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Global View .

1958 - 1959 (1962 tetrads, spin-1/2 field): DIRAC
1978 Nelson/Teitelboim: spin-1/2 field

1959 - 1961: ARNOWITT/DESER/MISNER (ADM)
1976 Deser/Isham: tetrads, spin-1/2 field

1963: SCHWINGER (tetrads, spin-0 & spin-1 fields)
1963 Kibble: spin-1/2 field

1967: DeWitt energy surface-term from Hamiltonian

1974: Regge/Teitelboim Hamiltonian and surface terms



Canonical Field based Applications to PN/PM

e 1961: 1PN Kimura

e 1974: 2PN Ohta/Okamura/Kimura/Hiida

e 1985: 2.5 PN Schafer

e 1985: 2PN Damour/S [EOB Buonanno/Damour 1999]

e 1997: 3.5PN Jaranowski/S

e 1998: 3PN Jaranowski/S (Routhian)

e 2001: 3PN Damour/Jaranowski/S (dimreg)

e 2008: 1PM Ledvinka/S/Bicdk [PoMiN Matzner et col. 2018|

e 2008 - 2013: HO PN Spin dynamics Steinhoff, Hergt, Hartung, S
e 2009: Linear-in-Spin dynamics Steinhoff/S

e 2010 - 2011: LO dissipative Spin dynamics Steinhoff, Wang, Zeng, S
e 2014: 4PN Damour/Jaranowski/S [EOB@4PN DJS 2015]



The Dynamics of General Relativity'

second order action

W = [d'z /=g ¢"" R,.(g,0g,00g)

first order action

W = [d*z /=g " R* o (15 0T) = [d*x /=g ¢** R,,(T,0T)

first order tetrad action
W = [d'z det(e,) e € Ryyap(w,0w), e e Nap = Guv

e® e Roap = R,,, torsion-freeness: R, = R, OW/dw =0
1 1 T 1
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(3+1)-slicing of spacetime, introduction of lapse N and shift N*
ds* = g dztdr” = —(Ndx®)? + vi;(dz* + N'dz?)(dz? + N7 dx")

Ndz® = —n, dzt, n, = —(N,0,0,0)

N =(—¢")"V2 N =~UN; N;=goi, Yij=Yij
T = =g (% = WLV, i = i, T =
V=9g=Ny, 1 =-AK"-1"K), K;=-NI;

N=1+0(1/r), N'=0(1/r), Yij = 0i5 + O(1/7)
Oy = O(1/r?), 77 =O0(1/r?)



3+1 splitting of spacetime n* = (1,—-N")/N

n, = (—N,0,0,0)

Kij = —=NI%; = =Ng""(gipj + Gju,i — Gijou) /2

ds? = —(Ndt)? + g;; (dx® + N'dt)(dx’ + N7dt)




Einstein field equations in canonical form

1
&ﬁw = 2N’7_1/2 (ﬂ'ij — _77”71'3) + ViNj + VjN@'

2
i a2 pig L i 1 12 ij [ —mn 1
oy = —N ~ R 57 R +2N7 VI T e — o
—2N~~1/2 (Wlmﬁgn — §7T7T”)+Vm(7r”Nm)—(VmNZ)7Tm~7—(VmN])WmZ

o . 1 ikl
_i_\/jy(vzvjN_,Yzjvmva)_i__ 7Y PEDL N§

2 (Ypipj +m?c?)/?

H(Dy0pij» Opvii, Yijs ™7, 2", p;i) = 0 (Hamiltonian Constraint)

Hi (OpYijs Vijs O, 7, 2" p;) =0 (Momentum Constraints)



W = /d4$ [7.‘.2]8{)/23 . N(Hﬁeld 4+ Hmatter) + Ni(Hzﬁeld + Hllgnatter)}
H = /d3 Hﬁeld Hmatter) L Ni(Hzﬁeld + H,]Lgnatter)}

g 1
Hﬁeld _ —’}/1/2R—|— ,y—1/2 (7‘-”7‘-'&']' . 57_‘_2) 7

field ik
H = 27 V™

Hmatter _ \/mQ _|_,yijpipj 5($k . Zk),

Hinatter = p; 5($k . Zk)



§31.6. DYNAMICS OF THE SCHWARZSCHILD GEOMETRY 839

-

Spacelike slices History History
A-B-C-D-E-F-G A-W-X-D-Y-Z-G

MTW: Gravitation (1973)



H= / d*z (NH — N'H;)

H = /~(T" —2G""n,n, = /YN (T — 2G"")
H; = —/(T! — 2G")n, = /AN(T; - 2GY)

OH ..
at%j — S’ Oyl = —(?H
Yij
OH OH
O - — p—
ON’ 0 ON?
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field __ _ i 1 .
HE' = 0i(v~120;(v7")) + B + ~1/2 (WZ]Wij - %772)

B — 1’71/281{}/6 ~y [( togm  _1j . Imykn ik __Im il . mk '
1 i1 0n Yim [(Y" Y VI AT)YE 4 2(y AT — AT ) I
1/2 feldy i ik i ij
(V'PHEN s = 9;0;07 + Q + (¢ ¢ — ¢V ¢ 10,
Q _ _lqmn kl@ 1 ) kl mn 1 kl
md" Ongit = 54inImq Okq™" — 4 OrIn(q)0iIn(q)
=, gy =~ a=7% My=—K 1 ( 5
, i i = v, ii = —=K;; = —— | ™ — =04
~ J ﬁ J ~ i 9 g
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(Hzﬁeld)D/ADM — 3j(277jk%z') — Wklaﬂkl

(HieYg = 0;(20 1 g™) — 01 (2140 ¢"™) — T3y, Osg™

/de [LN(\/T}/Hﬁeld + ﬁHmatter)S . Ni(HZfield _l_HrIinatter)
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N =1 at ¢’
Hapm = /d?’ﬂ?(NH — N'H;) —j{ dsi 0j(0ij VKK — Vij)

(DeWitt 1967)

HYE = — ]{0 ds; 05 (0:iVek — Vij) = —/d3£€ 0;0;(0iiVek — Vij)

Hp = / d*z(NH — N'H;) — f dsi v~ /20;(yy")
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Newtonian limits

v? 1
H(Al\II))M — /deE (Q? - §QU>

HN — /d% v _ 1 sveu
D 02 stG !

2
HéN) = /d3£l? (Q% + 30U — #&L-U&-U) (cf. Landau/Lifshitz)

Test-Body limit (1 test particle and N massive particles)

H(TB) _ /d3x(NHtestmat o NiHEestmat)
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Decompositions
g g 1 . .
¢’ = ¢ + 5(0ig’ +9;4") = 0i;0kq" + 0:9;q
rr , 1

IT;; = 11" + 5(c‘?z-Hj + 0;11;) — 6,011 + 0;0;11
on action level

/d4:c Hij(?tqij — /d4:1: [H;‘S-T@tqijTT + H&;V2q]

_ / diz (77 0,q97T + 0,0,479,(~11)] + TTD

Coordinate Condition (so by Schwinger)

I =¢
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Coordinate Conditions
Dirac: YT =7 =0,
ADM: 7Tii = O, 3(9]'”}/7;]'

Schwinger: II;; = 0,

more ADM: 7 =79 4 quTT Vij
T =0,V + 9,V —
2 pairs (hz;T, 711 at each space point

16

— 0ij5 =0

gajqz’j _ @'qjj — 0

3;(v'/34"7) = 0

(224 by ADM)

(others by Schwinger)

= p6;; + hlT



Dirac: pairs of canonical variables (ln(’yl/ 3),7) and (r%j’ﬁ-ij )

—1/3,,

» o1 i
79 =AMt — ym), Ay =y

3
/%'jﬁ-ij =0, det(%j) =1

Dirac’s “maximal slicing” condition: m = 0

5 pairs (7;;, 7) at each space point (Regge/Teitelboim 1974)

o (6F 6G  6G SF\ 1, _6F §G
__ Skl . T (xtixkl S Kklxag
G =05 (5% TR 57 57%%1) T ) S S

- 1 1~ B L
0ij = 5(5555' +6,05) — §7iﬂkl» i7" = 6,
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Hpy® = —/d?’l‘ AV s, Aig, 7]

r — 00
OkFie = O(1/r®*9)), Ay = O(1/r*9)
r — 00:
M M o
ds* = — (1 ——— | dt? + |1+ =— ) 0;; + h}l| do'dx’
8mr 8mr J

Schwarzschild coordinates do not fit:

M M xtxd L
ds? = — (1 — — | dt* + | ;. dxdx’
i ( 87‘(‘7“) +< ]+87T7“ r2 ) L
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HiHy = _Q/dgx AY[2', pis by, w0

17

Hﬁeld + Hmatter -0 — w
H?eld + Hfrénatter —0 — Vz

red red
&JL-TT . 5HADM 8t7T7:jTT . _5HADM
(/N 1iTT o TT
om Ohy;

oF G 0G  OF
__ sTTkl
G =0y <5hT.T STRITT — SKTT 57TleT>
1] Y]

d d
,?:'i _ aHf‘xeDM p _8H26DM
opi Z 0z
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Transition to Routhian R to solve field equations and to get

conservative Hamiltonian H..y:

i TT TTy __ pyred 3,. ijTT q 3, TT
Rz 7pi7h7;j 7athz'j | = ADM_/d x 8thz’j

Field Equations
o [ R(t)dt" 0
TT iy
Ohi; (¢, x")

Heon = R [zapa hTT[Z7p]7 athTT[ZapH

Equations of Motion

Si(r) = O | Heon(t')dt! 0 [ Heon(t')dt'

O R =10)
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Global post-Newtonian expansion

1 A = 1 ) .
(A - c_28t2> Wit =" —-DLT lw,z,p, k™", 0:h™ T

c2nig(n)
n=0

C

Near-zone post-Newtonian expansion
1 a " A2n _
(A - 6—2@2) (1 + Z —A o7 ) ALt —t)

1 _
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Leading order field equation for tails

Maq

2\ 1.TTtail __ ¢TTkl
(A = 05) hij ™ =4

a

2 2 TT
Ay etk
a

Tail Green’s function

o 19 | |
A— 2 7 /1 _ N = = o () Y
( 9;) G(z', 2"t — ) r_ﬁtG t(xt —a t—1t")

r+r+R Ot—t —r—1)

: : 1
Gz, 2", t—t)=—=—=06(t—t'—R) In

2R 7’—|—7“’—R+ (t —1t)? — R?

/z’|

R=|z"—2"|,r =2, = |x

22



ADM-formalism for spinning classical objects

W:fd4£l?£M

1 dzt
[’M = /d’T [(pﬂ — §Sabwuab) ?

matter variables z#, p,, Sap, AC?
607 = A SdACP = —50%

AACAB g =1 and Ao ABn®® = nap
nap = diag(—1,1,1,1) = n

Oy = 0(x” — 2¥(1)), [d'zdu =1

Ricci rotation coefficients wuab
_ b _
Wuap = Caabpw,”” = —'gay + Ouegeep,

1 6090
_Sab o 0(4)

L'gap = %(augﬂa + 0a9su — O89an); G = eauebvnab
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Matter constraints

. A
Lo = / dr [Xfpbsab + dopg Alpy — 2 (0% +m?)| 8ay

pupt + m? = pap* + m? = 0 Mass-shell Condition
p°S,, = 0 Spin Supplementary Condition (SSC): in the rest frame the

spin tensor contains the 3-dim. spin S(;)(;) only (i.e., there the mass

dipole part S(g(;) vanishes)

The Conjugate Constraint Al%p, = 0 ensures that A©? is a pure

3-dim. rotation matrix in the rest frame (no Lorentz boosts)

The complete Lagrangian density is the sum

L=Lag+Ly+ Lo

24



The total action

W [eares 2 Dros AC%, S A% Aggins A] = / o L

Variation of action 01V = 0 leads to the equations of motion

DS., 0 DAC@ _0
Dr Dr
dzt Dp 1
= " — \ap* Ko p Qab
u o 3P, D+ 2Rupabu S
(L L
=g = endl A;; o) _ / dr [)xgp“py5(4) + D, (u(“S’/)O‘(S(4))]

Preservation of the constraints in time requires A{ to be proportional
to p* and Ay to be zero, so that A7 and Ay drop out of the matter
EOM and of the stress-energy tensor. The Lagrangian multiplier

A3 = A3(7) represents the reparametrization invariance of the action

(notice A3 = v —u?/m). D, T* =0 and 5S4, S = const.
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A (34+1)-split with respect to a hypersurface orthogonal timelike unit
4-vector n, with components n, = (—N,0,0,0) or n* = (1,—N*)/N,
most naturally fits to a fully reduced canonical formulation of

gravity. The three matter constraints can be solved as

np = nfp, = —\/ m? + Y pip;

kig .. .
nS; = nt'S, = L Vi S?
np
AL _ AL P@) Alola _ _P”
NOK m

in terms of p;, S(;)(;), and M) s one can drop Lo from now on.
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A split of the Ricci rotation coefficients results in:

(1) wiij = —Tjix + Okefeq;
3k;Nj €ai a
(2) n“wkm — K]m' — %;jT + — N (6’keo 0k€l Nl)
(3) w()ij = NKZ] — VN + 8t€?6aj
ath €ai

(4) n“’wom—KwN — ViN — v ——— (0ref — 8,56le)

N TN N
With time gauge 6?0) = n* (Dirac 1962, Schwinger 1963), it holds

G,EO) :0:6(()Z-), (0) = N = 1/6(0)
N'=—Nelg, ey’ =Ne"
Yij =€ Vewmyss 4T = elyye™?
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The matter action in the covariant SSC p®S,, = 0 turns into

Ly =Lyr + Lyeo+ Lox + (TD),

where (TD) denotes an irrelevant total divergence.

Kinetic Matter part:

LMK = [pi + KijnSj + Akle(j)ké’iel(j)

1 S i S
2 np 2np

(4) A (K] 5)
nSuD() — nS(j)?(i)] A A
5

np

0

+ [5@)(;') +

1 nS;p;
gingj AF = §Sz'j + —

2np
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Matter part to the Constraints:

EMC’ _ _NHmatter i N’ngnatter

pinsS;
np

H™MAT = —npd — K 0 — Vi(nS"s)

. 1 S
HRT = (p; + KijnS7)0 4 Vi, (§7mk5ik5 + 5§kvl)mp—i; ld)

Gravitational field Kinetic part:

EGK — Aije(k;)i(?te;k)&

29



Now we proceed to Newton-Wigner variables 2¢, P;, S’(i)(j), and
A6 ), which turn the Kinetic Matter part £,k into canonical form.
; nS’ P 854

Z:é\/z_ , nS’L:
m — np m

Sij:Sij_ Pilt= + Bt

m-—np m-—mnp

o )
AGIG) — 3liR) (% L _Pwp

m(m — np)

4 - 1 S; .
pi = b — KijnsS7 — Akle(j)kel(;?z') + (—Skj + 2T ”)r’“ﬂ.

2 np ¢
~ 1 . mpnS;)
) ] Akl — _Sz" J
fy k,y']l 2 7 —1_ np(m _ np)
Sty Stiy) = 25% = const,
69D = A AARD) = —56D@ AW = 5,
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Lok + Lur =Lax + Lk + (TD)

~ A 1 - XNy A
Ly = P20 + 55(1)(]-)9(1)(3)5
,CAGK = Az‘ye(k)zﬁt@gk)g
0 = 8(xt — 2i(¢))
The canonical momentum conjugate to e(); is given by

1 oc
2 6(8t6(k)j)

T = (I = ) K

Legendre transformation leads to

Z(R)J —

.. 1 ~.. 4
— ez(k)ﬁzj + egk)§AzJ5

,CAGK + Lo = Qﬁ(k)jate(k)j — gz‘,z‘ + Laco + (TD)
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The explicit form of the non-irrelevant total divergence &; ; emerges
as & = vi;j.; — V451 for asymptotically flat spacetimes. The total
energy reads E = ¢ d°s;&;.

The gravitational constraint part takes the form
EGC _ —NHﬁeld + NiHﬁeld
with
field 1 1 35\ 2 ik __jl
HYS = —— YR+ 5 (7)) — vy’

/A 2

H; o = 27Vl

Due to the symmetry of 7%, not all components of 7(%)J are

independent variables (i.e., the Legendre map is not invertible).
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Additional constraint

~lis) _ 1 jlis) 5
>

Constraint eliminated by going to the spatial symmetric gauge
e = eij = €ji, €V =¢e =ei (Kibble 1963).

Triad is fixed as matrix square-root e;je;r = Y1 Or,

€ij = (W)

ij
Therefore, we can define a quantity ijl as
O e.a. = BFY
Ck[iOuCyjlk ij VKl

or, in explicit form,

J

OBM —¢, .~ o T
+ " OV "™ Ok
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It holds ijl5kl = 0. Furthermore,

k 1
e(k)iﬁueg- ) = ijlapf%l + 58,ufyij

which gets applied as
o 1 .
7 By = SO

with the new canonical symmetric field momentum

o N §A(’LJ)5 4+ B,ZAWM

can
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The gravitational constraints arising from the variations 6 N and 6N,

Hﬁeld 4+ Hmatter —0

le_cield 4+ H;rnatter —0
are eliminated by also imposing the gauge conditions

11

3Yijg — Viji =05 Tean =0
which allow for the decompositions
TT
Yij — \Ijéz] + hz’j

1] ~1] 17 T'T
7Tcan _ 7Tcaun _|_ 7Tcan

TT ijTT
where h;;" and 7)),

~ij o =ij 5.1 i
and 7l is = 0; Vi, + OiV,

can can can

TT _ 5.3 TT _
are transverse traceless, e.g., h;;~ = 0;h;;7 =0,

can
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The gravitational constraints can now be solved for ¥ and 7/ ,,
ijTT

-+ as the final degrees of freedom of the

leaving hiTjT and
ii

e, = 0 deviates

gravitational field. Notice that our gauge condition 7

from the original ADM one 7% = 0 by spin corrections at 5PN.

The action reads,

car

. .. 1 - SN
W = /d% Ta O + /dt [Pz-é’ F 55@)(]-)9(1)(3) _E

and is in fully reduced canonical form. The dynamics is completely
described by the ADM energy E, which turns into the volume

integral
E — —2/d333 A\P[QZ,PZ,S(Z)U),hTT 7_‘_’L'jTT]

1) °'can

and is the total Hamiltonian (F = H) once it is expressed in terms
of the canonical variables.
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S6) = 3€iikSG) (k)

{h;I;T(t, xm) WleT(t,aj‘/m)} _ 5;5_Tkl5($m o x/m) 7

)y hcan

zero otherwise

tot __ Z , 3 . _KITTqQ 3 TT
a

T8 = (8 Paj — 25 Pai + Satiy ()

a

—9 / d33j (WikTThng . ijTThgiT)

can can

. / dSZIZ (ZEZ?TMTTaj hrlng . CCJT('MTTﬁihEZT)

can can
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GS and Piotr Jaranowski

Hamiltonian formulation of general relativity and post-Newtonian

dynamics of compact binaries
Living Rev. Relativity 21, 7 (2018)
arXiv:1805.07240 [gr-qc]
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