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PN approximation to General Relativity

Small expansion parameter v , related to metric perturbation v2 ∼ GN M
r

Near zone, D ∼ r

Describe conservative dynamics

Far zone, D & λ = r/v

conservative + dissipative

EFT framework pioneered by W. Goldberger and I. Rothstein, PRD ’06
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PN approximation for compact binary systems

Near Far

World-line
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5PN is the lowest order finite size effect are not forbidden effacement principle, but

expected at > 5PN order (LoveBH = 0)2

1PM: Duff (’73); Westpfahl & Goller, LNC (’79); Damour PRD (’18), Cheung et al. PRL (’18), Bern et al. PRL (’19)
2See Binnington & Poisson, Damour & Nagar PRD (’09); Kol & Smolkin JHEP (’12); Pani et al. PRD (’15)
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Outline

1 Near zone

2 Far zone

Riccardo Sturani (IIP-UFRN) Towards 5PN in NRGR GR2QA& back - Nov 20th 4 / 24



Effective potential from integration over regions

Internal graviton momentum can be expanded upon the following scaling:

hard (m,m) quantum ×
soft (|~q|, |~q|) quantum ×

potential (v/r ,1/r) classical X
radiation (v/r ,v/r) classical next section

and then integrated over the full phase space
Only potential and radiation gravitons exchanged in classical processes: theory in terms
of world lines selects diagrams that do not send source off-shell
Potential graviton → small change in energy wrt momentum, dominate classically

Ex. of classical connected diagrams

Gravitational interactions do not create
anti-BHs!

Ex. of quantum diagrams

Graviton loop are negligible in astronomy!
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From relativistic scattering amplitudes to 2-body potential

Equivalently, loops with massive particles contain a classical piece for
m� |~q|:

V (~r) =

∫
d3q

(2π)3
A(~q,m1,m2, ~v1, ~v2, . . .)e

i ~q·~r~

⊃ 1

m2 − ~q2
→ 1

m2
+

~q2

m4
+ . . .

classical quantum

E.g.: GN
q2 ,

G 2
N
|q| ,G

3
N log |q| . . . are classical contributions
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Alternative view

Equivalently, loops with massive particles contain a classical piece for
m� ~|~l |:

V (~r) = ~
∫

d3l

(2π)3
A(~l ,m1,m2, ~v1, ~v2, . . .)e

i~l ·~r

⊃ 1

m2 − ~~l2
→ 1

m2
+

~2~l2

m4
+ . . .

classical quantum

abh abh

1m

2m︸ ︷︷ ︸
Quantum and classical
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The gravity action

Useful ansatz:

gµν = e2φ/mPl

(
−1 Aj/mPl

Ai/mPl e−cdφ (δij + σij/mPl )− AiAj/m
2
Pl

)

Spp =

∫
dt eφ/mPl

√(
1− Aivi

mPl

)2

+ e−cdφ/mPl

(
v2 +

σij

mPl
v iv j

)
SEH =

∫
ddx
√
−γ
{

1

4

[(
~∇σ
)

2 − 2~∇σij
2
]
− cd

(
~∇φ
)2

+

+
Fij

2

2
+
(
~∇ · ~A
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2
+

+∂2φ2σk + (φ̇)2φk + other interactions ���
��

(∂2φ)φk
}

Riccardo Sturani (IIP-UFRN) Towards 5PN in NRGR GR2QA& back - Nov 20th 8 / 24



Near zone static sectors

1PN
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Factorization theorem in the static sector

Theorem

At (2n + 1)-PN order all static graphs are factorizable

Proof.

V ∝ GdM−1m
dm1
1 m

dm2
2 = GdM−1

N mdM
1

(
m2

m1

)dm2

Only world-line miφ
n and bulk φ2σk vertices matter

Prime diagrams must have all n = 1 =⇒ dM = 2m since all internal static
vertices have even number of φ. Then V ∝ G 2m−1 ⊂ (2m − 2)-PN

Crucial is the absence of (∂φ)2φk bulk terms (but φ̇2φk present)
At (2n + 1)-PN order no integration needed, just multiplications!
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How it works in practice:

1PN( )2

3PN( )4

+

( )
×

( )
5PN( )6
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+ ×
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+
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Riccardo Sturani (IIP-UFRN) Towards 5PN in NRGR GR2QA& back - Nov 20th 11 / 24



Finite- and rational-ness inherited from 4PN (non trivially!)

Schwarzschild limit OK (m2 � m1)

Result confirmed by explicit, indepedent calculation of ∼ 100
diagrams in Blümlein et al arXiv:1902.11180

Factorization does not hold for all diagrams at n-PN sectors
G 1+n−jv2j (0 < j ≤ n) but for & 50% of them.

V5PN static =
G 5

Nm
3
1m2

r5

(
5

16
m2

1 +
91

6
m1m2 +

653

6
m2

2

)
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Outline

1 Near zone

2 Far zone
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Radiation scale: Including modes with k ∼ (ω = v/r , ωn̂)

0 point

∫
dωÃ(ω) = −

∫
dtV (t)

1point

 n) ω, ω(

∫
hij (ω)T ij

interactions among all possible modes

(radiative and longitudinal)

Double line represents the composite object

S =
1

2

∫
d4x

(
Eh00 + εijkL

ih0j,k + QijE
ij +

1

3
OijkE

ij,k − 2

3
JijBij + . . .

)
endowed with multipoles: v is the small parameter of the multipole expansion, but

GNMω is the expansion parameter of perturbation theory.
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Hereditary terms

Wform depends on the history rather than source’s state at retarded time
(propagation inside the light-cone)

Tail:

Blanchet & Damour PRD (1988)

Qij (t) = Q
(0)
ij (t)+2GNM

∫ ∞
0

dτ Q̈ij (t−τ)

[
log (µτ) +

11

12

]

Memory:

Christodoulou PRL (1991)
(asymptotic states and IR property)

Blanchet & Damour PRD (1992)

−2

7

∫ ∞
0

dτQ
(3)
ik (t − τ)Q

(3)
kj (t − τ)

Static curvature GW
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Hereditary terms

Wform depends on the history (propagation inside the light-cone)

1pt

Self-
energy

Static curvature GW

Tail:

hereditary
↓

hereditary
Foffa & RS PRD (’13)

Galley & al. PRD (’15),Damour & al. PRD (’13)

Memory:

hereditary
↓

instantaneous
Foffa & RS 1907.02869
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Conservative-dissipative interplay

Leading order power loss (i.e. quadrupole formula) from self-energy
diagram:

SQ2

eff 2.5PN =

∫ ∞
−∞

dk0

2π

∫
k

( )

= −2πGN

∫ ∞
−∞

dk0

2π

∫
k

Qij (k0)Qkl (−k0)

k2 − k2
0

−k4
0 δ

ikδjl︸ ︷︷ ︸
σ

+ 2k2
0 δ

ikk jk l︸ ︷︷ ︸
A

− 1

2
k ik jkkk l︸ ︷︷ ︸

φ


= i

GN

10

∫ ∞
−∞

dk0

2π
|k0|k4

0Qij (k0)Q ij (−k0) ,

Diagram purely imaginary, receives contribution from the k0 ∼ |~k| region
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Tail calculation

Tail self-energy diagram divergent (q→ 0, k→∞)

S tail
pole = −64π2G 2

NE

∫ ∞
−∞

dk0

2π

∫
kq

k2
0Qij (k0)Qkl (−k0)

q2
[
(k + q)2 − k2

0

] (
k2 − k2

0

)
×

−k4
0δ

ikδjl︸ ︷︷ ︸
σ

+ 2k2δikk jk l︸ ︷︷ ︸
A

− 1

2
k ikkk jk l︸ ︷︷ ︸

φ

 .
has the same structure as the self-energy diagram:

S tail
pole = −64π2G 2

dE

∫ ∞
−∞

dk0

2π
(−k2

0 )d/2−1

∫
k
f

(
k2

k2
0

)
Qij (k0)Qkl (−k0)

k2 − k2
0

[. . .] .

f
(

k2

k2
0
→ 1

)
' 1

ε ,
G 2

d
ε (−k2

0 − i0+)ε ' G 2
N

1
ε + log(k2

0µ
2)︸ ︷︷ ︸

non−local tail

− iπ︸︷︷︸
tail flux


Tail flux = flux ×2πGNMk0 Blanchet PRD ’95, Goldberger & Ross PRD ’10

Gd = GNµ
−ε
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Action for all non-local simple tails

From the flux formula:

F =
1

5

...
Q

2
ij +

1

189

....
O

2
ijk +

16

45

...
J ij + . . .

one can then fix the tail cotribution to the flux and the non-local contribution to the
self-energy

Stail
log = −G 2

NE

∫ ∞
−∞

dk0

2π
log

(
k2

0

µ2

)∑
n≥2

k
2(n+1)
0 cn

(I ,J)(I , J)α1...αn (k0)(I , J)α1...αn (−k0)

= G 2
NE

∫ ∞
−∞

dt
∑
n≥2

cn
(I ,J)(I , J)(n+1)α1...αn (t)

∫ ∞
−∞

dτ
1

|τ | (I , J)(n+1)
α1...αn

(t + τ) ,

with

c
(n)
I =

(n + 1)(n + 2)

n(n − 1)n!(2n + 1)!!
,

c
(n)
J =

4n(n + 2)

(n − 1)(n + 1)!(2n + 1)!!
.

as suggested in Damour, Jaranowski, Schäfer PRD ’15
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Memory integral

ijQ
klQ mnQ

Smemory = −64πGN

∫
k0

2π

q0

2π
QijQklQmn

∫
kq

fijklmn(k, q, k0, q0)

(q2 − q2
0) ((k + q)2 − (k0 + q0)2) (k2 − k2

0 )

However divergent 2-loop master integral cancel
among different polarizations, leaving a finite, lo-
cal contribution to the self-energy
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Far zone self energy results at 5PN with finite terms

Real part → conservative dynamics (to be added to near zone results,
starting 4PN order)

Imaginary part matches into flux formula F ∝
...
Q

2
ij + . . .

Divergent graphs regularized in dim. reg.:
divergence (and coeff. of logarithmic term) linked to imaginary part

S5PN tail = G 2
NM

∫
dk0

2π

[
−1

5

(
1

ε
+ log

(
k2

0/µ̄
2
)
− iπ +

41

30

)
|Qij |2

− 1

189

(
1

ε
+ log

(
k2

0/µ̄
2
)
− iπ +

163

35

)
|Oijk |2

−16

45

(
1

ε
+ log

(
k2

0/µ̄
2
)
− iπ − 127

60

)
|Jij |2

]
S5PN Ltail =

8

15
G 2

N

∫
dt

....
Q il

...
Q jlεijkLk

S5PN memory = G 2
N

∫
dt

[
−11

14

....
Q il

....
Q jlQij −

1

5

...
Q il

...
Q jl Q̈ij

]
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Imaginary part of self-energy diagrams linked to n-PN flux formula
(trivial) and to divergent (and log) part of real part of tails

Real part combines with near zone dynamics at (n + 4)-PN, its
divergence fixed by flux formula at n-PN

Log-term is non-instantaneous (but causal) adding to the
conservative dynamics

Log-term becomes instantaneous on circular orbits, contribution to
E (x) agrees with 5PN log computed in Le Tiec et al. PRD (2012)
and Bini & Damour PRD (2014)

Finite terms are physical and computable independently of divergences
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In-in vs. in-out

We work with Feynman propagator within the time symmetric in-out
framework, which returns conservative dynamics and averaged
emission.

The in-in formalism is appropriate for time-asymmetric problems,
needed to compute back-reaction force and instantaneous emission,
see Galley & Tiglio PRD (2009) and Galley, Leibovich, Porto and
Ross (2016)

Riccardo Sturani (IIP-UFRN) Towards 5PN in NRGR GR2QA& back - Nov 20th 23 / 24



Conclusions

5PN is not so ugly as it seems, qualitatively different from lowest
order (finite size effects not forbidden by effacement principle)

Static sector solved at 5PN (with trivial computations), method
helping out for non-static sectors

Relationship established among
1 nPN flux
2 (n + 1.5)PN tail flux terms
3 (n + 4)PN conservative logs
4 (n + 4)PN spurious poles

Uniquely defined finite terms from (non-)hereditary derived at 5PN
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Spare slides
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Post-Newtonian vs. post-Minkowskian

Post-Minkowskian expansion parameter is GNM/r , vs PN expansion

L = −Mc2 +
µv2

2
+

GMµ

r
+

1

c2
[. . .] +

1

c4
[. . .]

Terms known so far

N 1PN 2PN 3PN 4PN 5PN . . .
0PM 1 v2 v4 v6 v8 v10 v12 . . .
1PM 1/r v2/r v4/r v6/r v8/r v10/r . . .
2PM 1/r2 v2/r2 v4/r2 v6/r2 v8/r2 . . .
3PM 1/r3 v2/r3 v4/r3 v6/r3 . . .
4PM 1/r4 v2/r4 v4/r4 . . .
5PM 1/r5 v2/r5 . . .
. . . 1/r6 . . .

3PM recently computed (!) by Z. Bern et al. PRL (2019)
What’s next? Amplitude program with modern methods: generalized
unitarity, gravity as a double copy of gauge theory. . .
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Method of regions and far-near zone interplay

Trouble can arise when using method
of region in Feyman diagrams:

• In the full theory:

V ⊃
∫

dt1,2,2′d
4p e ipµ(xµ1 (t1)−xµ2 (t2)) p

αpβ

p2

∫
d4k

e ikµ(x2(t2)−x2(t′2))

(p − k)2k2

=

∫
dt1,2,2′d

4pe ipµ(xµ1 (t1)−xµ2 (t2)) p
αpβ

p2
∆(pµ(x2(t2)− x2(t ′2)))

which is both IR and UV finite
• Method of regions∫

dt d3p e i~p(~x1−~x2) p
ipj

|p2|

∫
d3k

1

|k|2|p− k|2

(
1 + . . .+

ω6

|k|6
+ . . .

)
=

∫
dt d3pe i~p·~x12

pipj

|p|3

{
1 + . . .+

1

|p|6
[
(~p · ~v1)3(~p · ~v2)3 + . . .+ ~p · ~̇a1~p · ~̇a2

]}
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