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Black holes in General Relativity and Quantum Theory

Black holes, as solution of Einstein theory, have many properties. Some
can be now observed and measured in astrophysical black holes, other,
especially quantum ones, are still speculative:



Black hole thermodynamics

It is an old result that there is striking similarity between black hole
mechanics and thermodynamics [Bekenstein;Hawking 70’s]

dM =
1

8πG
κdA ⇐⇒ dE = TdS

where A is the area of the horizon.

The black hole has a temperature
and an entropy

T =
~κ
2π

S =
A

4G~



Black hole thermodynamics

The Bekenstein-Hawking formula is quite remarkable

merging statistical mechanics, quantum physics and gravity



Black holes in effective theories

In general theories of quantum gravity, like string theory, a black hole is a
solution of an effective theory of gravity, generalized electro-magnetic
fields and scalars

L =
√
g(R + gIJ(φi )F

I
µνF

J µν + hij(φ)Dµφ
iDµφj + V (φ))

and are sources of mass, charges and angular momentum.



Statistical mechanics

The entropy is a function of the mass, charges and angular momentum
only and, using Boltzmann relation, points to an integer degeneracy of
states

S(M,Q, J) = kB log d(M,Q, J)

Extremal black holes have T = 0 and the entropy is just the number of
ground states of the system.

To explain the microscopical origin of this degeneracy is the challenge for
any theory of quantum gravity.



Holography

The Bekenstein-Hawking formula suggests that the microstates are
localized at the horizon

Holographic principle: a volume of space in quantum gravity can be
described just in terms of boundary degrees of freedom [t’Hooft; Susskind 94]



Asymptotically flat black holes

One of the success of string theory is the microscopic counting of
micro-states for a class of asymptotically flat black holes entropy
[Vafa-Strominger’96]

I The black holes are realized by putting together D-branes, extended
objects that have gauge theories on the world-volume

I The entropy is obtained by counting states in the corresponding
gauge theory



Asymptotically AdS black holes

No similar result for AdS black holes in d ≥ 4 was known until very
recently. But AdS should be simpler and related to holography:

• A gravity theory in AdSd+1 is the dual description of a CFTd

[Maldacena’97]

Concrete realization of the HOLOGRAPHIC PRINCIPLE: number of d.o.f
of quantum gravity in a region increases with area (and not volume)

It is QUANTITATIVE: it computes explicitely mass spectrum of mesons
and glueballs and Green functions.

operatorsO =⇒ gravity fields h

(Tµν , Jµ, · · · ) =⇒ (gµν ,Aµ, · · · )〈
e
∫
hO
〉
QFT

= eSAdS5
(ĥ)

The entropy should be related to the counting of states in the dual CFT.
People tried hard in the past: long standing problem.

For AdS4 and AdS5 black holes this problem can be solved by using
localization techniques that allow to evaluate exact quantities in
supersymmetric gauge theories.
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PART I : FieldTheory Perspective and localization



Dual Field Theory Perspective

AdSd+1
<latexit sha1_base64="bgP+r07Pz3P7nrYGVHg3SFGVaGY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuFfRY9eKxom2VdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7LR2nitAmiXmsHgKsKWeSNg0znD4kimIRcNoOhtcTv/1ElWaxvDejhPoC9yWLGMHGSo+X4V0vC0+8ca9ccavuFGiReDmpQI5Gr/zVDWOSCioN4Vjrjucmxs+wMoxwOi51U00TTIa4TzuWSiyo9rPpwWN0ZJUQRbGyJQ2aqr8nMiy0HonAdgpsBnrem4j/eZ3URBd+xmSSGirJbFGUcmRiNPkehUxRYvjIEkwUs7ciMsAKE2MzKtkQvPmXF0mrVvVOq7Xbs0r9Ko+jCAdwCMfgwTnU4QYa0AQCAp7hFd4c5bw4787HrLXg5DP78AfO5w8IRY/n</latexit>

dual CFTd
<latexit sha1_base64="RHougElazCH8V0NPJsqa6g4VaOo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCylJFXRZLIjLCn1BE8JkMm2HzkzCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994QJo0o7zrdVWFldW98obpa2tnd29+z9g7aKU4lJC8cslt0QKcKoIC1NNSPdRBLEQ0Y64ag+9TsPRCoai6YeJ8TnaCBon2KkjRTYR5knOYxSxKB3DmH9tjkJosAuOxVnBrhM3JyUQY5GYH95UYxTToTGDCnVc51E+xmSmmJGJiUvVSRBeIQGpGeoQJwoP5tdP4GnRolgP5amhIYz9fdEhrhSYx6aTo70UC16U/E/r5fq/rWfUZGkmgg8X9RPGdQxnEYBIyoJ1mxsCMKSmlshHiKJsDaBlUwI7uLLy6RdrbgXler9Zbl2k8dRBMfgBJwBF1yBGrgDDdACGDyCZ/AK3qwn68V6tz7mrQUrnzkEf2B9/gCFLJP4</latexit>

black holes with
<latexit sha1_base64="FheDzuI/hNfzNcV7BiJq5pbdPUo=">AAACCHicbVC7TsMwFHXKq4RXgJEBiwqJAVVJQYKxgoWxSPQhNVHluE5r1bEj2wFVUUcWfoWFAYRY+QQ2/ganzQAtR7J8dM69uveeMGFUadf9tkpLyyura+V1e2Nza3vH2d1rKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYej69xv3xOpqOB3epyQIEYDTiOKkTZSzznMfBlDGDKER/4pHApGlPnhA9XDCbTtnlNxq+4UcJF4BamAAo2e8+X3BU5jwjVmSKmu5yY6yJDUFDMysf1UkcQMQwPSNZSjmKggmx4ygcdG6cNISPO4hlP1d0eGYqXGcWgqY6SHat7Lxf+8bqqjyyCjPEk14Xg2KEoZ1ALmqcA+lQRrNjYEYUnNrhAPkURYm+zyELz5kxdJq1b1zqq12/NK/aqIowwOwBE4AR64AHVwAxqgCTB4BM/gFbxZT9aL9W59zEpLVtGzD/7A+vwBqkaX0A==</latexit>

electric charges Qa
<latexit sha1_base64="O+AnjiCtg5QRuHB4+tsDae3cTxw=">AAACDHicbVDLSsNAFJ34rPFVdelmsAgupCRV0GXRjcsW7AOaUCbT23boTBJmJkIJ/QA3/oobF4q49QPc+TdO0iy09cDA4ZxzuXNPEHOmtON8Wyura+sbm6Ute3tnd2+/fHDYVlEiKbRoxCPZDYgCzkJoaaY5dGMJRAQcOsHkNvM7DyAVi8J7PY3BF2QUsiGjRBupX66knhQYOFAtGcXeOaZjIkegZobiZp9g2zYpp+rkwMvELUgFFWj0y1/eIKKJgFBTTpTquU6s/ZRIzSiHme0lCmJCJ2QEPUNDIkD5aX7MDJ8aZYCHkTQv1DhXf0+kRCg1FYFJCqLHatHLxP+8XqKH137KwjjRENL5omHCsY5w1gweMGla4FNDCJXM/DXvglBt+stKcBdPXibtWtW9qNaal5X6TVFHCR2jE3SGXHSF6ugONVALUfSIntErerOerBfr3fqYR1esYuYI/YH1+QOTMZld</latexit>

angular momentum Ji
<latexit sha1_base64="jS/k6wNctFLqTKZ3fxQ2ATQ3YF4=">AAACC3icbZBNS8MwGMfT+TbrW9Wjl7AheJDRTkGPQy/iaYJ7gbWUNEu3sCQtSSqMsrsXv4oXD4p49Qt489uYbjvo5h8CP/7P8yR5/lHKqNKu+22VVlbX1jfKm/bW9s7unrN/0FZJJjFp4YQlshshRRgVpKWpZqSbSoJ4xEgnGl0X9c4DkYom4l6PUxJwNBA0phhpY4VOJfclh0gMMoYk9E8hTzgROuMTw7chhbYdOlW35k4Fl8GbQxXM1QydL7+f4Ky4BzOkVM9zUx3kSGqKGZnYfqZIivAIDUjPoECcqCCf7jKBx8bpwziR5ggNp+7viRxxpcY8Mp0c6aFarBXmf7VepuPLIKcizTQRePZQnDGoE1gEA/tUEqzZ2ADCkpq/QjxEEmFt4itC8BZXXoZ2vead1ep359XG1TyOMjgCFXACPHABGuAGNEELYPAInsEreLOerBfr3fqYtZas+cwh+CPr8weFSplo</latexit>

states in the CFT
<latexit sha1_base64="fFR5Dm8r/3czs3/3ejOFqENowUw=">AAACCXicbVDLSgMxFM34rPVVdekmWAQXUmaqoMtiQVxW6AvaUjLpbRuayQzJHaEM3brxV9y4UMStf+DOvzHTdqGtB5J7OOdeknv8SAqDrvvtrKyurW9sZray2zu7e/u5g8O6CWPNocZDGeqmzwxIoaCGAiU0Iw0s8CU0/FE59RsPoI0IVRXHEXQCNlCiLzhDK3VzNGnrgBpkCKZ9ToWyF8UhpKV8W51ku7m8W3CnoMvEm5M8maPSzX21eyGPA1DIJTOm5bkRdhKmUXAJk2w7NhAxPmIDaFmqWACmk0w3mdBTq/RoP9T2KKRT9fdEwgJjxoFvOwOGQ7PopeJ/XivG/nUnESqKERSfPdSPJcWQprHQntDAUY4tYVwL+1fKh0wzjja8NARvceVlUi8WvItC8f4yX7qZx5Ehx+SEnBGPXJESuSMVUiOcPJJn8krenCfnxXl3PmatK8585oj8gfP5AyprmA0=</latexit>

with charge Qa and spin Ji
<latexit sha1_base64="gRd6xNGGg0aojMgYLrh3TW519WI=">AAACH3icbZBNS8MwGMfT+TbnW9Wjl+AQPMhop6jHoRfxtIF7gbWUNM22sDQtSaqMsm/ixa/ixYMi4m3fxrTrQTcfCPnx/z8PyfP3Y0alsqyZUVpZXVvfKG9WtrZ3dvfM/YOOjBKBSRtHLBI9H0nCKCdtRRUjvVgQFPqMdP3xbeZ3H4mQNOIPahITN0RDTgcUI6Ulz7xMHRHCJ6pGzhmEeITEkEwzbHkou3Ib8UCzjCnPrHuPVjyzatWsvOAy2AVUQVFNz/x2gggnIeEKMyRl37Zi5aZIKIoZmVacRJIY4TEakr5GjkIi3TTfbwpPtBLAQST04Qrm6u+JFIVSTkJfd4ZIjeSil4n/ef1EDa7dlPI4UYTj+UODhEEVwSwsGFBBsGITDQgLqv+aR4Sw0pFmIdiLKy9Dp16zz2v11kW1cVPEUQZH4BicAhtcgQa4A03QBhg8g1fwDj6MF+PN+DS+5q0lo5g5BH/KmP0A2gigWQ==</latexit>

supersymmetric black holes =⇒
{

T = 0
M = µaQa + νiJi



Dual Field Theory Perspective

All information encoded in a gran-canonical partition function

Z (∆a, ωi ) = Tr
(
e i(∆aQa+ωiJi )e−βH

)
=

T=0

∑
Qa,Ji

eS(Qa,Ji )e i(∆aQa+ωiJi )

The entropy S(Qa, Ji ) = log number of states can be extracted as

eS(Qa,Ji ) =

∫
d∆

∫
dωZ (∆a, ωi )e

−i(∆aQa+ωiJi )

or, in the limit of large charges, by a saddle point, a Legendre Transform

SBH(Qa, Ji ) ≡ I(∆, ω) = logZ (∆a, ωi )− i(∆aQa + ωiJi )
∣∣∣
dI
d∆ = dI

dω=0



Dual Field Theory Perspective

The partition function become exactly computable in the supersymmetric
case

• Z susy(∆a, ωi ) = Tr
(
(−1)F e i(∆aQa+ωiJi )e−βH

)
• cancellation between massive boson and fermions (Witten index)

• sum over supersymmetric ground states H = 0;

What’s about (−1)F ? assume no cancellation between boson and

fermions. True in the limit of large charges.



Localization

Exact quantities in supersymmetric theories with a charge Q2 = 0 can be
obtained by a saddle point approximation

Z =

∫
e−S =

∫
e−S+t{Q,V} =

t�1
e−S̄|class × detfermions

detbosons

∂tZ =

∫
{Q, V}e−S+t{Q,V} = 0

Very old idea that has become very concrete recently, with the
computation of partition functions on spheres and other manifolds
supporting supersymmetry.



Localization

Localization ideas apply to path integral of Euclidean supersymmetric
theories

• Compact space provides IR cut-off, making path integral well
defined

• Localization reduces it to a finite dimensional integral, a matrix
model

∫ N1∏
i=1

dui

N2∏
j=1

dvj

∏
i<j sinh2 ui−uj

2 sinh2 vi−vj
2∏

i<j cosh2 ui−vj
2

e
ik

4π (
∑

u2
i −

∑
v2
j )

ABJM, 3d Chern-Simon theories, [Kapustin,Willet,Yakoov;Drukker,Marino,Putrov]
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Localization

Carried out recently in many cases

• many papers on topological theories

• S2, T 2

• S3, S3/Zk , S2 × S1, Seifert manifolds

• S4, S4/Zk , S3 × S1, ellipsoids

• S5, S4 × S1, Sasaki-Einstein manifolds

with addition of boundaries, codimension-2 operators, . . .

Pestun 07; Kapustin,Willet,Yakoov; Kim; Jafferis; Hama,Hosomichi,Lee, too many to count them all · · ·



Localization

In all cases, it reduces to a finite-dimensional matrix model on gauge
variables, possibly summed over different topological sectors

ZM(y) =
∑
m

∫
C

dx Zint(x , y ;m)

with different integrands and integration contours.

When backgrounds for flavor symmetries are introduced, ZM(y) becomes

an interesting and complicated function of y which can be used to test

dualities

• Sphere partition function, Kapustin-Willet-Yakoov; · · ·

• Superconformal index, Spironov-Vartanov; Gadde,Rastelli,Razamat,Yan; · · ·

• Topologically twisted index, Benini,AZ; Closset-Kim; · · ·



PART II : MicroscopicCounting for AdSblack holes



Example I: Static black holes in AdS4 × S7

Black holes in M theory on AdS4 × S7: [Cacciatori, Klemm 08; Dall’Agata, Gnecchi; Hristov,

Vandoren 10; Katmadas; Halmagyi 14; Hristov, Katmadas, Toldo 18]

• four electric qa and magnetic pa charges under U(1)4 ⊂ SO(8); only
six independent parameters

• supersymmetry preserved with a topological twist

• entropy goes like O(N3/2) and is a complicated function

SBH(pa, qa) ∼
√
I4(Γ, Γ,G ,G )±

√
I4(Γ, Γ,G ,G )2 − 64I4(Γ)I4(G )

I4 symplectic quartic invariant

Γ = (p1, p2, p3, p4, q1, q2, q3, q4) [Halmagyi 13]

G = (0, 0, 0, 0, g, g, g, g)



The dual field theory

The dual field theory to AdS4 × S7 is known: is the ABJM theory with
gauge group U(N)× U(N)

N
k

N
−k

Ai

Bj

W = A1B1A2B2 − A1B2A2B1

Maximally supersymmetric Chern-Simons gauge theory in three

dimensions



ABJM twisted index

Luckily enough, the topologically twisted partition function for ABJM
can be evaluated using localization

Z susy
S2×S1 =

1

(N!)2

∑
m,m̃∈ZN

∫ N∏
i=1

dxi
2πixi

dx̃i
2πi x̃i

xkmi

i x̃−km̃i

i ×
N∏
i 6=j

(
1−xi

xj

)(
1− x̃i

x̃j

)
×

×
N∏

i,j=1

( √
xi
x̃j
y1

1− xi
x̃j
y1

)mi−m̃j−p1+1( √
xi
x̃j
y2

1− xi
x̃j
y2

)mi−m̃j−p2+1

( √
x̃j
xi
y3

1− x̃j
xi
y3

)m̃j−mi−p3+1( √
x̃j
xi
y4

1− x̃j
xi
y4

)m̃j−mi−p4+1

∏
a ya = 1 ,

∑
pa = 2

and solved in the large N limit. There is no cancellation between bosons

and fermions and logZ = O(N3/2). [Benini-AZ; Benini-Hristov-AZ]



QFT/Gravity comparison

• dyonic static AdS4 × S7 black holes:

Localization (topologically twisted index): [Benini,Hristov,AZ 05]

S(pa, qa) = logZ(∆a, pa)−
∑
a

i∆aqa

∣∣∣
crit

=
∑

a
ipa

∂W
∂∆a

− i∆aqa

∣∣∣
crit

twisted superpotentialWon−shell = 2
3
iN3/2

√
2∆1∆2∆3∆4∑4

a=1 ∆a = 2π Re∆a ∈ [0, 2π]

QFT computation = attractor mechanism in N = 2 gauged supergravity:
[Ferrara-Kallosh-Strominger 96; Dall’Agata-Gnecchi 10]

SBH(pa, qa) = logZ(Xa, pa)−
∑
a

iXaqa

∣∣∣
crit

=
∑

a
ipa

∂F
∂Xa
− iXaqa

∣∣∣
crit

gauged supergravity prepotential F ∼
√

X1X2X3X4∑
Xa = 2π horizon scalar fields



Example II: Rotating black holes in AdS5 × S5

Most famous BPS examples are asymptotic to AdS5 × S5

two angular momenta J1, J2 in AdS5 U(1)2 ⊂ SO(4) ⊂ SO(2, 4)

three electric charges QI in S5 U(1)3 ⊂ SO(6)

with a constraint F (Ji ,QI ) = 0. They must rotate and preserves two
supercharges.

SBH = 2π
√

Q1Q2 + Q2Q3 + Q1Q3 − 2c(J1 + J2) c = N2−1
4

[Gutowski-Reall 04; Chong, Cvetic, Lu, Pope 05; Kunduri, Lucietti, Reall; Kim, Lee, 06]

The microstates correspond to states of given angular momentum and electric
charge in N = 4 SYM.



Entropy function for AdS5 black holes

BPS entropy function [Hosseini,Hristov,AZ 17; Cabo-Bizet, Cassani, Martelli, Murthy 18]

SBH(QI , Ji ) = −iπ(N2 − 1)
∆1∆2∆3

ω1ω2
− 2πi

( 3∑
I=1

QI∆I +
2∑

i=1

Jiωi

)∣∣∣∣
∆̄I ,ω̄i

with ∆1 + ∆2 + ∆3 − ω1 − ω2 = ±1

The critical values ∆̄I , ω̄i are complex but, quite remarkably, the
extremum is a real function of the black hole charges.



Field Theory Comparison

Entropy scales like O(N2) for QI , Ji ∼ N2. The superconformal index

Tr(−1)F e−β{Q,Q
†}e2πi(∆IQI +ωi Ji ) =

∮
dzi

2πizi

∏
1≤i<j≤N

∏3
k=1 Γe(yk(zi/zj)

±1; p, q)

Γe((zi/zj)±1; p, q)

• For real fugacities: logZ = O(1). Large cancellations between bosons
and fermions. Long standing puzzle [Kinney, Maldacena, Minwalla, Raju 05]

• For complex fugacities (like the ones in sugra) is consistent with

logZ(∆, ω) ∼ −iπ(N2 − 1)
∆1∆2∆3

ω1ω2
∆1 + ∆2 + ∆3 − ω1 − ω2 = ±1

[Cardy limit ωi � 1: Choi, Kim, Kim, Nahmgoong]

[Modified index/partition function: Cabo-Bizet, Cassani, Martelli, Murthy]

[Large N and J1 = J2: Benini, Milan 18; Cabo-Bizet, Murthy 19]



PART III : Overview



Some universality?

We can embed BPS black holes in all maximally supersymmetric AdSd≥4

backgrounds

• M theory on AdS4 × S7

• type IIB on AdS5 × S5

• massive IIA on AdS6 ×W S4

• M theory on AdS7 × S4

=⇒

ABJM theory

N = 4 SYM

5d UV fixed point

(2, 0) theory

Entropy controlled by anomalies in even dimensions and sphere partition
functions in odd dimensions



electrically charged and rotating BH

AdS4 × S7 F(∆a) =
√

∆1∆2∆3∆4 logZ(∆a, ωi ) = 4
√

2N3/2

3

√
∆1∆2∆3∆4

ω1

∆1 + ∆2 + ∆3 + ∆4 = 2 ∆1 + ∆2 + ∆3 + ∆4 + ω1 = 2π

AdS5 × S5 F(∆a) = ∆1∆2∆3 logZ(∆a, ωi ) = −i N
2

2
∆1∆2∆3
ω1ω2

∆1 + ∆2 + ∆3 = 2 ∆1 + ∆2 + ∆3 + ω1 + ω2 = 2π

AdS6 ×W S4 F(∆a) = (∆1∆2)3/2 logZ(∆a, ωi ) ∼ N5/2 (∆1∆2)3/2

ω1ω2

∆1 + ∆2 = 2 ∆1 + ∆2 + ω1 + ω2 = 2π

AdS7 × S4 F(∆a) = (∆1∆2)2 logZ(∆a, ωi ) = −i N
3

24
(∆1∆2)2

ω1ω2ω3

∆1 + ∆2 = 2 ∆1 + ∆2 + ω1 + ω2 + ω3 = 2π

[Disclaimer: normalizations and signs for sake of exposition]



magnetically charged BH and black strings

AdS4 × S7 F(∆a) =
√

∆1∆2∆3∆4 logZ = − 2
√

2N3/2

3

∑4
a=1 pa

∂F(∆)
∂∆a

∆1 + ∆2 + ∆3 + ∆4 = 2 ∆1 + ∆2 + ∆3 + ∆4 = 2π

AdS5 × S5 F(∆a) = ∆1∆2∆3 logZ = −N2

2β

∑3
a=1 pa

∂F(∆)
∂∆a

∆1 + ∆2 + ∆3 = 2 ∆1 + ∆2 + ∆3 = 2π

AdS6 ×W S4 F(∆a) = (∆1∆2)3/2 logZ ∼ N5/2∑2
a,b=1 pap̃b

∂2F(∆)
∂∆a∂∆b

∆1 + ∆2 = 2 ∆1 + ∆2 = 2π

AdS7 × S4 F(∆a) = (∆1∆2)2 logZ ∼ N3

β

∑2
a,b=1 pap̃b

∂2F(∆)
∂∆a∂∆b

∆1 + ∆2 = 2 ∆1 + ∆2 = 2π

[Note: AdS5 and AdS7 refer to black strings in Cardy limit]



Conclusions

The main message of this talk is that there is still a lot of interesting
physics in AdS black holes, involving general relativity, quantum field
theory and holography.

A long way to go

• finite N matrix models =⇒ quantum black holes

• extremal non-supersymmetric and near-BPS black holes

Huge literature about asymptotically flat BH (remarkable precision tests
including higher derivatives). The story about AdS BH is just begun.



Thank you for the attention !
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