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Global View

• 1958 - 1959 (1962 tetrads, spin-1/2 field): DIRAC

1978 Nelson/Teitelboim: spin-1/2 field

• 1959 - 1961: ARNOWITT/DESER/MISNER (ADM)

1976 Deser/Isham: tetrads, spin-1/2 field

• 1963: SCHWINGER (tetrads, spin-0 & spin-1 fields)

1963 Kibble: spin-1/2 field

• 1967: DeWitt energy surface-term from Hamiltonian

• 1974: Regge/Teitelboim Hamiltonian and surface terms
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Canonical Field based Applications to PN/PM

• 1961: 1PN Kimura

• 1974: 2PN Ohta/Okamura/Kimura/Hiida

• 1985: 2.5 PN Schäfer

• 1985: 2PN Damour/S [EOB Buonanno/Damour 1999]

• 1997: 3.5PN Jaranowski/S

• 1998: 3PN Jaranowski/S (Routhian)

• 2001: 3PN Damour/Jaranowski/S (dimreg)

• 2008: 1PM Ledvinka/S/Bičák [PoMiN Matzner et col. 2018]

• 2008 - 2013: HO PN Spin dynamics Steinhoff, Hergt, Hartung, S

• 2009: Linear-in-Spin dynamics Steinhoff/S

• 2010 - 2011: LO dissipative Spin dynamics Steinhoff, Wang, Zeng, S

• 2014: 4PN Damour/Jaranowski/S [EOB@4PN DJS 2015]
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The Dynamics of General Relativity

second order action
W =

∫
d4x

√−g gµν Rµν(g, ∂g, ∂∂g)

first order action
W =

∫
d4x

√−g gµν Rλ
µλν(Γ, ∂Γ) =

∫
d4x

√−g gµν Rµν(Γ, ∂Γ)

first order tetrad action
W =

∫
d4x det(e a

µ ) eµa eνb Rµνab(ω, ∂ω), e a
µ e b

ν ηab = gµν

e a
ν eλb Rµλab = Rµν , torsion-freeness: Rµν = Rνµ (δW/δω = 0)

(16πG = 1, c = 1)
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(3+1)-slicing of spacetime, introduction of lapse N and shift N i

ds2 = gµνdx
µdxν = −(Ndx0)2 + γij(dxi +N idx0)(dxj +N jdx0)

Ndx0 = −nµdx
µ, nµ = −(N, 0, 0, 0)

N = (−g00)−1/2, N i = γijNj , Ni = g0i, γij = gij

πij =
√−g(Γ0

pq − γpqΓ0
rsγ

rs)γipγjq, πij = γipγjqπ
pq, π = πijγij

√−g = N
√
γ, πij = −√γ(Kij − γijK), Kij = −NΓ0

ij

N = 1 +O(1/r), N i = O(1/r), γij = δij +O(1/r)

∂kγij = O(1/r2), πij = O(1/r2)
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xit
t+ dt

dxi = �N idt
Ndt

xi
3+1 splitting of spacetime nµ = (1,−N i)/N

nµ = (−N, 0, 0, 0)

nµ

gij Kij

Kij = −NΓ0
ij = −Ng0µ(giµ,j + gjµ,i − gij,µ)/2

ds2 = −(Ndt)2 + gij(dxi +N idt)(dxj +N jdt)
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Einstein field equations in canonical form

∂tγij = 2Nγ−1/2

(
πij − 1

2
πγij

)
+∇iNj +∇jNi

∂tπ
ij = −N γ1/2

(
Rij − 1

2
γijR

)
+

1
2
Nγ−1/2γij

(
πmnπmn − 1

2
π2

)

−2Nγ−1/2

(
πimπj

m − 1
2
ππij

)
+∇m(πijNm)−(∇mN

i)πmj−(∇mN
j)πmi

+
√
γ(∇i∇jN − γij∇m∇mN) +

1
2

γikγjlpkpl

(γijpipj +m2c2)1/2
Nδ

H(∂q∂pγij , ∂pγij , γij , π
ij , zi, pi) = 0 (Hamiltonian Constraint)

Hk(∂pγij , γij , ∂pπ
ij , πij , zi, pi) = 0 (Momentum Constraints)
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W =
∫
d4x

[
πij∂tγij −N(Hfield +Hmatter) +N i(Hfield

i +Hmatter
i )

]

H =
∫
d3x

[
N(Hfield +Hmatter)−N i(Hfield

i +Hmatter
i )

]

Hfield = −γ1/2R+ γ−1/2

(
πijπij − 1

2
π2

)
,

Hfield
i = 2γij∇kπ

jk ,

Hmatter =
√
m2 + γijpipj δ(xk − zk),

Hmatter
i = pi δ(xk − zk)
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MTW: Gravitation (1973)

9



H =
∫
d3x

(
NH−N iHi

)

H =
√
γ(Tµν − 2Gµν)nµnν =

√
γN2(T 00 − 2G00)

Hi = −√γ(Tµ
i − 2Gµ

i )nµ =
√
γN(T 0

i − 2G0
i )

∂tγij =
δH

δπij
, ∂tπ

ij = − δH

δγij

0 =
δH

δN
, 0 =

δH

δN i
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Hfield
D = ∂i(γ−1/2∂j(γγij)) +B +

1
γ1/2

(
πijπij − 1

2
π2

)

B =
1
4
γ1/2∂kγij∂nγlm[(γilγjm − γijγlm)γkn + 2(γikγlm − γilγmk)γjn]

(γ1/2Hfield)S = ∂i∂jq
ij +Q+ (qikqjl − qijqkl)ΠijΠkl

Q = −1
4
qmn∂mq

kl∂nqkl − 1
2
qln∂mq

kl∂kq
mn − 1

8
qkl∂kln(q)∂lln(q)

qij = γγij , qij =
1
γ
γij q = γ2, Πij =

1√
γ
Kij = − 1

γ

(
πij − 1

2
δijπ

)

11



(Hfield
i )D/ADM = ∂j(2πjkγki)− πkl∂iγkl

(Hfield
i )S = ∂i(2Πlmq

lm)− ∂l(2Πimq
lm)−Πlm∂iq

lm

HS =
∫
d3x

[
1√
γ
N(
√
γHfield +

√
γHmatter)S −N i(Hfield

i +Hmatter
i )

]
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N = 1 at i0

HADM =
∫
d3x(NH−N iHi)−

∮

i0
dsi ∂j(δijγkk − γij)

(DeWitt 1967)

Hsrf
ADM = −

∮

i0
dsi ∂j(δijγkk − γij) = −

∫
d3x ∂i∂j(δijγkk − γij)

HD =
∫
d3x(NH−N iHi)−

∮

i0
dsi γ

−1/2∂j(γγij)

Hsrf
D = −

∮

i0
dsi γ

−1/2∂j(γγij) = −
∫
d3x ∂i(γ−1/2∂j(γγij))

HS =
∫
d3x(γ−1/2N(

√
γH)−N iHi)−

∮

i0
dsi ∂j(γγij)

Hsrf
S = −

∮

i0
dsi ∂j(γγij) = −

∫
d3x ∂i∂j(γγij)
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Newtonian limits

H
(N)
ADM =

∫
d3x

(
%
v2

2
− 1

2
%U

)

H
(N)
D =

∫
d3x

(
%
v2

2
− 1

8πG
∂iU∂iU

)

H
(N)
S =

∫
d3x

(
%
v2

2
+ 3%U − 7

8πG
∂iU∂iU

)
(cf. Landau/Lifshitz)

Test-Body limit (1 test particle and N massive particles)

H(TB) =
∫
d3x(NHtestmat −N iHtestmat

i )
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Decompositions

qij = qijTT +
1
2
(∂iq

j + ∂jq
i)− δij∂kq

k + ∂i∂jq

Πij = ΠTT
ij +

1
2
(∂iΠj + ∂jΠi)− δij∂kΠk + ∂i∂jΠ

on action level

∫
d4x Πij∂tq

ij =
∫
d4x [ΠTT

ij ∂tq
ijTT + Π∂t∇2q]

=
∫
d4x [ΠTT

ij ∂tq
ijTT + ∂i∂jq

ij∂t(−Π)] + TTD

Coordinate Condition (so by Schwinger)

−Π = t
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Coordinate Conditions

Dirac: γijπ
ij ≡ π = 0, ∂j(γ1/3γij) = 0

ADM: πii = 0, 3∂jγij − ∂iγjj = 0 (2nd by ADM)

Schwinger: Πii = 0, 3∂jq
ij − ∂iq

jj = 0 (others by Schwinger)

more ADM: πij = π̃ij + πijTT , γij = ψδij + hTT
ij

π̃ij = ∂iV
j + ∂jV

i − 2
3δij∂kV

k

2 pairs (hTT
ij , πijTT ) at each space point
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Dirac: pairs of canonical variables (ln(γ1/3),π) and (γ̃ij ,π̃ij)

π̃ij = γ1/3(πij − 1
3
γijπ), γ̃ij = γ−1/3γij

γ̃ij π̃
ij = 0, det(γ̃ij) = 1

Dirac’s “maximal slicing” condition: π = 0

5 pairs (γ̃ij , π̃ij) at each space point (Regge/Teitelboim 1974)

{F,G} = δ̃kl
ij

(
δF

δγ̃ij

δG

δπ̃kl
− δG

δγ̃ij

δF

δπ̃kl

)
+

1
3
(π̃ij γ̃kl − π̃klγ̃ij)

δF

δπ̃ij

δG

δπ̃kl

δ̃kl
ij =

1
2
(δk

i δ
l
j + δl

iδ
k
j )− 1

3
γ̃ij γ̃

kl, γ̃ij γ̃
jl = δl

i
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Hred
D = −

∫
d3x ∆γ2/3[zi, pi, γ̃ij , π̃

ij ]

r →∞:
∂kγ̃ik = O(1/r(2+ε)), ∂kγ̃ii = O(1/r(2+ε))

r →∞:

ds2 = −
(

1− M

8πr

)
dt2 +

[(
1 +

M

8πr

)
δij + hTT

ij

]
dxidxj

Schwarzschild coordinates do not fit:

ds2 = −
(

1− M

8πr

)
dt2 +

(
δij +

M

8πr
xixj

r2

)
dxidxj
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Hred
ADM = −2

∫
d3x ∆ψ[zi, pi, h

TT
ij , πijTT ]

Hfield +Hmatter = 0 → ψ

Hfield
i +Hmatter

i = 0 → V i

∂th
TT
ij =

δHred
ADM

δπijTT
, ∂tπ

ijTT = −δH
red
ADM

δhTT
ij

{F,G} = δTTkl
ij

(
δF

δhTT
ij

δG

δπklTT
− δG

δhTT
ij

δF

δπklTT

)

żi =
∂Hred

ADM

∂pi
, ṗi = −∂H

red
ADM

∂zi
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Transition to Routhian R to solve field equations and to get
conservative Hamiltonian Hcon:

R[zi, pi, h
TT
ij , ∂th

TT
ij ] = Hred

ADM −
∫
d3x πijTT∂th

TT
ij

Field Equations
δ
∫
R(t′)dt′

δhTT
ij (t, xi)

= 0

Hcon = R
[
z, p, hTT [z, p], ∂th

TT [z, p]
]

Equations of Motion

żi(t) =
δ
∫
Hcon(t′)dt′

δpi(t)
, ṗi(t) = −δ

∫
Hcon(t′)dt′

δzi(t)
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Global post-Newtonian expansion
(

∆− 1
c2
∂2

t

)
ĥTT

ij =
∞∑

n=0

1
c2n

DTT
ij(n)[x, z, p, ĥ

TT , ∂tĥ
TT ]

hTT
ij =

16πG
c4

ĥTT
ij

Near-zone post-Newtonian expansion
(

∆− 1
c2
∂2

t

)−1

=

(
1 +

∞∑
n=0

1
c2n

∆−n∂2n
t

)
∆−1δ(t− t′)

δTTkl
ij =

1
2
(PilPjk + PikPjl − PklPij), Pij = δij −∆−1∂i∂j
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Leading order field equation for tails

(
∆− ∂2

ct

)
ĥTT tail

ij = δTTkl
ij

∑
a

ma

4πc2ra
∂2

ctĥ
TT
kl

Tail Green’s function

(
∆− ∂2

t

)
G(xi, x′i, t− t′) =

1
r

∂

∂t
Gret(xi − x′i, t− t′)

G(xi, x′i, t− t′) = − 1
2R

δ(t− t′ −R) ln
r + r′ +R

r + r′ −R
+

Θ(t− t′ − r − r′)
(t− t′)2 −R2

R = |xi − x′i|, r = |xi|, r′ = |x′i|
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ADM-formalism for spinning classical objects

W =
∫
d4x LM

LM =
∫
dτ

[(
pµ − 1

2
Sab ω

ab
µ

)
dzµ

dτ
+

1
2
Sab

δθab

dτ

]
δ(4)

matter variables zµ, pµ, Sab, ΛCb

δθab = Λ a
C dΛ

Cb = −δθba

ΛAaΛBbηAB = ηab and ΛAaΛBbη
ab = ηAB

ηAB = diag(−1, 1, 1, 1) = ηab

δ(4) = δ(xν − zν(τ)),
∫
d4x δ(4) = 1

Ricci rotation coefficients ω ab
µ

ωµαβ = eaαebβω
ab

µ = −Γβαµ + ∂µe
c
αecβ ,

Γβαµ = 1
2 (∂µgβα + ∂αgβµ − ∂βgαµ), gµν = eaµebνη

ab
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Matter constraints

LC =
∫
dτ

[
λa

1p
bSab + λ2[i]Λ[i]apa − λ3

2
(p2 +m2)

]
δ(4)

pµp
µ +m2 = pap

a +m2 = 0 Mass-shell Condition

pbSab = 0 Spin Supplementary Condition (SSC): in the rest frame the
spin tensor contains the 3-dim. spin S(i)(j) only (i.e., there the mass
dipole part S(0)(i) vanishes)

The Conjugate Constraint Λ[i]apa = 0 ensures that ΛCa is a pure
3-dim. rotation matrix in the rest frame (no Lorentz boosts)

The complete Lagrangian density is the sum

L = LG + LM + LC
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The total action

W [eaµ, z
µ, pµ,ΛCa, Sab, λ

a
1 , λ2[i], λ3] =

∫
d4xL

Variation of action δW = 0 leads to the equations of motion

DSab

Dτ
= 0 ,

DΛCa

Dτ
= 0

uµ ≡ dzµ

dτ
= λ3p

µ ,
Dpµ

Dτ
= −1

2
Rµρabu

ρSab

√−gTµν = eµ
a

δ(LM + LC)
δeaν

=
∫
dτ

[
λ3p

µpνδ(4) +Dα

(
u(µSν)αδ(4)

)]

Preservation of the constraints in time requires λa
1 to be proportional

to pa and λ2[i] to be zero, so that λa
1 and λ2[i] drop out of the matter

EOM and of the stress-energy tensor. The Lagrangian multiplier
λ3 = λ3(τ) represents the reparametrization invariance of the action
(notice λ3 =

√−u2/m). DµT
µν = 0 and SabS

ab = const.
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A (3+1)-split with respect to a hypersurface orthogonal timelike unit
4-vector nµ with components nµ = (−N, 0, 0, 0) or nµ = (1,−N i)/N ,
most naturally fits to a fully reduced canonical formulation of
gravity. The three matter constraints can be solved as

np ≡ nµpµ = −
√
m2 + γijpipj

nSi ≡ nµSµi =
pkγ

kjSji

np
= γijnS

j

Λ[j](0) = Λ[j](i) p(i)

p(0)
, Λ[0]a = −p

a

m

in terms of pi, S(i)(j), and λ[i](k), so one can drop LC from now on.
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A split of the Ricci rotation coefficients results in:

(1) ωkij = −Γjik + ∂ke
a
i eaj

(2) nµωkµi = Kki − γij
∂kN

j

N
+
eai

N
(∂ke

a
0 − ∂ke

a
l N

l)

(3) ω0ij = NKij −∇iNj + ∂te
a
i eaj

(4) nµω0µi = KijN
j −∇iN − γij

∂tN
j

N
+
eai

N
(∂te

a
0 − ∂te

a
l N

l)

With time gauge eµ
(0) = nµ (Dirac 1962, Schwinger 1963), it holds

e
(0)
i = 0 = e0(i) , e

(0)
0 = N = 1/e0(0)

N i = −Nei
(0) , e

(i)
0 = N je

(i)
j

γij = e
(m)
i e(m)j , γij = ei

(m)e
(m)j
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The matter action in the covariant SSC pbSab = 0 turns into

LM = LMK + LMC + LGK + (TD) ,

where (TD) denotes an irrelevant total divergence.

Kinetic Matter part:

LMK =
[
pi +KijnS

j +Akle(j)k∂ie
(j)
l

−
(

1
2
Skj +

p(knSj)

np

)
Γkj

i

]
żiδ +

nSi

2np
ṗiδ

+
[
S(i)(j) +

nS(i)p(j) − nS(j)p(i)

np

]Λ(i)
[k]Λ̇

[k](j)

2
δ

gikgjlA
kl =

1
2
Sij +

nSipj

2np
.
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Matter part to the Constraints:

LMC = −NHmatter +N iHmatter
i

Hmatter = −npδ −Kij pinSj

np
δ −∇k(nSkδ)

Hmatter
i = (pi +KijnS

j)δ +∇m

(
1
2
γmkSikδ + δ

(k
i γ

l)m pknSl

np
δ

)

Gravitational field Kinetic part:

LGK = Aije(k)i∂te
(k)
j δ
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Now we proceed to Newton-Wigner variables ẑi, Pi, Ŝ(i)(j), and
λ̂[i](j), which turn the Kinetic Matter part LMK into canonical form.

zi = ẑi − nSi

m− np
, nSi = −pkγ

kjŜji

m

Sij = Ŝij − pinSj

m− np
+

pjnSi

m− np

λ[i](j) = λ̂[i](k)

(
δkj +

p(k)p
(j)

m(m− np)

pi = Pi −KijnS
j − Âkle(j)ke

(j)
l,i +

(
1
2
Skj +

p(knSj)

np

)
Γkj

i

γikγjlÂ
kl =

1
2
Ŝij +

mp(inSj)

np(m− np)

Ŝ(i)(j)Ŝ(i)(j) = 2s2 = const,
δθ̂(i)(j) = λ̂

(i)
[k]dλ̂

[k](j) = −δθ̂(j)(i), λ̂
(i)
[k]λ̂

[k](j) = δij
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LGK + LMK = L̂GK + L̂MK + (TD)

L̂MK = Pi
˙̂ziδ̂ +

1
2
Ŝ(i)(j)

˙̂
θ(i)(j)δ̂

L̂GK = Âije(k)i∂te
(k)
j δ̂

δ̂ = δ(xi − ẑi(t))

The canonical momentum conjugate to e(k)j is given by

π̄(k)j =
1
2

∂L
∂(∂te(k)j)

= e
(k)
i πij + e

(k)
i

1
2
Âij δ̂

πij =
√
γ(γijγkl − γikγjl)Kkl

Legendre transformation leads to

L̂GK + LG = 2π̄(k)j∂te(k)j − Ei,i + LGC + (TD)

31



The explicit form of the non-irrelevant total divergence Ei,i emerges
as Ei = γij,j − γjj,i for asymptotically flat spacetimes. The total
energy reads E =

∮
d2siEi.

The gravitational constraint part takes the form

LGC = −NHfield +N iHfield
i

with

Hfield = − 1√
γ

[
γR+

1
2

(
γijπ

ij
)2 − γijγklπ

ikπjl

]

Hfield
i = 2γij∇kπ

jk

Due to the symmetry of πij , not all components of π̄(k)j are
independent variables (i.e., the Legendre map is not invertible).
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Additional constraint

π̄[ij] =
1
2
Â[ij]δ̂

Constraint eliminated by going to the spatial symmetric gauge
e(i)j = eij = eji, e(i)j = eij = eji (Kibble 1963).

Triad is fixed as matrix square-root eijejk = γik or,

eij =
(√

(γkl)
)

ij

Therefore, we can define a quantity Bkl
ij as

ek[i∂µej]k = Bkl
ij ∂µγkl

or, in explicit form,

2Bkl
ij = emi

∂emj

∂γkl
− emj

∂emi

∂γkl
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It holds Bkl
ij δkl = 0. Furthermore,

e(k)i∂µe
(k)
j = Bkl

ij ∂µγkl +
1
2
∂µγij

which gets applied as

π̄(k)j∂te(k)j =
1
2
πij

can∂tγij

with the new canonical symmetric field momentum

πij
can = πij +

1
2
Â(ij)δ̂ +Bij

klÂ
[kl]δ̂
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The gravitational constraints arising from the variations δN and δN i,

Hfield +Hmatter = 0

Hfield
i +Hmatter

i = 0

are eliminated by also imposing the gauge conditions

3γij,j − γjj,i = 0 , πii
can = 0

which allow for the decompositions

γij = Ψδij + hTT
ij

πij
can = π̃ij

can + πijTT
can

where hTT
ij and πijTT

can are transverse traceless, e.g., hTT
ii = ∂jh

TT
ij = 0,

and π̃ij
can is π̃ij

can = ∂jV
i
can + ∂iV

j
can − 2

3δij∂kV
k
can
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The gravitational constraints can now be solved for Ψ and π̃ij
can,

leaving hTT
ij and πijTT

can as the final degrees of freedom of the
gravitational field. Notice that our gauge condition πii

can = 0 deviates
from the original ADM one πii = 0 by spin corrections at 5PN.

The action reads,

W =
∫
d4x πijTT

can ∂th
TT
ij +

∫
dt

[
Pi

˙̂zi +
1
2
Ŝ(i)(j)

˙̂
θ(i)(j) − E

]

and is in fully reduced canonical form. The dynamics is completely
described by the ADM energy E, which turns into the volume
integral

E = −2
∫
d3x ∆Ψ[ẑi, Pi, Ŝ(i)(j), h

TT
ij , πijTT

can ]

and is the total Hamiltonian (E = H) once it is expressed in terms
of the canonical variables.
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Ŝ(i) = 1
2εijkŜ(j)(k)

{ẑi, Pj} = δij , {Ŝ(i), Ŝ(j)} = εijkŜ(k) ,

{hTT
ij (t, xm), πklTT

can (t, x′m)} = δTTkl
ij δ(xm − x′m) ,

zero otherwise

P tot
i =

∑
a

Pai −
∫
d3xπklTT

can ∂ih
TT
kl

J tot
ij =

∑
a

(ẑi
aPaj − ẑj

aPai + Ŝa(i)(j))

− 2
∫
d3x (πikTT

can hTT
kj − πjkTT

can hTT
ki )

−
∫
d3x (xiπklTT

can ∂jh
TT
kl − xjπklTT

can ∂ih
TT
kl )
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