J
_ 2 3
N i 5 By 4 d? & 3535 — 6911v + {30601/ 375v o2
452 Y, 1052
3 35910 — 126347 + 12555912 — 5992012 + 738514
Y — 4 2 3
+ 1 ((5 v)v© + 140,72 )8
b (5—201/+161/2)V—2 g +---, 5PN
452 4 ’



Orbital Elements

r = a(ecoshu — 1) (Hyperbola) r=a(l —ecosu), (Ellipse)

- 'F+ +7r_ ~ 7:.1_ —Tr_ r+ +7r_ ry —Tr—
— a = ) € = < ~ a = . e = .
2 ry 4+ r_ 2 ry +1r_

zeros of: 2 (1 +Zfz'(£) (Giw)z) = b*.



From Hyperbolas to Ellipses

r = a(ecoshu — 1) (Hyperbola) r=a(l —ecosu), (Ellipse)

r_(J,E) = rnin(tb,i3) .

1% (b, E)db
r_ =bexp |—— X(~’ ) . o (GM)"x(™B)T(3)
T VB b2 ro(b,B)=ib[Je @)

n (n)
G
(GM) (BIT(5) (GM)" (n )(zB)F( )

io=b][e G ——sz oA () Ly, ).




to Circular Orbits

Vanishing eccentricity

ry =T—

= L (GM\" T(3) @
& exp ( ) X, (CL+(=1)") ) = —1

e (7 () iy

00 9 G M 2n+1r(2n2+1) (2n+1)
ﬁgexp<_ﬁ( z ) Mt )=

00 1 GM 2n+11-w(2n2+1) (2n+1)

@—2%(\/7?( . ) I‘(n+1)Xb = + 2mN

Example: one-loop theory

2
. G2M2f12 o LTr . -2 I 2 ﬁ -
arcsinh [\/4(22 _ G2M2f2)} _ 7’5 + ol J2PM = |poo| 9 f2 +

2

. “1\ 2/3
z = (GMQeire)?? = (l (dj—(’y)> ) — ¢+ ;—2(9 +v)+ O(€),

Also
follows

from
Sr=0



to Circular Orbits

Kalin Two-loops
Porto
. . o f? 2 11
J3pm = Japm + 1P Fl 2 I _§’_§;_;27‘7:3 —1

= 4"™FID(3m)
_ 2 A 2 m+1
= JapM T 3|poo|f1 Z:O (2(m + 1))'F(m)]:3

2 3

-2 2 3
- n = japm + [Pl 5 (2 + 4F3 + 32F5 + 384F5 + -+ ),
"T"n — fn/fl “h
e = —2& Orbital frequency/Binding energy to 3PM
v Vv 2 2 3
T € € 17v v DE 191 7
S=14 — — (99— — (115 + 214y — —v* + —1°
- +12(9-|-1/)-|—2(9 1 +9)+48( 5+ 214v 41/+271/)
e 11893y 1092702  10663v°  250% .
+E(1109— 30 + 21 — 144 +162)+O(€).
\/ 2 J 2 3 3
B x x v x? (535  HH8HV 5 3OV
6—3:[1—12(94—1/)—8(27—19v+3>+32<6 i +1351/—162>
4 559993  34027v% 1135403 7TV .
+ 321 (—10171 t— VT3t T g ) + O(x )] :



to Circular Orbits

Power Counting

52~ efE(A_+O (Fo) +O (Fa) + O (F3) 44+ O(Fa) + O (F2) 4o+

. 3PM )
n;M
n
Fn = fn/fl
e = —2& Orbital frequency/Binding energy to 3PM
v Vv 2 2 3
T € € 17v v DE 191 7
~=14+—(9 —9- — (115 + 214y — —v* + —1°
- +12(—|—V)—|—2( 4+9)+48( + 214v 41/+271/)
e 11893r 1092702  10663v°  250% .
+E(1109— 30 + 21 — 144 +162)+O(€).
‘/ 2 J 2 3 3
B x x v x? (535  HH8HV 5 3OV
€ = [1— 12(9+V)— 3 (27—191/+ 3)+32 ( 6 6 + 13507 — 162)
4 559993  34027v% 1135403 7TV .
+ 384 (—10171—1— = VT T3 + 9 + 31 )—I—O(w )] :



to Circular Orbits

Exact 1PM theory

(=9 1 1 )
L1PM — (F(3’y—2’y3))2/3. xlpM=6(1+ﬁ(—15+u)e+ 7—2(180+15u+4u )€ +) :
- (n+ 1)m 5+ 2n 1+4n\ (axv)"
— T T
‘ x;“’s( 3 6 R CEN

Orbital frequency/Binding energy to 3PM

v YN n3 v
x € € 17v v DE 191 7
~=14+—(9 —9- — (115 + 214y — —v* + —1°
- +12(-|—1/)-|—2( 4+9)+48( + 214v 41/-!-271/)
e 11893r  10927v% 1066313 2504
— (1109 — — %),
D ( N R 144 162 )/J’ o)
v i s v,
x x v x? (535  HH8Hv 1%
=z [1— — — (27— — - -
€ :1:[ 12(9—!—1/) A (7 191/+3>+32(6 6 + 135v 162)
1 559993  34027v% 113543 7Tt .
-|-38—4(—10171+ 5 vV — 3 + 9 +ﬁ\//+0(3} )] .
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Porto Scattering Angle to Periastron Advanced

(to appear)

3T
4M4 4

3mpa, 5 q V1
4X§-4) 1 X (f3+2f1f3+2f4) = (M + 2M M3 + 2pgoM4)
AP MG | 3(M5 + 2MiMs + 203 M) G

6
o 2J2 8.J4 +0(G7),

This is true to all orders!

ADPM (&) = 4P (€)

It can be shown through combinatorial expansions (to appear)



pomn Scattering Angle to Periastron Advanced
(to appear)
X+ BST(J,S)_l/m J
27 0J T Ji_(re) r2/pHEr) — T2/

circle back!

J,E) 1 ~J,E) 1\ 1 [(I9 J
(M,)+_)+(M ,>+_>:_/ .
or 2 o 2)  mliie) r2/PAE ) — J?/r?

After identifying the orbital elements:

L+ = (X(1,) + x(—J, €)) 1/”“& /
_|_ ~ ’ _|_ Ty —
27 * * T Jr_(J€) T'Q\/p2(g,7“) o ']2/742

1
=1+ —AP
_l_ 27_‘_ (J7 g) )

r(J,€)=7_(ib,E <0)=r_(J,€ <0)
’I“_|_(<]>O,8) :T—(_Jag)a



Reconstructing the Radial Action

(2n) E
G‘JS\ZN = 58(Poc)X; (€) = J (1 2 ) (1Xi 275)3) )

n_

ir(7,E) =

In the PM expansion (in terms of the amplitude too)

¢

i, (j,E) = P N1 J N~ (Do ol L S 1 Hi
T 2 2T\ 2 ['(14+n-%) 1L ot

p pu—

oc€P(2n)
o~ . 00 n— J4 ~o.£
SR M S M g, T =S R )
Up to three-loops
~2 4
i, €) = —j + —Pe _J1 4 f2+ Pos (13 +2fufs +2f) +

_poo 2 8
1 Ml 1 M2 1 (.//\/lv% + 2/‘21/‘23 + 2pgoM4)
+ — + =
2\/—p Mp? = 2j M?p? 857 M4t

_|_..



Gravitational Observables

(2n)( ) 2/3
(1 + o Zn—l 42n ) (1 — ’72)
T = 1Py B\ T -2
(1 3/2 2r 5 (7) )
T1PM 7 n=1 (1 2n)]2" L
Radial Period
1 0 B (1) 2 O¢ X(2n)(5)
27r GM%"/T(]& 5) = GM (88 (Sg(POO) (5)) — nz_:l (1 B 2n) —1
(2n)
B (1) g 87X' (7)
=GE (a (sg(poo)xj (v )) 7 2 (i - an)Jzn_1> ,

We can also extract the redshift from first-law

55,(0.8ma) = = (14 57 ) o7+ oe = 30 o (e - Ee) ) o,

27 Q, omg



Gravitational Observables to 2-loops

aGMolt=? (15—v) 555+ 300+ 1102 ,
3 =1—-———€+ €
€2 8 128
3(2v —5) 194 — 184 + 237\
2j 158 E
15(17 — 9v + 2v%) 21620 — 285921 + 876502 — 86507\ s
+ : + - €2 +
87 8053
L=2 .
GMQ; : 43 1520 —7) N 1(1/ 15) + 15(v —5)  3(1301 — 921w + 1020/?)
= 5 (v =19 — €
3 42 454 8 852 3254
N (3(21; - 5) N —284 + 22.(:);'/ — 2317 +3(913 - 72;.%;_)1/ - 10(51/2)> 2
J 4 J 3PN match
1 3(895 — 150v + 51v?%)
—— (555 + 30v + 111/ :
* (128(‘”" 300+ 117 + 1282 3PN missmatch
_3(—270085 + 2512361 — 7054502 4 74700°)\ ,
25(3()_j4 € nghel’ OrdeI’S
15(17 — v + 2v2) 31520 — 344420 + 100252 — 8651°\ 5 velocity
N %) " 8053 “

<Z§L=2)> =1+ 3(21/ —3A - 3)e+ (_3(1 + A) + 5((br —14)(1+A4A) - 41/2)) 2

J 453

Recall 1PM and 2PM

1 o o 3(11v — 35)(A + 1) — 8v?)
T BUO =+ A) +47)e" + (‘ 3 carry over exact terms!
n (3378 — 3021v)(A + 1) :)fii(iSl/z + 393A1r% — 3881/-‘i> 6% (the same Wi" happen

oL + A)(2v — 5) once we know 4PM)

252
+3((73?’% — 633v)(A + 1) + 1962 4+ 96Av? — ‘1113)) ;
€
85

1 .
(3—2(—(31/2 + 130)(A + 1) + 4%) —
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(to appear)

X(J,E) +x(=J.&)  A®(JE)
2T B 2T

)

X, a,e€)
27

DO =

_|_

1, 1 35+30v+ 302, s
[E(_E) ) 1287 (_6)2]
(Gl 5v + 41/2)62 _Tay +Ad-
16 2
5A(v — 3)a— + (23v — 25)ay (—e)%l 1
167 20
(v —6)Aa_ + (Tv — 18)a
2
-3 (15 — 14w + 2v%)Aa_ + (25 — 38v + 14v*)a.) 2
16
-3, 33 + I/(_e)_% N 3003 — 1090v — 5% + 128a% (_6)%] 1
3 4 647 203
3(35 + 2a3 — 10v) . 10080 — 13952 + 12372y + 14400/
4 128

624Ad_d. + 24(1 — 8v)a% — 24(12v — 61)a2 1
128 ctolgm T

L
14
1
2

€

Ta, + Aa_
2

€

Vines Steinhoff Buonanno to 3.5PN
a1 + as
GM

1812.00956 Gy —

Scattering Angle to Periastron Advanced
(with a twist)

with J the total (canonical)

angular momentum

APl a,e€)
2m

32v—5) 305 —-5v+4?) ,] 1
[3 + — € + T € ] 7
Tay +Aa_ (v —6)Aa_ + (Tv — 18)ay

[_ 2 - 2
3((15 — 14v + 2v*)Aa— + (25 — 38v + 14v?)ay) ,] 1
- 16 ‘ ]e_?’

3(35+205 —100)

€

10080 — 13952v + 12372y + 144002

€

4 128

624Aa_a + 24(1 — 8v)a? —24(12v — 61)a2
128 ‘e

Agrees with Tessmer Hartung Schafer to 3.5PN
1207.6961
{=L/(GMp)

1
€_4+..



Radiation-Reaction

pgc(ra E) — I(l) (’I‘, E) + 1(2)(T7 E)a

41 5

—_—  —

30 6
+ ‘Bethe Log’

2G%, M
o

I(3)1JI(3)IJ (_-l.+2log(“r)+...) + (—1-+2log(ﬂ/p)+°“)
€IR €uv

PHYSICAL REVIEW D 93, 124010 (2016)

Tail effect in gravitational radiation reaction: Time nonlocality
and renormalization group evolution

d 2G3, M .. y
“@V;en(u): s 1 @)1 (t)

Elog — —QG?\I M < Iz‘ 7(3) (t) Iz‘ 7(3) (t)> log . Chad R. Galley,' Adam K. Leibovich,’ Rafael A. Porto,” and Andreas Ross’



0E, ¢

(z=0) _

% )2 hbn,e
3 |

2
4oz

2
2m

2
3ms

a. Eqg.12

Radiation-Reaction

PHYSICAL REVIEW D 96, 024063 (2017)
Lamb shift and the gravitational binding energy for binary black holes

(0Ene)us + (0En )y + -+

Rafael A. Porto

A\

(pY s, PUs) ~ (

Space-Time Approach to Quantum Electrodynamics

R. P. FEYNMAN
Depariment of Physics, Cornell University, Ithaca, New York

(Received May 9, 1949)
Lamb shift as interpreted in more detail in B."®

13 That the result given in B in Eq. (19) was in error was re-
peatedly pointed out to the author, in private communication,
by V. F. Weisskopf and J. B. French, as their calculation, com-
pleted simultaneously with the author’s early in 1948, gave a
different result. French has finally shown that although the ex-
pression for the radiationless scattering B, Eq. (18) or (24) above
1s correct, it was incorrectly joined onto Bethe’s non-relativistic
result. He shows that the relation In2kp.x—1=InApi, used by the
author should have been In2kmax—35/6=InAnin. This results in
adding a term — (1/6) to the logarithm In B, Eq. (19) so that the
result now agrees with that of J. B. French and V. F.|Weisskopf,

mevz, MV

)



Conclusions

X™ & fi
( , A 3] . (5 > O)
ﬂ\ :(9,],(5<0) \ p+M
Oyt i
3ma.l l O integrals | )

Boundary-to-Bound (B2B) dictionary mapping scattering angle/amplitudes
to dynamical invariants for bound orbits — to all PM orders



“IDEAS ARE TESTED
BY EXPERIMENT."
THAT 1S THE CORE
OF 5CIENCE.

EVERYTHING ELSE
IS BOOKKEEPING.

Extra Slides

"New directions in science are launched by new tools much more often
than by new concepts. The effect of a concept-driven revolution is

to explain old things in a new way. The effect of a tool-driven
revolution is to discover new things that have to be explained"

Freeman Dyson, "Imagined Worlds"
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Impetus Formula

Born Approximation:

(P + q|Vert|p) + Vlz/d3 ( E)—) ST L

Hegt|Vp(Poo)) = (p2 + Véff) Vp(Po)) = pgo(E)Wp(poo» ;

1

= G"  (4m)¥2T[d — n/2] Golk. ) = 1
—kldm 2nT[n/2] Hy — E +ic

Ilterations are purely super-classical IR-divergent:

(afB)
/ddl f (lapaQ) 5 : ,y — 1
Ul +qlP(2L-p+17)

k2

— E+ie



No Recoil Approximation

2Mﬂno—rec(7'a 80) — 2M (p%ch(ra 80) o :u'z (862 o 1)) )

GM\6 4 M0 ,
(1+5 )g0 (+G_M) | g — Mpl_ p1op

(1 B GzM 2 I uM mi1ms
T

A 2
pSch —

After boosting to the center of mass

1

Mno-rec('ra E) ~ oFR

(2M Mao-rec (T, €0 — ’Y)) ;



No Recoil Approximation

2M Myorec(, E0) — 2M (pie(r, &) — 12 (E2 — 1))

GM\6 4 0 ,
(+5) o (,, CM e M pip
(1 gy o ) pM

2r

A 2
pSch —

After boosting to the center of mass

1
2F

Muo-rec(r, E) = (ZMMno-rec(ra Eo — '7)) :

no-rec (E) —

—~ 1
pr210-rec — pgo + Mno-rec("', E) — pc2>o + _Ap%ch(r? Eo — 7) )

T !
2v4 — 1 4 3. _Hh~vs —1 — gno-rec —
[N Stk S “x? = Spo ol N G BT(E) =
v2 -1 2 42 -1

no-rec( rm\y _
Exact 2-body dynamics at 2PM r’s (E)




No Recoil Approximation

2M./\7nwec(r, &) = 2M (chh("'a &) — lﬂ(gg - 1)) )

GM\6 4 0
5 :U+3ﬂéﬂ_1+GM g _ Mpl _ pip2_
2r

After boosting to the center of mass

— 1 —
Mno—rec('ra E) = oOF (ZMMno-rec(ra 50 — ’7)) ,
v 1 1 272 — 1
pr210-rec = pgo + Mno-rec(r, E) = pgo + pr%ch(r’ o — 7) ) f 1o (E) =2 ,72 — 1
3 3 2
f3() = 3 Ep%o Ve (gﬂ(;:,, M;s(q,p* = po (E))e 9T (5.64) 1 no-rec ( E) _ §57 —1

221"

T’2

_ - 2 3 180(1—2¢%)(1 - 59%)

_ ( 6 4 206y + 1087° + 4y (1+T)(1+7) ) érec(E) B 1187 =
/3

— 5 ,

arcsinh\/Ll 2 T = 1

. 2 4.4 2

48v(3 + 12y — 4v7) 1 ,
’7 -—




No Recoil Approximation

Also in the EFT approach

(a) (b) (c) (d) (e) (f)

2Poo () sin Xipt(7) = 2p%Y(&Ey — ) sin Xtest (€0 = 7) , l no-rec - 2’)’2 —1
2 2 (E) =2 2 ’
I' v4 —1
2
2pto(ést (o = 7)/(2po(v)) =T. l no-reC(E) _ §5’7 —1
I 2 72 -1’
X1pt (’7) + O(X?pt) = FXtest (50 — ’7) + O(Xi?est) ) l no-reC(E) — l 1872 —1
I 2 y2—-1"



Kalin Black Holes as Elementary Particles

Porto
(to appear)

Impetus for spin*2k with canonical position/momentum
2 2 Ve
P*(R,&,a1,a2) = p5, + M (R, pxo,a1,a2) .

One-loop amplitude for one spinning body (mimy = uM)

q* —
212(29% — 1) o= 1 GM Vines
Mlsli}i\l(rvgv CL) - & ( ; ) Z E ((La) : V)g T Steinhoff
—~ (! ,
L 2pF(2y 1) GM  2p*(2v*—1)  GMr
= cos(a-V)— = ‘ —
I R I r? + a? cos? 6
2

Non-Relativistic £ — P_ b+, Kerr! b= — GMr

Limit 21 r2 4+ a?cos?f



