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From Hamiltonians to Angles

PM expansion:



From Angles to Dynamics

Firsov 
Formula

Iteration Formula II:



From Angles to Dynamics

Iteration Formula II:

Firsov 
Formula



Reconstructing the Hamiltonian

Recursion relation:



From Amplitudes to Impetus…

Fourier Transform (relativistic normalization)

Bern et al. found (indirectly) to 5PM order:

Is this true in general?



Impetus Formula:

Original problem:

Effective QM problem:

+Radiation-Reaction

4⇡
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Recall the scattering Amplitude:



Instantaneous scattered momentum:

two contributions (linear and quadratic in the amplitude)

IR safe:



Conservative sector w/out Radiation-Reaction

Matching NR and Relativistic amplitudes:

Impetus Formula:

+Radiation-Reaction



… to Deflection Angle

Directly from the amplitude to all orders!

Kalin 
Porto

(keep an eye on these expressions!)



… to Deflection Angle

In general f_i’s enter  to all PM orders:

Kalin 
Porto



… to Dynamical Invariants
Damour 
Schäfer

We can write in terms of the amplitude 
via continuation to negative binding energyKalin 

Porto



… to Dynamical Invariants

Post-Minkowskian Expansion

Kalin 
Porto



… to Dynamical Invariants

Post-Minkowskian Expansion

Kalin 
Porto

Notice the  
power counting 

in 1/J

Bern 
et al. 

Cheung 
et al. 



… to Dynamical Invariants

Post-Minkowskian Expansion

to all PN!

5PN

1/j2
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Orbital Elements

zeros of:



From Hyperbolas to Ellipses



Vanishing eccentricity

Example: one-loop theory

to Circular Orbits

(first law)

Also

follows

from

Sr=0



to Circular Orbits

Orbital frequency/Binding energy to 3PM✏ = �2E
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Fn = fn/f
n
1
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Kalin 
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Two-loops 



to Circular Orbits

Orbital frequency/Binding energy to 3PM✏ = �2E
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Power Counting



to Circular Orbits
Exact 1PM theory

x1PM =
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Orbital frequency/Binding energy to 3PM



This is true to all orders!

It can be shown through combinatorial expansions (to appear)

Scattering Angle to Periastron AdvancedKalin 
Porto 

(to appear)



Scattering Angle to Periastron AdvancedKalin 
Porto 

(to appear)

circle back!

After identifying the orbital elements:



Reconstructing the Radial Action

In the PM expansion (in terms of the amplitude too)

Up to three-loops



x1PM =
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We can also extract the redshift from first-law

Radial Period

Gravitational Observables



Gravitational Observables to 2-loops

3PN match

3PN missmatch

Higher orders 

velocity

Recall 1PM and 2PM 
carry over exact terms! 
(the same will happen  
once we know 4PM)



Scattering Angle to Periastron Advanced  
(with a twist)

with J the total (canonical)  
angular momentum 

Vines Steinhoff Buonanno to 3.5PN

Agrees with Tessmer Hartung Schäfer to 3.5PN

1812.00956

1207.6961

` = L/(GMµ)
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ã± =
a1 + a2
GM
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(to appear)



Radiation-Reaction 

In the EFT approach

41

30
⇠ 5

6
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+ ‘Bethe Log’



Radiation-Reaction 

Computation in NRQED



Conclusions

Boundary-to-Bound (B2B) dictionary mapping scattering angle/amplitudes 
to dynamical invariants for bound orbits — to all PM orders



Extra Slides



Impetus Formula

Born Approximation:

� = 1
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Iterations are purely super-classical IR-divergent:

Kalin 
Porto 



No Recoil Approximation

After boosting to the center of mass



No Recoil Approximation

After boosting to the center of mass

Exact 2-body dynamics at 2PM



No Recoil Approximation

After boosting to the center of mass



No Recoil Approximation

Also in the EFT approach



Black Holes as Elementary Particles

Impetus for spin^2k with canonical position/momentum

One-loop amplitude for one spinning body 

At 1PM order  (to all orders in velocity)

Non-Relativistic 
Limit

Kerr!

Kalin 
Porto 

(to appear)

(m1m2 = µM)
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