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Materials of Interest

GHz applications

Remote sensing

Telecommunication

Biomedical

THz applications

high-frequency applications

Steady-state thermal conductivity is well studied

Size-dependence Temperature-dependence

1. Bae et al., Nat. Commun. 4, 1734, 2013.
2. Z. Aksamija and I. Knezevic, APL v.98, 141919 (2011) 
3. A.K. Geim and I.V. Grigorieva, Nature 499, 419-425,2013.
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2D device applications
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Lee et al., Nat. Commun. 6, 6290, 2015.

Motivation

Diffusive transport Hydrodynamic transport

Effective platform for studying hydrodynamic 
transport and second sound

Cepellotti et al., Nat. Commun. 6, 6400, 2015.

Poiseuille/Ziman regime: 
phonons act as a gas in a 

pipe
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Methodology
Phonon dispersion calculated from first-
principles using Quantum Espresso

Lattice structure of graphene [4] 1st Brillouin zone. [4] Phonon dispersion of graphene

Goes into the phonon- Boltzmann 
Transport Equation (BTE)

𝜕𝜕nq,b

𝜕𝜕𝜕
+ vq,b. 𝛻𝛻nq,b = −

𝜕𝜕nq,b

𝜕𝜕𝜕 collision

Using Callaway’s idea

nq,b − 𝑛𝑛𝑞𝑞0

𝜏𝜏𝑅𝑅
+

nq,b − 𝑛𝑛𝑞𝑞0
∗

𝜏𝜏𝑁𝑁

�⃗�𝑞1

�⃗�𝑞2 �⃗�𝑞3
′

�⃗�𝐺
�⃗�𝑞3

Umklapp (U) processes

1st BZ �⃗�𝑞1

�⃗�𝑞2
�⃗�𝑞3

Normal (N) processes

1st BZ

𝝉𝝉𝑹𝑹 is the average phonon lifetime due 
to momentum-destroying processes: 
1. Umklapp processes 
2. Impurity and isotope.
3. Boundaries.

4. E. McCann and M. Koshino, Rep. Prog. Phys. 76, 5, 2013

𝝉𝝉𝑵𝑵 represents the average
phonon lifetime due to
momentum-conserving
normal processes𝑛𝑛𝑞𝑞0 = 𝑒𝑒 ⁄ℏ𝜔𝜔𝑞𝑞 𝐾𝐾𝐵𝐵𝑇𝑇 − 1

−1
, 𝑛𝑛𝑞𝑞0

∗ = 𝑒𝑒 ⁄(ℏ𝜔𝜔𝑞𝑞 𝐾𝐾𝐵𝐵𝑇𝑇)+Λ.𝑞𝑞 − 1
−1

1
𝜏𝜏𝐶𝐶

= 1
𝜏𝜏𝑅𝑅

+ 1
𝜏𝜏𝑁𝑁
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 Model using the steady-state phonon Boltzmann transport equation

 In the absence of boundaries, RTA solution:

 Each boundary 
contributes one term:

 Sum the infinite series:

 Heat flux weaker near edges due to roughness scattering
4

Phonon transport with edge roughness
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Position Dependence of Thermal Conductivity

5

Wide versus narrow – in narrow ribbons (a,b) transport is dominated by edges and LER scattering, in wide 
ones (c,d) thermal transport dominated by internal (phonon-phonon) 

Heat flux (resolved by position “y”)

Thermal conductivity (from Fourier’s 
Law)
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Thermal transport in GNRs is size dependent

Z. Aksamija and I. Knezevic, Appl. Phys. Lett. v.98, 141919 (2011) 
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Thermal transport in narrow GNRs is anisotropic
 Angular depence of thermal conductivity reveals rich and complex behavior, especially 

in narrow and rough ribbons
 Zig-zag edge ribbons have up to 20% higher thermal conductivity than their armchair 

counterparts

Z. Aksamija and I. Knezevic, Appl. Phys. Lett. v.98, 141919 (2011) 
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Thermal transport in supported graphene
• Substrate scattering due to van der Waals interaction
• Results agree closely with experimental data 

(Seol et al., Science 2010)
• Drastic reduction in narrow GNR samples
• Thermal transport in narrow GNRs is highly anisotropic

Z. Aksamija and I. Knezevic, Phys Rev. B,vol. 86, 165426 (2012). 
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Ballistic-to-diffusive transition in short GNRs
• Collaboration with Eric Pop’s group 

(UIUC/Stanford)

• Transport in short GNRs is partially ballistic when 
length is comparable to twice the phonon mean-
free-path (~100 nm)

Bae, Li, Aksamija, et al., Nature Comm. 4, 1734 (2013)
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Phonon transport across a single GB

Yasaei et al., Nano Lett. 15, 4532, 2015

Thermal transport in graphene GBs

Grain boundaries deteriorate conductivity of a material, both 
thermal as well as electrical.

Thermal conductivity varies strongly with GB mismatch angle

Explained by phonon scattering from GB disorder
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Thermal transport in CVD-grown graphene

Z. Aksamija and I. Knezevic, PRB 90, 035419 (2014)
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Length divergence in suspended ribbons

renormalized

Without 
renormali-
-zation

Without 
renormali-
-zation

renormalizedL=10 𝜇𝜇𝜇𝜇
W=1.5 𝜇𝜇𝜇𝜇
LER=2 nm

Xu et al., Nat. Commun. 5, 3720 (2014).
Lindsay et al., Phys. Rev. B 89, 155426 (2014).
Park et al, J. Appl. Phys. 114, 053506 (2013).
A.K. Majee and Z. Aksamija Phys. Rev. B 93, 235423,2016. 
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Effect of width and edge roughness

Strong width dependence of thermal conductivity in graphene ribbons arising from the 
dependence of normal contribution and the interplay between LER and normal scattering

A.K. Majee and Z. Aksamija Phys. Rev. B 93, 235423,2016. 
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Methodology (contd.)
Taking Fourier transform of BTE

𝑗𝑗Ω𝑛𝑛𝑞𝑞 + 𝑣𝑣𝑞𝑞
𝜕𝜕𝑛𝑛𝑞𝑞

0

𝜕𝜕𝜕𝜕
⋅ 𝛻𝛻𝜕𝜕 = −

Φ𝑞𝑞

𝜏𝜏𝐶𝐶
−

1
𝜏𝜏𝑁𝑁

k𝐵𝐵𝜕𝜕2

ℏ𝜔𝜔𝑞𝑞

𝜕𝜕𝑛𝑛𝑞𝑞
0

𝜕𝜕𝜕𝜕 Λ. �⃗�𝑞

Where Φ𝑞𝑞 = 𝑛𝑛𝑞𝑞 − 𝑛𝑛𝑞𝑞
0

5. P.B. Allen, Phys. Rev. B 88, 144302,2013. 

Φ𝑞𝑞 = −
𝜏𝜏𝐶𝐶

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶
(𝑣𝑣𝑞𝑞 ⋅ 𝛻𝛻𝜕𝜕)

𝜕𝜕𝑛𝑛𝑞𝑞
0

𝜕𝜕𝜕𝜕 −
⁄𝜏𝜏𝐶𝐶 𝜏𝜏𝑁𝑁

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶

k𝐵𝐵𝜕𝜕2

ℏ𝜔𝜔𝑞𝑞

𝜕𝜕𝑛𝑛𝑞𝑞
0

𝜕𝜕𝜕𝜕 Λ. �⃗�𝑞

Rearranging the terms to solve for Φ𝑞𝑞

Normal scattering conserves momentum [5]

�
𝑞𝑞

𝑞𝑞 n𝑞𝑞 − 𝑛𝑛𝑞𝑞
∗ = 0 = �

𝑞𝑞

𝑞𝑞 Φ𝑞𝑞 + 𝑛𝑛𝑞𝑞
0 − 𝑛𝑛𝑞𝑞

∗

Substituting for 𝑛𝑛𝑞𝑞
0 − 𝑛𝑛𝑞𝑞

∗ = nq
0(𝑛𝑛𝑞𝑞

0 + 1)Λ. �⃗�𝑞, we get

Λ =
∑𝑞𝑞 𝑞𝑞 𝜏𝜏𝐶𝐶

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶
(𝑣𝑣𝑞𝑞 ⋅ 𝛻𝛻𝜕𝜕)

𝜕𝜕𝑛𝑛𝑞𝑞
0

𝜕𝜕𝜕𝜕

∑𝑞𝑞 𝑞𝑞2 𝜕𝜕𝑛𝑛𝑞𝑞
0

𝜕𝜕𝜕𝜕
k𝐵𝐵𝜕𝜕2

ℏ𝜔𝜔𝑞𝑞
1 − ⁄𝜏𝜏𝐶𝐶 𝜏𝜏𝑁𝑁

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶
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Methodology (contd.)

𝜆𝜆3,𝑏𝑏 Ω =
1

𝐴𝐴𝐴𝐴
�
𝑞𝑞,𝑏𝑏

𝑞𝑞∥
2

ℏ𝜔𝜔𝑞𝑞,𝑏𝑏
1 −

𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)/𝜏𝜏𝑁𝑁(𝑞𝑞, 𝑏𝑏)
1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)

𝜕𝜕𝑛𝑛𝑞𝑞,𝑏𝑏

𝜕𝜕𝜕𝜕

𝜆𝜆2,𝑏𝑏 Ω =
1

𝐴𝐴𝐴𝐴
�
𝑞𝑞,𝑏𝑏

𝑞𝑞∥ 𝑣𝑣∥(𝑞𝑞, 𝑏𝑏)
𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)/𝜏𝜏𝑁𝑁(𝑞𝑞, 𝑏𝑏)

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)
𝜕𝜕𝑛𝑛𝑞𝑞,𝑏𝑏

𝜕𝜕𝜕𝜕

𝜆𝜆1,𝑏𝑏 Ω =
1

𝐴𝐴𝐴𝐴
�
𝑞𝑞,𝑏𝑏

𝑞𝑞∥ 𝑣𝑣∥(𝑞𝑞, 𝑏𝑏)
𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)
𝜕𝜕𝑛𝑛𝑞𝑞,𝑏𝑏

𝜕𝜕𝜕𝜕

Heat current in Fourier space 

J⃗(Ω) = �
𝑞𝑞

ℏ𝜔𝜔𝑞𝑞𝑣𝑣𝑞𝑞Φ𝑞𝑞 (Ω) = −𝜅𝜅(Ω)𝛻𝛻𝜕𝜕(Ω)

𝜅𝜅𝑡𝑡𝑡𝑡𝑡𝑡 Ω = 𝜅𝜅C Ω + 𝜅𝜅N Ω

= 𝜅𝜅C Ω + �
𝑏𝑏

𝜆𝜆1,𝑏𝑏 Ω 𝜆𝜆2,𝑏𝑏(Ω)
𝜆𝜆3,𝑏𝑏(Ω)

We get two 
components of 

thermal conductivity

𝜅𝜅𝐶𝐶 Ω =
1

𝐴𝐴𝐴𝐴
�
𝑞𝑞,𝑏𝑏

ℏ𝜔𝜔𝑞𝑞,𝑏𝑏 𝑣𝑣∥
2(𝑞𝑞, 𝑏𝑏)

𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)
1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)

𝜕𝜕𝑛𝑛𝑞𝑞,𝑏𝑏

𝜕𝜕𝜕𝜕
Thermal conductivity due to single-
mode relaxation approximation

Correction to thermal conductivity due to 
collective excitation of phonons due to 
anharmonic phonon-phonon processes
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Frequency-dependent thermal conductivity

Curves Length (𝝁𝝁𝝁𝝁) Width (𝝁𝝁𝝁𝝁)

100 100

10 10

10 1.5

𝜅𝜅 Ω =
𝜅𝜅0

1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶

Analogous to frequency-dependence 
of electrical conductivity

Resembles low pass thermal filter 
with cut-off frequency defined as the 
frequency where 𝜅𝜅 Ω𝐶𝐶 = 0.707𝜅𝜅0

A. K. Majee and Z. Aksamija, Phys. Rev. B 98, 024303 (2018)

Size increasing
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Low-pass filter like response

Curves Length (𝝁𝝁𝝁𝝁) Width (𝝁𝝁𝝁𝝁)

100 100

10 10

10 1.5

𝜇𝜇𝑒𝑒𝑚𝑚𝑛𝑛 𝑓𝑓𝑓𝑓𝑒𝑒𝑒𝑒 𝑝𝑝𝑚𝑚𝑝𝑝𝑝 =
∑𝑞𝑞,𝑏𝑏 ℏ𝜔𝜔𝑞𝑞,𝑏𝑏 𝑣𝑣∥

2(𝑞𝑞, 𝑏𝑏) 𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)
1 + 𝑗𝑗Ω𝜏𝜏𝐶𝐶(𝑞𝑞, 𝑏𝑏)

𝜕𝜕𝑛𝑛𝑞𝑞,𝑏𝑏
𝜕𝜕𝜕𝜕

∑𝑞𝑞,𝑏𝑏 ℏ𝜔𝜔𝑞𝑞,𝑏𝑏 𝑣𝑣∥(𝑞𝑞, 𝑏𝑏)
𝜕𝜕𝑛𝑛𝑞𝑞,𝑏𝑏

𝜕𝜕𝜕𝜕
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Resistive and normal contribution
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Conclusion (pt. 1)
 Dynamical response of thermal conductivity 

resembles like a low-pass thermal filter 
characteristics.

 The equivalent circuit has both resistance and 
capacitance---the latter arising from energy stored 
by phonons between their scattering events

 The cut-off frequency is found to be proportional to 
the scattering rates

 Can be tuned over a wide range―100 MHz to 10 
GHz ―by varying ribbon size and temperature.

 This technique could be used to probe phonon 
mean-free-path spectrum

-3 dB line
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Zhao et al., Nat. Nano, 11, 954-959 
(2016)

Growing interest in lateral 2D heterostructures

Yu et al., Nano Lett., 14, 3055-3063 (2014)
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5um

SEM (left) and Raman map 
(right) of individual MoS2 
flake grown between 
graphene electrodes

Graphene-Mo𝐒𝐒𝟐𝟐 heterojunction FET

Behranginia et al. Small 1604301 (2017)
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𝜙𝜙 = 𝜒𝜒 + (𝐸𝐸𝑐𝑐 − 𝐸𝐸𝐹𝐹)

𝜙𝜙𝐵𝐵 𝑉𝑉𝑔𝑔 = 𝜙𝜙𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑉𝑉𝑔𝑔 − 𝜒𝜒𝑀𝑀𝑡𝑡𝑆𝑆2

𝜙𝜙𝑖𝑖𝑖𝑖𝑡𝑡𝑖𝑖𝑔𝑔𝑖𝑖𝑔𝑔𝑐𝑐𝑖𝑖 𝑉𝑉𝑔𝑔 = 𝜙𝜙𝑀𝑀𝑡𝑡𝑆𝑆2 𝑉𝑉𝑔𝑔 − 𝜒𝜒𝑀𝑀𝑡𝑡𝑆𝑆2 − 𝜙𝜙𝐵𝐵 𝑉𝑉𝑔𝑔

Band structure calculation and alignment at the 
interface

𝑉𝑉𝑔𝑔=0 V, intrinsic

Graphene MoS2

Graphene
𝐌𝐌𝐌𝐌𝐒𝐒𝟐𝟐
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Calculation of grain boundary resistance

Ξ E = �
b

vb E Γb E Db E

= �
b

1
4π2 �vb k τb k δ E − Eb 𝐤𝐤 d𝐤𝐤

Rint
−1 = Gint =

e2

2
�

EC

Emax
Ξ E −

𝜕𝜕𝜕 E − EF, T
dE

dE

Fermi window

Transport distribution function

Using Landauer formalism, we compute interface conductance
Increasing 𝑉𝑉𝑔𝑔

• Transport occurs inside the Fermi window
• Transmission depends on gate voltage due to band alignment
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L R

θL θR

kx

ky

interface

In homojunctions (same material on either side of the interface):

In heterojunctions:
(Different materials on 
either side of the interface):

When 𝜃𝜃𝐿𝐿 = 𝜃𝜃𝑅𝑅 TWIN GBs

𝜃𝜃𝐿𝐿≠ 𝜃𝜃𝑅𝑅 TILT GBs

When 𝜃𝜃𝐿𝐿 = 𝜃𝜃𝑅𝑅 Class-I interface
𝜃𝜃𝐿𝐿≠ 𝜃𝜃𝑅𝑅 Class-II interface

Nomenclature of the type of interfaces

𝜃𝜃𝑀𝑀 = 𝜃𝜃𝐿𝐿 + 𝜃𝜃𝑅𝑅
𝜃𝜃𝐿𝐿 = 𝜃𝜃𝑅𝑅

𝜃𝜃𝐿𝐿= 0
𝜃𝜃𝑅𝑅 = 𝜃𝜃𝑀𝑀

Most 
disordered 
TILT GBs

𝜃𝜃𝐿𝐿= 0
𝜃𝜃𝑅𝑅 = 𝜃𝜃𝑀𝑀

Most disordered
Class-II interface

L R

θL θR

kx

ky

interface

𝜃𝜃𝑀𝑀 = 8∘, 𝜃𝜃𝐿𝐿 = 3∘, 𝜃𝜃𝑅𝑅 = 5∘, 𝜃𝜃𝐵𝐵 = 1∘

Tilt GBs

L R

θL=0
θR

kx

ky

interface

𝜃𝜃𝑀𝑀 = 8∘, 𝜃𝜃𝐿𝐿 = 0∘, 𝜃𝜃𝑅𝑅 = 8∘, 𝜃𝜃𝐵𝐵 = 4∘

Most disordered Tilt GBs
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Graphene-Graphene GB resistance

Twin GBs (𝜽𝜽𝑳𝑳= 𝜽𝜽𝑹𝑹)

Tilt GBs (𝜽𝜽𝑳𝑳= 𝟎𝟎∘, 𝜽𝜽𝑹𝑹 = 𝜽𝜽𝑴𝑴)

No transmission gap.

Even large mismatch angles 
don’t lead to very high GB 
resistance.

Transmission gap in the energy spectrum.

Exhibit a very strong 
mismatch angle dependence.

Γ
E

Γ
E

𝑛𝑛𝐶𝐶 = 1 × 1012 𝑐𝑐𝜇𝜇−2

𝑛𝑛𝐶𝐶 = 9 × 1012 𝑐𝑐𝜇𝜇−2
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(𝜽𝜽𝑩𝑩 = 𝟑𝟑∘)

Oleg V. Yazyev and Steve G. Louie (2010) Electronic transport in polycrystalline graphene. 
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MoS𝟐𝟐-MoS𝟐𝟐 GB resistance

No transmission gap, just band gap.

Even large mismatch angles 
don’t lead to very high GB 
resistance.

Transmission gap opens up 
for large mismatch angles.

Doesn’t exhibit a strong 
mismatch angle dependence as 
compared to graphene tilt GBs. 

Γ
E

Γ
E

Twin GBs (𝜽𝜽𝑳𝑳= 𝜽𝜽𝑹𝑹)

Tilt GBs (𝜽𝜽𝑳𝑳= 𝟎𝟎∘, 𝜽𝜽𝑹𝑹 = 𝜽𝜽𝑴𝑴)

𝑛𝑛𝐶𝐶 = 1 × 1012 𝑐𝑐𝜇𝜇−2

𝑛𝑛𝐶𝐶 = 9 × 1012 𝑐𝑐𝜇𝜇−2
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Graphene-MoS𝟐𝟐 interface resistance

Class I interface 
(𝜽𝜽𝑳𝑳= 𝜽𝜽𝑹𝑹)

Class II interface 
(𝜽𝜽𝑳𝑳= 𝟎𝟎∘, 𝜽𝜽𝑹𝑹 = 𝜽𝜽𝑴𝑴) 

No transmission gap.

Shows negligible angle 
dependence.

Transmission gap opens up with 
increasing mismatch angles.

Exhibit a very strong 
dependence on both mismatch 
angle and carrier density.

Exhibits strong dependence 
on carrier density.
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Comparison of interface/GB resistance

• Graphene/Graphene asymmetric GBs are highly resistive
• MoS2/MoS2 are not!
• Reason: graphene Dirac cones are steep and underlap when rotated
• MoS2 bands are shallow (large effective mass) so they overlap more
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Comparison of GB resistivity with literature

Majee, Foss, and Aksamija, Sci. Rep. 7, 16597, 2017

Majee, Kommini, and Aksamija, Ann. Phys.(Berlin), 531, 1800510 (2019)



• Most heat generated in a 2D material 
based device dissipates into the 
supporting substrate. 

• Hence, the thermal (2D/3D) interface 
formed strongly dictates the capabilities 
of thermal management in 2D devices. 

Motivation, pt. 2

Nature Nano., vol. 6, p. 147–150, (2011).
2D Mater. 4 (2017) 035027

MoS2

HEAT GENERATION

𝑉𝑉𝐺𝐺

𝑉𝑉𝑆𝑆

What is the best substrate for 2D/3D TBC?

Can we map constituent material properties to 
the TBC and identify materials for improved TBC?

Overall 
thermal 
resistance



Methodology
• The subs𝜕ra𝜕e sca𝜕𝜕ering ra𝜕e based on Fermi’s Golden Rule

Γ𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 =
𝜋𝜋
2

𝐷𝐷𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔
𝜇𝜇𝑠𝑠𝑠𝑠𝑏𝑏𝜇𝜇2𝐷𝐷

𝐾𝐾𝑔𝑔
2

𝜔𝜔2

Then use a Landauer formalism to calculate the TBC G(T):

𝐺𝐺 𝜕𝜕 = � 𝐶𝐶2𝐷𝐷 𝜔𝜔, 𝜕𝜕 𝐷𝐷2𝐷𝐷 𝜔𝜔 Γ𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 𝑑𝑑𝜔𝜔

• 𝐺𝐺 𝜕𝜕 (TBC) roughly follows 𝐾𝐾𝑔𝑔
2

• However, we want to decouple the influence of 𝐾𝐾𝑔𝑔 and 
material properties on the TBC.

• At a constant 𝐾𝐾𝑔𝑔, Γ𝑠𝑠𝑠𝑠𝑏𝑏 ∝ 1
𝜔𝜔2 low-energy, long-wavelength 

phonons contribute most to TBC.
• 42 interfaces studied (6 2D layers and 7 substrates).

Nanotechnology 28 (2017) 135402
Adv. Mater. Interfaces (2017), 4, 1700334

Compute 
𝝎𝝎 𝒒𝒒 from 

DFPT

Compute 
𝚪𝚪𝒔𝒔𝒔𝒔𝒔𝒔(𝝎𝝎)

Compute 
TBC: 𝑮𝑮(𝑻𝑻)𝐾𝐾𝑔𝑔

Analysis

Γ𝑚𝑚𝑔𝑔𝑚𝑚 =
𝜔𝜔
𝜋𝜋

𝐸𝐸 = ℏ𝜔𝜔



2D-layer phonon dispersion on substrate

Foss and Aksamija, 2D Mater. 6 (2019) 025019

substrate

a
𝑢𝑢𝑚𝑚 = 0
𝑢𝑢𝑧𝑧 = 0

𝒙𝒙
𝒛𝒛

substrate

𝑢𝑢𝑚𝑚 = 0
|𝑢𝑢𝑧𝑧| > 0ZA

substrate

|𝑢𝑢𝑚𝑚| > 0
𝑢𝑢𝑧𝑧 = 0LA/TA

𝜔𝜔0 =
𝐾𝐾𝑔𝑔

𝜇𝜇2𝐷𝐷
�𝝎𝝎𝒁𝒁𝒁𝒁 = 𝜔𝜔𝑍𝑍𝑍𝑍

2 + 𝜔𝜔0
2



Temperature dependent TBC

2D materials on 
amorphous substrates 
consistently show 
higher TBC than 
crystalline substrates.

Assuming the same 
coupling (𝐾𝐾𝑔𝑔) 
throughout:

Foss and Aksamija, 2D Mater. 6 (2019) 025019



Phonon Density of States (DOS)
DOS of crystalline materials follows
the Debye model at low energies

𝐷𝐷𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 = 3
𝜔𝜔2

2𝜋𝜋2𝑣𝑣𝑠𝑠𝑠𝑠𝑏𝑏
3

Amorphous materials deviate from
the Debye model due to the
randomization of atomic positions.

Leading to a large peak in the DOS
of amorphous materials, often
termed the Boson Peak.
________________________________

Recall, Γ𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 ∝ 1
𝜔𝜔2

Foss and Aksamija, 2D Mater. 6 (2019) 025019



Correlation between TBC and material properties 

Foss and Aksamija, 2D Mater. 6 (2019) 025019

𝜕𝜕𝑇𝑇𝐶𝐶 = 𝐺𝐺 𝜕𝜕 = ∫ 𝐶𝐶2𝐷𝐷 𝜔𝜔, 𝜕𝜕 𝐷𝐷2𝐷𝐷 𝜔𝜔 Γ𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 𝑑𝑑𝜔𝜔

@ 
300K

Γ𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 =
𝜋𝜋
2

𝐷𝐷𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔
𝜇𝜇𝑠𝑠𝑠𝑠𝑏𝑏𝜇𝜇2𝐷𝐷

𝐾𝐾𝑔𝑔
2

𝜔𝜔2

Debye model for substrate DOS:

𝐷𝐷𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 = 3
𝜔𝜔2

2𝜋𝜋2𝑣𝑣𝑠𝑠𝑠𝑠𝑏𝑏
3

Γ𝑠𝑠𝑠𝑠𝑏𝑏 𝜔𝜔 =
3

4𝜋𝜋
𝐾𝐾𝑔𝑔

2

𝜇𝜇2𝐷𝐷𝜇𝜇𝑠𝑠𝑠𝑠𝑏𝑏𝑣𝑣𝑠𝑠𝑠𝑠𝑏𝑏
3

Analytical approximations:

�𝐺𝐺1 𝜕𝜕 ≈ 3
4𝜋𝜋

𝐾𝐾𝑎𝑎
2

𝑚𝑚2𝐷𝐷𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠
3 𝐶𝐶2𝐷𝐷

𝑣𝑣 (𝜕𝜕)

�𝐺𝐺2 𝜕𝜕 ≈ 1
4𝜋𝜋

𝐾𝐾𝑎𝑎
2

𝑚𝑚2𝐷𝐷𝑣𝑣𝑠𝑠𝑠𝑠𝑠𝑠
3 𝜌𝜌𝑠𝑠𝑠𝑠𝑠𝑠

𝐶𝐶2𝐷𝐷
𝑣𝑣 (𝜕𝜕)



TBC as a function of Boson Peak location

Lorentzian squared function: 𝐷𝐷𝐵𝐵𝐵𝐵 𝜔𝜔 = 𝜔𝜔3

𝜔𝜔2−𝑣𝑣0
2 2 𝜔𝜔𝐵𝐵𝐵𝐵 = 3𝑣𝑣0

Foss and Aksamija, 2D Mater. 6 (2019) 025019



Conclusion (pt. 2)
• Amorphous substrates enable better heat transfer across a 2D-3D interface due 

to their large DOS near low energies (Boson Peak) which maximizes Γ𝑠𝑠𝑠𝑠𝑏𝑏 ∝ 1
𝜔𝜔2.

• There is a tradeoff between improved 2D/3D TBC and thermal conductivity of 
the substrate

• Amorphous: good TBC, poor 𝜅𝜅
• hBN demonstrates superior TBC than our other tested 2D-layers due to its light 

atomic mass and flatter ZA branch dispersion. 
• The TBC between 2D-materials and crystalline substrates strongly follows the 

inverse of the product of: 

i.e., for 2D materials on crystal substrates 𝐓𝐓𝐓𝐓𝐓𝐓 ∝ 𝟏𝟏
𝝁𝝁𝟐𝟐𝟐𝟐𝒗𝒗𝒔𝒔𝒔𝒔𝒔𝒔𝚯𝚯𝒔𝒔𝒔𝒔𝒔𝒔

𝟐𝟐 𝝆𝝆𝒔𝒔𝒔𝒔𝒔𝒔𝑩𝑩𝑾𝑾𝒁𝒁𝒁𝒁
. 

• Atomic mass of the 2D-layer
• Sound velocity of the substrate
• Mass density of the substrate

• Debye temperature of the substrate 
squared

• Phonon bandwidth of the ZA branch of 
the 2D material

• Crystalline: poor TBC, (typically) good 𝜅𝜅
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Electrical transport in a CVD-grown graphene 

Nemes-Incze et al., Appl. Phys. Lett. 99, (2011), 023104

Huang et al., Nature 09718, Vol 469 (2011) 389–393

Resistivity across a single GB 
varies from 102 to 1015 Ω 𝜇𝜇m. How 

does a CVD-grown graphene 
sheet conduct electricity? 
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Liu et al., J. 
Phys. Chem. 
C, 2014

Huang et al., Nature 469, 
2011

Grosse et al., Appl. Phys. Lett. 105, 2014

Literature on graphene GB resistance

Isacsson et al., 2D 
Mater. 4 (2016), 012002
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Mimicking CVD-grown graphene via Voronoi diagrams

Avrami-Johnson-
Mehl method

Ferenc et al., Physica A 385 (2007), 518–526

Perpendicular bisector method

Nemes-Incze et al., Appli. Phys. Lett. 99, 
(2011), 023104

CVD-grown graphene Simulating CVD graphene
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Simulation set-up to calculate thermal conductivity

At RT

Heated

Temperature profile at steady state condition

�
𝑗𝑗

𝐺𝐺𝑖𝑖𝑗𝑗 𝜕𝜕𝑖𝑖 − 𝜕𝜕𝑗𝑗 + 𝑆𝑆𝑖𝑖 𝑄𝑄𝑖𝑖 = 0

In steady state, the net heat flux through the GB=0

Aksamija and Knezevic, PRB 90, (2014), 035419 

𝐫𝐫𝟏𝟏

𝐫𝐫𝟐𝟐
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Adapting the model for electron transport

�
𝑗𝑗

𝑉𝑉𝑖𝑖 − 𝑉𝑉𝑗𝑗 𝐺𝐺𝑖𝑖𝑗𝑗 + 𝐼𝐼𝑠𝑠𝑠𝑠𝑔𝑔𝑔𝑔
𝑖𝑖 = 0

𝑉𝑉𝑖𝑖
𝑖𝑖+1 =

𝐺𝐺𝑖𝑖𝑗𝑗𝑉𝑉𝑖𝑖
𝑖𝑖 + 𝐼𝐼𝑠𝑠𝑠𝑠𝑔𝑔𝑔𝑔,𝑖𝑖

𝐺𝐺𝑖𝑖𝑗𝑗

Δ𝑉𝑉𝑖𝑖 =
𝑉𝑉𝑖𝑖

𝑖𝑖+1− 𝑉𝑉𝑖𝑖
𝑖𝑖

𝑉𝑉𝑖𝑖
𝑖𝑖+1 < 𝑝𝑝𝑡𝑡𝑡𝑡𝑒𝑒𝑓𝑓𝑚𝑚𝑛𝑛𝑐𝑐𝑒𝑒

In steady state, the net current through the GB=0

�
𝑗𝑗

𝐼𝐼𝑗𝑗𝑖𝑖 + 𝐼𝐼𝑠𝑠𝑠𝑠𝑔𝑔𝑔𝑔
𝑖𝑖 = 0

𝑉𝑉𝑖𝑖

𝑉𝑉𝑖𝑖1

𝑉𝑉𝑖𝑖2

𝑉𝑉𝑖𝑖3

𝑉𝑉𝑖𝑖4

𝑉𝑉𝑖𝑖4

𝑉𝑉𝑖𝑖5

𝐼𝐼𝑖𝑖5

𝐼𝐼𝑖𝑖1

𝐼𝐼𝑖𝑖2𝐼𝐼𝑖𝑖3

𝐼𝐼𝑖𝑖4

𝐼𝐼𝑠𝑠𝑠𝑠𝑔𝑔𝑔𝑔
𝑖𝑖

𝐺𝐺𝑖𝑖1

𝐺𝐺𝑖𝑖2

𝐺𝐺𝑖𝑖3

𝐺𝐺𝑖𝑖4

𝐺𝐺𝑖𝑖5

Solve for potential of each grain iteratively

Until

for all the grains

𝐺𝐺𝑖𝑖𝑗𝑗 comprises of grain resistance and 
GB resistance due to mismatch angle.
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Steady-state grain voltages and sheet conductance

Average steady-state conductance=3.5 × 10−7 Ω−1

Steady-state voltage profile

G Θ =
∑𝑗𝑗 𝐼𝐼𝑠𝑠𝑠𝑠𝑔𝑔𝑔𝑔

𝑗𝑗

[Vin Θ − Vout Θ ]
𝑡𝑡𝑛𝑛(rout/rin)

2𝜋𝜋
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Evaluation of transport parameters

Θ

G (µS)

G Θ =
∑𝑗𝑗 𝐼𝐼𝑠𝑠𝑠𝑠𝑔𝑔𝑔𝑔

𝑗𝑗

[Vin Θ − Vout Θ ]
𝑡𝑡𝑛𝑛(rout/rin)

2𝜋𝜋

Angular conductance is

Average conductance is 𝟎𝟎. 𝟔𝟔𝟔𝟔𝟔𝟔 𝛍𝛍𝐒𝐒

A𝑖𝑖 = π(rout
2 - rin

2 )/n

Weff
i =

Ai

Leff

=
π rout + rin

n

Gsheet
i = Gi Weff

i

Leff
= Gi π(rout+rin)

rout−rin n
,

G𝑠𝑠𝑠𝑖𝑖𝑖𝑖𝑡𝑡 = �
𝑖𝑖

Gsheet
i
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Constructing non-straight Grain boundaries

𝑥𝑥∘

𝑦𝑦∘

Huang et al., Nature 09718, Vol 469 (2011) 389–393

Grains boundaries 
are seldom straight 

lines

Linear colormap 
showing GB 

resistance of each 
segment of the GB.
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Effective resistivity of “rough” GBs

Despite local GB resistivity being very 
high (Gohms), the effective resistivity 
of non-straight GBs is far lower (1-10 
kOhm)

Variation due to randomly generated 
GBs

Possible impact on variability of 
devices or interconnect made from 
CVD-grown material
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