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Motivation: the gluon 
at low x



Experimental fact: power like 
growth of the 
gluon 
distribution at 
low x

[H1 and ZEUS collaborations; 1506.06042]
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low x = high energy at 
fixed hard scale Q



• proton made up of quanta 
that fluctuate in and out of 
existence 

• at low x: fluctuations time 
dilated on scales of strong 
interactions

many new
smaller partons
are produced

Proton
(x, Q2)

Proton
(x0, Q2)

x0 >> x

Low Energy High Energy

parton

“Color Glass Condensate” 

➾ long lived gluons 
radiate further small 
x gluons 

➾ power-like rise of 
gluon and sea-quark 
distribution 

underlying mechanism:
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Manifest in DGLAP evolution:

x’ =z･x
(1-z)･x

Pgg(z), Pqg(z)
x

splitting functions 
enhance low x 
region

Systematic resummation of 
logarithmic enhanced terms to all 
orders: BFKL 
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[Fadin, Lipatov; hep-ph/ 9802290]
[Camici, Ciafaloni; hep/ph/9707390]
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Figure 2.1. Comparison of the fixed-order gluon-gluon xPgg(x,↵s) (left) and the quark-gluon
xPqg(x,↵s) (right) splitting functions with the corresponding LO+LLx, NLO+NLLx and NNLO+NLLx
results including small-x resummation. The comparison is performed at a scale such that ↵s = 0.2 and
in the Q0MS scheme with nf = 4 active quark flavours.

incorporate a number of technical improvements which makes the numerical implementation
more robust, and allow the matching to NNLO fixed order as well as NLO: a detailed discussion
and comparison is given in Refs. [62, 63]. The resummation of small-x logarithms is more
important at NNLO than at NLO, since at NNLO the fixed-order small-x logarithms give rise
to perturbative instabilities at small-x, as visible from a comparison of the NLO and NNLO
curves in Fig. 2.1. Indeed, from the left hand plot, one can immediately see that for moderately
small values of x NLO gluon evolution is closer to the all-orders result at small x than NNLO
evolution, since for 10�6 . x . 10�3 the NLO splitting kernels are closer to the best prediction,
NNLO+NLLx, than the NNLO ones. Additionally, from the right plot, both resummed results
for the gluon to quark spitting function are closer to NLO than to NNLO for 10�5 . x . 10�1.
N3LO evolution, when available [86, 87], will lead to even more significant instabilities at small
x, due to the appearance of two extra powers of the small-x logarithms (the leading NLO and
NNLO logarithms are accidentally zero), and will make the inclusion of small-x resummation
even more crucial.

To facilitate the use of small-x resummation, the HELL code has been interfaced to the
public code APFEL [119, 120]. Thanks to this APFEL+HELL interface, it is straightforward to
perform the PDF evolution (and the computation of DIS structure functions) with the inclusion
of small-x resummation e↵ects. Note that APFEL+HELL only implements the so-called “exact”
solution of DGLAP evolution, rather than the “truncated” solutions used in ABF (for example
in Refs. [44–46]), and nowadays routinely in NNPDF fits, in which subleading corrections are
systematically expanded out [72]. For this reason we will use the exact solution throughout in this
paper, to facilitate comparison between fixed-order and resummed results. Since the di↵erence
between the two solutions becomes smaller and smaller when increasing the perturbative order,
this choice does not a↵ect significantly our NNLO(+NLLx) results, but care should be taken
when comparing the NLO PDFs from those of other NNPDF fits.

We now investigate the e↵ects induced by evolving the PDFs with resummed splitting kernels
as compared to standard fixed-order DGLAP splitting functions. In order to illustrate these
e↵ects, we take a given input PDF set as fixed at a low scale Q0, that is, a common boundary
condition, and then evolve it upwards using APFEL+HELL with either fixed-order (NLO or NNLO)
or resummed (NLO+NLLx or NNLO+NLLx) theory. In this way, we can determine what are
the main di↵erences induced at high scales by small-x resummation in the PDF evolution; we
stress however that the physical meaning of the resulting comparison is limited, as in a PDF fit
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[Ball, Bertone, Bonvini, Marzani, Rojo, Rottoli; 
1710.05935]
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Figure 2.3. The proton neural-current (NC) structure function F2(x,Q) as a function of Q for two
di↵erent values of x (left: x = 10�3; right: x = 10�5) and using di↵erent calculational schemes. In
the top panels we show the structure function computed in fixed-order perturbation theory (NLO and
NNLO). In the middle and bottom panels we show the ratio of resummed results (NLO+NLLx and
NNLO+NLLx) to their fixed-order counterparts. In particular, in the middle panel the resummation is
included in the coe�cient function but not in the evolution, while in the bottom panel we resum both
coe�cient functions and parton evolution. The input boundary condition at Q0 = 1.65 GeV has been
chosen to be NNPDF3.1 NLO (NNLO), and all calculations are performed with ↵s(mZ) = 0.118, and a
(pole) charm mass mc = 1.51 GeV.

other hand, when including resummation in the PDF evolution, the situation changes. In
this case, we note that the di↵erences between fixed-order and resummation are larger, thus
showing that in F2 much of the impact of small-x resummation arises from the PDF evolution.
Moreover, the e↵ects are always greater at NNLO than at NLO: at NNLO, e↵ects of small-x
resummation can reach ten percent already for x ' 10�3, and twenty percent for x ' 10�5. This
discussion suggests that at the level of PDF fits we expect little di↵erences between fixed-order
and resummed at NLO, but more significant di↵erences at NNLO.

Next, in Fig. 2.4 we show the same comparison as in Fig. 2.3 but now for F c
2 (x,Q), the

charm component of the proton structure function F2(x,Q). By comparing Fig. 2.3 and Fig. 2.4
we observe that the impact of small-x resummation for inclusive and charm structure functions
is similar, except just above the charm threshold where the e↵ects of the resummation in the
charm coe�cient function can be substantial. From this comparison, we see the importance of
a careful treatment of mass e↵ects close to the charm threshold, since these can change the size
of the e↵ect of small-x resummation.

Finally, in Fig. 2.5 we show the corresponding comparison but this time for the longitudinal
structure function FL(x,Q) in neutral current DIS. Here we find that resummation e↵ects in the
coe�cient functions only are substantially larger than in F2, and are now larger when matching
resummation to NNLO than to NLO. When resummation is included also in PDF evolution,
the overall e↵ect of resummation on FL is somewhat reduced at NLO, thus showing some sort
of compensation of the e↵ects in PDF evolution and in partonic coe�cient functions, while it is
enlarged at NNLO, which now reaches about a 30% deviation at x = 10�5 at small Q ⇠ 5 GeV.
The global pattern is similar to F2, with di↵erences smaller at NLO and more significant at
NNLO, though overall e↵ect is somewhat bigger, consistently with the fact that FL is singlet

9

BFKL can be used to 
resum DGLAP 
evolution

[Catani, Hautmann; hep-ph/9405388]

realization in (recent) pdf fits:



Ingredients of our study NLO BFKL gluon density
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direct application of high energy 
factorization:  
• kT dependent factorization of cross-

sections (vs. momentum fractions) 
• x-dependence from perturbative 

BFKL evolution (+ collinear 
resummation) 

• initial conditions: model & fit kT 
distribution at large xIngredients of our study NLO BFKL gluon density
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initial distribution  
e.g.

x-dependence
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allows for fit of 
combined HERA data
[MH, Salas, Sabio Vera; 1301.5283] 

at LHC: e.g. DY
[Celiberto, Gordo Gómez, Sabio Vera; 1808.09511]



it seems we understand the growth of the gluon 
distribution at low x 

but there is one essential problem:



Saturation of gluon densities at low x

• if continued forever, 
power like growth of 
gluon violates unitarity 
bounds 

• power-like growth drives 
us eventually into region 
of high parton densities 

• can show: high 
densities slow down/
stop growth of low x 
gluon: saturation
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Color Glass Condensate effective theory: [McLerran, Venugopalan PRD 49 (1994) 3352]
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partons in DIS at hard 
scale Q: effective size 
1/Q

• at some x ≪ 1: partons will start to overlap → high 
density effects become relevant/‘recombination’ 

• implies: system characterized by an x-dependent 
saturation scale Qs(x) 

• grows with energy & can reach in  
principle perturbative values

Open Questions

The proton at high energies: saturation

theory considerations:
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I e↵ective finite size 1/Q of
partons at finite Q2

I at some x ⌧ 1, partons
‘overlap’ = recominbation
e↵ects

I turning it around: system is
characterized by saturation
scale Q

s

I grows with energy Q
s

⇠ x��,
� > 0 & can reach in
principle perturbative values
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Open Questions

Saturation: high densities in the fast nucleus

Expect those e↵ects to
be even more enhanced in
boosted nuclei:

Boost

Q2
s ⇠ # gluons/unit transverse area ⇠ A

1/3

Questions:

I Does this happen and how? What are the right degrees of freedom?

I Evolution of correlation function in this regime?

I Is there a universal fix point?

I Does the coupling run with Q
s

?

I How does saturation transition to chiral symmetry breaking &
confinement
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• of particular interest: 
collision which 
involve large nuclei 

• densities (& therefore 
saturation scale) 
naturally enhanced 

• but: difficult to verify 
effects directly 
(complexity!)



Phenomenological evidence: geometric scaling
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i.e. to the fixed front that moves rigidly with the critical velocity vc. In the QCD context time corre-
sponds to the logarithm of Bjorken x: t = ln(x0/x) where x0 is a constant corresponding to t = 0, and
z = ln(p

2
T/Q

2
0). Translating the argument of the travelling wave to the QCD variables gives:
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Therefore the travelling wave corresponds to the scaling solution with the saturation momentum given
by Eq. (1). In the following we shall check whether GS is present in di↵erent pieces of high energy
data.

2 Deep inelastic scattering (DIS)

Geometrical scaling was first introduced in the context of DIS for F2(x)/Q2 [9]. In Fig. 1 we plot
F2(x)/Q2 as a function of Q

2 (left panel) and in terms of the scaling variable ⌧ = Q

2/Q2
s (x) for

� = 0.329 (right panel) for the combined HERA data [10]. Points of di↵erent colors correspond to
di↵erent Bjorken x’s. We see from Fig. 1 that DIS data scale very well with some exception in the
right part of Fig. 1.b. These points, however, correspond to large Bjorken x’s where GS is supposed
to break.

10-1 100 101 102 103 104
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
101 a)

F 2
 / 

Q
2

Q2 [GeV2/c2]
10-2 10-1 100 101 102 103 104

10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
101 b)

 = 0.329
F 2

 / 
Q
2

Figure 1. Combined DIS data [10] for F2/Q2. Di↵erent points forming a wide band as a function of Q

2 in the
left panel correspond to di↵erent Bjorken x’s. They fall on a universal curve when plotted in terms of ⌧ (right
panel). (Figure from the first paper of Ref. [1]).

Since the reduced cross-section in ep scattering (which is essentially proportional to F2/Q2) is
given as a convolution of the virtual photon wave function and an unintegrated gluon distribution of
the proton '
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3 Inelastic pT spectra at the LHC

The cross-section for not too hard gluon production in pp collisions can be described in the
kT�factorization approach by the formula [11]:
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Saturation and geometrical scaling

Michal Praszalowicz
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Abstract. We discuss emergence of geometrical scaling as a consequence of the non-
linear evolution equations of QCD, which generate a new dynamical scale, known as the
saturation momentum: Qs. In the kinematical region where no other energy scales exist,
particle spectra exhibit geometrical scaling (GS), i.e. they depend on the ratio pT/Qs,
and the energy dependence enters solely through the energy dependence of the saturation
momentum. We confront the hypothesis of GS in di↵erent systems with experimental
data.

1 Introduction

In this report we present a concise analysis of GS, slightly extended with respect to the presentation
given at the XLVI International Symposium on Multiparticle Dynamics. One can find more details
in the original publications [1]– [4] and in the recent conference proceedings [5], that cover the same
topics.

In QCD we have basically two sets of evolution equations that describe the change of parton
densities with decreasing resolution scale 1/Q2 – DGLAP equations, or with growing energy (or
equivalently with decreasing Bjorken x) – BFKL equation. In both cases the number of partons, or
more precisely the number of gluons, is growing rapidly with the evolution variable. In the BFKL case
however (since the average transverse size of gluons is fixed), we enter a regime where the partonic
system is not dilute and the linear evolution breaks down. A modified BFKL equation that includes
the non-linear terms is known as the Balitsky-Kovchegov (BK) equation [6]. One of the consequences
of the nonlinearities is the emergence of the so called saturation scale of the form [7, 8]:

Q

2
s (x) = Q

2
0(x/x0)��. (1)

Munier and Peschanski [8] draw an analogy between the BK equation and the time evolution of
the wave front u(t, z) in one dimensional space variable z:

@

@t
u(t, z) = O(@/@z) (2)

where O(@/@z) is a non-linear di↵erential operator corresponding in QCD to the BK kernel. For a
wide class of operators O and initial conditions for u, wave front u converges asymptotically to the
traveling wave:

u(x, z)! u(z � vct), (3)
ae-mail: michal@if.uj.edu.pl
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[Praszalowicz, Stebel; JHEP 1303, 090 (2013); JHEP 1304, 169 (2013)]
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Although many authors, following the original paper by Stasto, Golec-Biernat and

Kwecinski [1], have shown that GS is seen in DIS data, until now there was no quantitative,

model independent analysis of its applicability domain. Di↵erent forms of scaling variable

have been tested in a series of papers [17–19] where the so called Quality Factor (QF) has

been defined and used as a tool to assess the quality of geometrical scaling. These authors,

however, constrained their analysis only to the domain of small Bjorken x’s, x < 0.01 and

concentrated on testing the di↵erent forms of scaling variable ⌧ . The QF is a new tool

for which the quantitative statements, like the one concerning the value of exponent � for

example, are not based on the standard chi-square analysis.

In contrast, in this paper we propose a new numerical criterion for GS which serves as

a tool to extract exponent � by standard �

2 minimization. We consider �

�

⇤
p

(x
i

, Q

2) for

di↵erent fixed x

i

’s as functions of Q2. Geometrical scaling hypothesis means that

�

�

⇤
p

(x
i

, Q

2) =
1

Q

2

0

F (⌧) (1.4)

where F (⌧) is a universal dimensionless function of ⌧ . Therefore if cross-sections �
�

⇤
p

(x
i

, Q

2)

for di↵erent x
i

are evaluated not in terms of Q2 but in terms of ⌧ , they should fall on one

universal curve (see Figs. 10 and 11 in Sect. 4). This in turn means that if we calculate

ratio of cross-sections for di↵erent Bjorken x

i

’s each expressed in terms of ⌧ , we should get

unity (with an accuracy of a few percent) independently of ⌧ . This allows to determine

power � by minimizing deviations of these ratios from unity. We can form as many ratios

as there are di↵erent pairs of x
i

’s in overlapping regions of Q2 (or more precisely of ⌧).

Needless to say that the best values of �’s extracted from di↵erent ratios should coincide

within errors.

In an ideal case one would choose the lowest possible x as the reference x
ref

to calculate

the ratios of the cross-sections. Unfortunately there is a strong correlation between Bjorken

x’s and values of Q2 measured by HERA [20], and therefore there is no single value of x
i

which covers all available values of Q2. It turns out that the coverage in space of W (rather

than x) and Q

2 is much broader. Therefore in what follows we also study the quality of

GS for �
�

⇤
p

(W
i

, Q

2) in bins of W although this requires ”rebinning” of the data which are

provided by HERA experiments only in bins of (x,Q2). There is, however, an advantage

of such a procedure, as it is almost identical to the analysis applied to the p

T

spectra in

pp collisions at the LHC [6, 8].

Since our analysis is sensitive only to the variations of scaling variable ⌧ with x and not

to the absolute value of ⌧ , we choose in the following (unless specified otherwise) Q
0

= 1

GeV/c and x

0

= 1, i.e.:

⌧ = Q

2

x

�

. (1.5)

The absolute value of the saturation scale can be inferred only from some explicit model

of DIS at low x. For the purpose of the subsequent analysis we define �

⇤
p cross-section as

�

�

⇤
p

(x,Q2) =
F

2

(x,Q2)

Q

2

(1.6)

– 2 –

saturation scale contains 
the entire x-dependence 
→ proton structure 
functions depend only on 
a single parameter 𝛕 
instead of x and Q2



• emergence of saturation scale also found in numerical 
solution of non-linear evolution equations for the high 
density region (BK, JIMWLK) 

• Can use those equations as well as saturation models to 
fit e.g. low x HERA data 

• Can use those fits to describe data e.g. de-correlation of 
forward di-hadrons/dijets  

• various successful application to heavy ion collisions and 
description of high multiplicity events

→ Can we see the emergence of saturation it in a 
more direct way? As a consequence of evolution?

Question:



Exclusive photo-production of 
vector mesons at HERA and LHC 



A process to explore the low x gluon at the 
LHC: exclusive photo-production of J/𝛹s

J/Ψ,Υ

e, p, Pb

W 2

t

q

p

• hard scale: charm 
mass (small, but perturbative) 

• reach up to x≳.5･10-6 

• perturbative cross-
check: ϒ (b-mass) 

• measured at LHC 
(LHCb, ALICE, CMS) & 
HERA (H1, ZEUS)



Geometric
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our study:  
• linear low x (BFKL) vs. non-

linear low x (BK) 
• failure of BFKL = sign for BK 

    → high & saturated gluon

details:
BK evolution for dipole  
amplitude N(x,r)∈ [0,1] [related to gluon distribution]

in the transition region towards high and saturated gluon densities.

To fully access this question, we first recapitulate which possible impact large gluon den-
sities could have on the observable. First of all, the presence of high density e↵ects cannot be
seen directly at the level of the observable. The scattering amplitude Eq. (5) depends only
on the dipole amplitude, which itself can be expressed as the correlator of two Wilson lines
which resum the gluonic field of the proton, see e.g. [46]. Even though the dipole amplitude
resums the interaction of the qq̄-dipole with an in principle infinite number of gluons, the
gluons couple to the qq̄-dipole like a single gluon; the “reggeize” in the language of [47] and
therefore appear like a single gluon. At the level of our phenomenological study, this property
reveals itself through Eq. (9), which relates the dipole cross-section to the unintegrated gluon
density. To make multiple re-scattering of partons on the target field visible, it would be
necessary to resolve the hadronic final state of the dissociated photon, see e.g. [48, 49]. This
not the case for photo-production of vector mesons. The only place where one could expect
a signal for the presence of saturation e↵ects is therefore the x-dependence of the underlying
gluon distributions. As an immediate consequence, any framework which is based on a direct
fit of the x-dependence at the J/ scale (such as collinear parton distribution functions)
does not exclude presence of saturation e↵ects; it merely demonstrates the ability to fit the
resulting x-dependence of the underlying gluon distribution. While this initial x-distribution
can be evolved through DGLAP evolution to events with higher hard scales, such events
are generally characterized by larger values of x (x⌥ > 2.28 · 10�5 vs. x

J/ > 2.99 · 10�6

in the current case). Taking further into account that DGLAP evolution is known to shift
large x input to lower x, it is therefore save to say that the mere ability of DGLAP fits to
accommodate low x J/ photo-production data, does not exclude the potential presence of
sizable non-linear e↵ects for the data points at highest W -values.

Instead of DGLAP evolution, a suitable benchmark to establish presence/absence of gluon
saturation is provided by linear NLO BFKL evolution, such as the HSS gluon. While the
HSS gluon provides a very good description of both ⌥ and J/ photo-production data,
the following observation can be made: Recalling the particularly solution of NLO BFKL
evolution used for the HSS-fit, one finds at the at level of the dipole cross-section two terms
d

dN(x, r)
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=
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7

kernel 
calculated in 

pQCD

linear BFKL evolution = subset of 
complete BK

non-linear term 
relevant for N~1 
 (=high density)



BFKL & exclusive Vector Mesons

Good description of cominbed HERA [MH, Salas, Sabio Vera; 1209.1353; 1301.5283]
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Figure 3: Study of the dependence of F2(x, Q

2
) on x using the LO photon

impact factor (solid lines) and the kinematically improved one (dashed lines).

Q

2
runs from 1.2 to 120 GeV

2
.
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data: [H1 & ZEUS collab. 0911.0884]
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linear low x evolution as benchmark →requires 
precision

use: HSS NLO BFKL fit [MH, Salas, Sabio Vera; 1301.5283] 

• uses NLO BFKL kernel  
[Fadin, Lipatov; PLB 429 (1998) 127]  
+ resummation of 
collinear logarithms 

• initial kT distribution 
from fit to combined 
HERA data

[H1 & ZEUS collab. 0911.0884] 



Ingredients of our study NLO BFKL gluon density

Solve BFKL equation in conjugate (�) Mellin space
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Ingredients of our study NLO BFKL gluon density

Solve BFKL equation in conjugate (�) Mellin space
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also use parametrization of running coupling in the infra-red [Webber; hep-ph/9805484]
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• based on unified (leading order) 
DGLAP+BFKL framework [Kwiecínski, 
Martin, Stasto, PRD 56(1997) 3991] 

• combined with leading order BK 
evolution [Kutak, Kwiecinski;hep-ph/0303209]
[Kutak, Stasto; hep-ph/0408117]

• initial conditions: fit to combined 
HERA data  

• both non-linear and linear version 
available (= non-linearity 
switched off)

gluon with non-linear terms: KS gluon
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Figure 3: The proton structure function F2(x,Q2) from the fit of our framework, in its linear
and nonlinear variant, to the combined data from HERA [26] as a function of x for the Q2 range
from 1.5 to 400 GeV2 (with the vertical offsets of 0.2).

The corresponding equation for the unintegrated gluon density reads [27, 45]
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where z = x/x′ (see Fig. 2 for explanation of the variables). For convenience, we omit the g
subscript in the unintegrated gluon density symbol and keep only the subscript denoting the
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Figure 2: Diagrammatic representation of the F2 structure function in high energy factorization.

scheme to introduce corrections to the gluon density which make it applicable to the studies of
jet physics. Because of this we shall skip the argument µ in the expressions for the unintegrated
gluon density below.

On the side of the on-shell parton, which is probed at high values of the longitudinal mo-
mentum fraction x1, it is legitimate to use the collinear parton density fa/A(x1, µ

2).
The above result depends only on the difference of the azimuthal angles ∆φ, so one can

change variables and integrate out one of angles φi. This leads to

dσ

dy1dy2dp1tdp2td∆φ
=

∑

a,c,d

pt1pt2
8π2(x1x2S)2

Mag→cdx1fa/A(x1, µ
2)φg/B(x2, k

2)
1

1 + δcd
, (2.9)

with k2 = p2t1 + p2t2 + 2pt1pt2 cos∆φ.

3 Unintegrated gluon density from the unified BK/DGLAP frame-
work fitted to combined HERA data

The formulation of the NLO BFKL equation [33–35] has been known already for some time.
Also the NLO BK equation has been derived [36] but, because of its complicated structure,
only solutions of some approximate forms of the BK equations are known (see [37–40]). The
basic formulation of the NLO BFKL equation is unstable (due to non-positive definite kernel)
and in order to stabilize it one needs to resume a subset of higher order corrections [17, 18, 41].
In our study, we will use the approach to this problem formulated in [41] in which large part
of the higher order corrections is provided by the consistency constraint on emissions of real
gluons. The other important corrections are coming from running of the coupling constant
and the nonsingular pieces of the DGLAP splitting functions. Other approaches were discusses
in [42–44].

4

initial conditions

the BK evolution equation 
matched to leading order 
DGLAP underlying the KS-fit

R: radius of proton from fit
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diffractive nature of process: Need to 
relate 2 pictures

Introduction

relate 2 pictures of the BFKL Pomeron

a) exclusive photo-production of
vector mesons:

�

⇤
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J/ ,⌥

‘uncut’ Pomeron: di↵ractive/elastic
scattering (amplitude level)

A(s, t)

b) proton structure functions:

�

⇤

p

‘cut’ Pomeron: high multiplicity
events (total X-sec.)

�tot =
1
s=mA(s, t = 0)
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Possible: imaginary part of scattering 
amplitude in forward limit t=0

J/Ψ,Υ

e, p, Pb

W 2

t

q

p

inclusive gluon →  only 
calculate imaginary part of 
scattering amplitude at t=0

The outline of this letter is as follows: In Sec. 2 we provide details of our theoretical
description, Sec. 3 is dedicated to a discussion of the large perturbative corrections of the
NLO BFKL gluon in the large W region while in Sec. 4 we present our conclusions.

2 Energy dependence of the photo-production cross-section

We study the process 1
�(q) + p(p) ! V (q0) + p(p0) where V = J/ ,⌥(1S) and � denotes a

quasi-real photon with virtuality Q ! 0; W 2 = (q+ p)2 is the squared center-of-mass energy
of the �(q)+p(p) collision. The x value probed in such a collision is obtained as x ' M

2
V

/W

2

with M

V

the mass of the vector meson. With the momentum transfer t = (q � q

0)2, the
di↵erential cross-section for the exclusive production of a vector meson can be written in the
following form

d�

dt

(�p ! V p)

����
t=0

=
1

16⇡

��A�p!V p(W 2
, t = 0)

��2
, (1)

where A(W 2
, t) denotes the scattering amplitude for the reaction �p ! V p for color singlet

exchange in the t-channel, with an overall factor W 2 already extracted. For a more detailed
discussion of the kinematics we refer to [25].

A�p!V p(x, t = 0) =

✓
i+ tan

�(x)⇡

2

◆
·
Z

drW (r)

✓
i+ tan

�(x)⇡

2

◆
·
Z

drW (r)�
qq̄

(x, r)

⇠ e

�BD(x)|t|

=mA�p!V p(x, t = 0) =

Z 1

0
drW (r)�

qq̄

(x, r)

2.1 The theoretical setup of our study

In the following we determine the total photo-production cross-section, based on an inclusive
gluon distribution. This is possible following a two step procedure, frequently employed in
the literature: First one determines the di↵erential cross-section at zero momentum transfer
t = 0 (which can be expressed in terms of the inclusive gluon distribution); in a second step
the t-dependence is modeled which then allows us to relate the di↵erential cross-section at
t = 0 to the integrated cross-section. Here we follow the prescription given in [21,22], where
an exponential drop-o↵ with |t|, � ⇠ exp [�|t|B

D

(W )] is used with an energy dependent t

slope parameter B
D

, as motivated by Regge theory,

B

D

(W ) =


b0 + 4↵0 ln

W

W0

�
GeV�2

. (2)

Following [21, 22], we use for the numerical values ↵

0 = 0.06 GeV�2, W0 = 90 GeV and

b

J/ 
0 = 4.9 GeV�2 in the case of the J/ , while b

⌥
0 = 4.63 GeV�2 for ⌥ production. The

1Besides HERA data we also use the LHC p-p and Pb-p data where highly boosted p and Pb respectively
become a source of photons leading to Ultra Peripheral Collisions

3

r: transverse size of quark-
antiquark dipole

Meson m

f

/GeV N
T

R2/GeV�2
M

V

/GeV

J/ m

c

= 1.4 0.596 2.45 3.097
⌥ m

b

= 4.2 0.481 0.57 9.460

Table 1: Parameters of the boosted Gaussian vector meson wave functions for J/ and ⌥ [14,16].

by its imaginary part. Corrections due to the real part of the scattering amplitude can be
estimated using dispersion relations, in particular

<eA(W 2
, t)

=mA(W 2
, t)

= tan
�⇡

2
, with � =

d ln=mA(W 2
, t)

d lnW 2
. (4)

As noted in [25,30], the dependence of the slope parameter � on energy W provides a sizable
correction to the W dependence of the complete cross-section. We therefore do not assume
� = const., but instead determine the slope � directly from the W -dependent imaginary part
of the scattering amplitude. The latter is obtained from [17,18]
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V
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where N (x, r, b) is the dipole amplitude and T denotes transverse polarization of the quasi-
real photon. Here
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with ✏2 = m

2
f

for real photons. Furthermore r =
p
r2, while f = c, b denotes the flavor of the

heavy quark and ê

f

= 2/3, �1/3. For the scalar parts of the wave functions �
T,L

(r, z), we
employ the boosted Gaussian wave-functions with the Brodsky-Huang-Lepage prescription
[31]. For the ground state vector meson (1s) the scalar function �

T

(r, z), has the following
general form [18,32],

�

1s
T,L

(r, z) = N
T,L

z(1� z) exp
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2
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R2
1s

8z(1� z)
� 2z(1� z)r2

R2
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+
m

2
f

R2
1s

2

!
. (7)

The free parameters N
T

and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
we use the values found in [14] ( J/ ) and [16] ( ⌥). The parameters are summarized in
Tab. 1. In the forward limit t = 0, one further has,

2

Z
d

2bN (x, r, b) = �

qq̄

(x, r) . (8)

where �
qq̄

denotes the inclusive dipole cross-section which is related to the unintegrated gluon
density F through [33]

�

qq̄

(x, r) =
4⇡

N

c

Z
d

2k

k2

⇣
1� e

ik·r
⌘
↵

s

F(x,k2) . (9)

4

dipole cross-section from 
unintegrated gluon F =object of 
interest
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qq̄
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where �
qq̄

denotes the inclusive dipole cross-section which is related to the unintegrated gluon
density F through [33]

�

qq̄

(x, r) =
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N

c

Z
d

2k

k2

⇣
1� e

ik·r
⌘
↵

s

F(x,k2) . (10)

In [25] this expression has been used to calculate the BFKL impact factor in transverse Mellin
space from the light-front wave function overlap Eq. (7). In the following study we chose a
slightly di↵erent route and calculate the dipole cross-section directly from the regarding KS
and HSS unintegrated gluon densities. For a detailed discussion of the framework underlying
both gluon distributions we refer to the literature: [28, 29] (KS) and [26,34] (HSS).

2.2 Numerical results using standard implementations

The main uncertainty left is the scale at which the strong coupling constant ↵
s

is to be
evaluated in Eq. (10). In the case of the J/ , which is characterized by a relatively small
hard scale m

c

' 1.4 GeV and therefore large value of the strong coupling constant ↵
s

' 0.31,
this is leads to a sizable ambiguity in the normalization of the total cross-section, since the
latter depends through Eq. (1) quadratically on ↵

s

. Using similar conventions as used in
original fits of the KS and HSS gluon distributions, we fix this scale to a typical hard scale of
the process. For the KS gluon we chose both for the photo-production of ⌥ and J/ vector
mesons, the mass of the respective heavy quark as the hard scale; for the HS-gluon it was
found in [25] that a scale related to the size of the J/ wave function is more suitable in the
case of J/ -production, MHS

J/ = 8/R2
J/ = 3.27 GeV while we use the bottom quark mass

for ⌥-production. The results of our study for the fixed scale case can be found in Fig. 1,
where continuous, black lines correspond to the KS-gluon and dotted, green lines to the HS-
gluon at fixed scales; the dashed green lines, corresponding to a special scale setting of the
HSS gluon, and the linear KS-gluon will be discussed in the forthcoming section. We observe
that both the KS-gluon distribution and the HSS-gluon distribution provide an excellent
description of the energy dependence of the data. While the KS-gluon requires in the current
study a K-factor of 1.4 � 1.5, we note that the size of such a correction strongly depends
on the precise scale choice of the strong coupling constant and the precise parametrization
used for the t-slope parameter B

D

, Eq. (2). Indeed, using the parametrization of the B

D

parameter suggested in [16], would bring the K-factor of the KS-gluon close to one in the
case of ⌥-photo-production. We further note that our study does not include a frequently
employed phenomenological corrective factor which can be determined through relating the
inclusive collinear gluon distribution to generalized parton distribution through a Shuvaev
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and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
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is a function which collects both factors resulting from the proton impact factor and the
transformation of the unintegrated gluon density to the dipole cross-section, see [25, 26] for
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where �
i

, i = 0, 1 denotes the LO and NLO BFKL eigenvalue and �RG resums (anti-)collinear
poles to all orders; for details about the individual kernels see [25, 26]. The scale M is a
characteristic hard scale of the process. The second contribution �̂

corr. is proportional to
�0 and acts in �-space as a di↵erential operator on the impact factors of external particles.
These terms do not exponentiate and have been therefore treated in [26] as a perturbative
correction to the BFKL Green’s function. Even though �̂corr. is suppressed by a factor of ↵2
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,
enhancement by ln(1/x) will eventually compensate for the smallness of the strong coupling
constant and invalidate the perturbative expansion. The behavior of the HSS-dipole cross-
section is studied in Fig. 2. To identify the relevant region in dipole size r for J/ photo-
production we further define
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boosted Gaussian scalar wave function using Brodsky-Huang-
Lepage  prescription

parameters from normalization and decay width [Armesto, Rezaeian; 1402.4831] 
(J/𝛹) and  [Goncalves, Moreira,Navarra;1408.1344 ] (ϒ)



how to relate the imaginary part of the scattering 
amplitude to experiment?

The outline of this letter is as follows: In Sec. 2 we provide details of our theoretical
description, Sec. 3 is dedicated to a discussion of the large perturbative corrections of the
NLO BFKL gluon in the large W region while in Sec. 4 we present our conclusions.

2 Energy dependence of the photo-production cross-section

We study the process 1
�(q) + p(p) ! V (q0) + p(p0) where V = J/ ,⌥(1S) and � denotes a

quasi-real photon with virtuality Q ! 0; W 2 = (q+ p)2 is the squared center-of-mass energy
of the �(q)+p(p) collision. The x value probed in such a collision is obtained as x ' M

2
V

/W

2

with M

V

the mass of the vector meson. With the momentum transfer t = (q � q

0)2, the
di↵erential cross-section for the exclusive production of a vector meson can be written in the
following form
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=
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, t = 0)
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, (1)

where A(W 2
, t) denotes the scattering amplitude for the reaction �p ! V p for color singlet

exchange in the t-channel, with an overall factor W 2 already extracted. For a more detailed
discussion of the kinematics we refer to [25].
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2.1 The theoretical setup of our study

In the following we determine the total photo-production cross-section, based on an inclusive
gluon distribution. This is possible following a two step procedure, frequently employed in
the literature: First one determines the di↵erential cross-section at zero momentum transfer
t = 0 (which can be expressed in terms of the inclusive gluon distribution); in a second step
the t-dependence is modeled which then allows us to relate the di↵erential cross-section at
t = 0 to the integrated cross-section. Here we follow the prescription given in [21,22], where
an exponential drop-o↵ with |t|, � ⇠ exp [�|t|B

D

(W )] is used with an energy dependent t

slope parameter B
D

, as motivated by Regge theory,
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1Besides HERA data we also use the LHC p-p and Pb-p data where highly boosted p and Pb respectively
become a source of photons leading to Ultra Peripheral Collisions
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a) analytic properties of scattering amplitude → real part

Following [21, 22], we use for the numerical values ↵

0 = 0.06 GeV�2, W0 = 90 GeV and

b

J/ 
0 = 4.9 GeV�2 in the case of the J/ , while b

⌥
0 = 4.63 GeV�2 for ⌥ production. The

total cross-section for vector meson production is therefore obtained as
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(�p ! V p)
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The uncertainty introduced by the modeling of the t-dependence mainly a↵ects the overall
normalization of the cross-section with a mild logarithmic dependence on the energy. To
determine the scattering amplitude, we first note that the dominant contribution is provided
by its imaginary part. Corrections due to the real part of the scattering amplitude can be
estimated using dispersion relations, in particular
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d ln=mA(x, t)

d ln 1/x
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As noted in [25,30], the dependence of the slope parameter � on energy W provides a sizable
correction to the W dependence of the complete cross-section. We therefore do not assume
� = const., but instead determine the slope � directly from the W -dependent imaginary part
of the scattering amplitude. The latter is obtained from [17,18]
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where N (x, r, b) is the dipole amplitude and T denotes transverse polarization of the quasi-
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for real photons. Furthermore r =
p
r2, while f = c, b denotes the flavor of the

heavy quark and ê
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= 2/3, �1/3. For the scalar parts of the wave functions �

T,L

(r, z), we
employ the boosted Gaussian wave-functions with the Brodsky-Huang-Lepage prescription
[31]. For the ground state vector meson (1s) the scalar function �

T

(r, z), has the following
general form [18,32],
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The free parameters N
T

and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
we use the values found in [14] ( J/ ) and [16] ( ⌥). The parameters are summarized in
Tab. 1. In the forward limit t = 0, one further has,
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The outline of this letter is as follows: In Sec. 2 we provide details of our theoretical
description, Sec. 3 is dedicated to a discussion of the large perturbative corrections of the
NLO BFKL gluon in the large W region while in Sec. 4 we present our conclusions.

2 Energy dependence of the photo-production cross-section

We study the process 1
�(q) + p(p) ! V (q0) + p(p0) where V = J/ ,⌥(1S) and � denotes a

quasi-real photon with virtuality Q ! 0; W 2 = (q+ p)2 is the squared center-of-mass energy
of the �(q)+p(p) collision. The x value probed in such a collision is obtained as x ' M
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with M
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the mass of the vector meson. With the momentum transfer t = (q � q

0)2, the
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where A(W 2
, t) denotes the scattering amplitude for the reaction �p ! V p for color singlet

exchange in the t-channel, with an overall factor W 2 already extracted. For a more detailed
discussion of the kinematics we refer to [25].
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2.1 The theoretical setup of our study

In the following we determine the total photo-production cross-section, based on an inclusive
gluon distribution. This is possible following a two step procedure, frequently employed in
the literature: First one determines the di↵erential cross-section at zero momentum transfer
t = 0 (which can be expressed in terms of the inclusive gluon distribution); in a second step
the t-dependence is modeled which then allows us to relate the di↵erential cross-section at
t = 0 to the integrated cross-section. Here we follow the prescription given in [21,22], where
an exponential drop-o↵ with |t|, � ⇠ exp [�|t|B
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, as motivated by Regge theory,
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1Besides HERA data we also use the LHC p-p and Pb-p data where highly boosted p and Pb respectively
become a source of photons leading to Ultra Peripheral Collisions
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b) differential Xsection at t=0:

c) from experiment:
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0 = 0.06 GeV�2, W0 = 90 GeV and
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0 = 4.9 GeV�2 in the case of the J/ , while b
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total cross-section for vector meson production is therefore obtained as
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The uncertainty introduced by the modeling of the t-dependence mainly a↵ects the overall
normalization of the cross-section with a mild logarithmic dependence on the energy. To
determine the scattering amplitude, we first note that the dominant contribution is provided
by its imaginary part. Corrections due to the real part of the scattering amplitude can be
estimated using dispersion relations, in particular
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As noted in [25,30], the dependence of the slope parameter � on energy W provides a sizable
correction to the W dependence of the complete cross-section. We therefore do not assume
� = const., but instead determine the slope � directly from the W -dependent imaginary part
of the scattering amplitude. The latter is obtained from [17,18]
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r2, while f = c, b denotes the flavor of the
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employ the boosted Gaussian wave-functions with the Brodsky-Huang-Lepage prescription
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The free parameters N
T

and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
we use the values found in [14] ( J/ ) and [16] ( ⌥). The parameters are summarized in
Tab. 1. In the forward limit t = 0, one further has,
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The uncertainty introduced by the modeling of the t-dependence mainly a↵ects the overall
normalization of the cross-section with a mild logarithmic dependence on the energy. To
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The free parameters N
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and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
we use the values found in [14] ( J/ ) and [16] ( ⌥). The parameters are summarized in
Tab. 1. In the forward limit t = 0, one further has,
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The outline of this letter is as follows: In Sec. 2 we provide details of our theoretical
description, Sec. 3 is dedicated to a discussion of the large perturbative corrections of the
NLO BFKL gluon in the large W region while in Sec. 4 we present our conclusions.

2 Energy dependence of the photo-production cross-section

We study the process 1
�(q) + p(p) ! V (q0) + p(p0) where V = J/ ,⌥(1S) and � denotes a

quasi-real photon with virtuality Q ! 0; W 2 = (q+ p)2 is the squared center-of-mass energy
of the �(q)+p(p) collision. The x value probed in such a collision is obtained as x ' M

2
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/W
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with M

V

the mass of the vector meson. With the momentum transfer t = (q � q

0)2, the
di↵erential cross-section for the exclusive production of a vector meson can be written in the
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2.1 The theoretical setup of our study

In the following we determine the total photo-production cross-section, based on an inclusive
gluon distribution. This is possible following a two step procedure, frequently employed in
the literature: First one determines the di↵erential cross-section at zero momentum transfer
t = 0 (which can be expressed in terms of the inclusive gluon distribution); in a second step
the t-dependence is modeled which then allows us to relate the di↵erential cross-section at
t = 0 to the integrated cross-section. Here we follow the prescription given in [21,22], where
an exponential drop-o↵ with |t|, � ⇠ exp [�|t|B
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1Besides HERA data we also use the LHC p-p and Pb-p data where highly boosted p and Pb respectively
become a source of photons leading to Ultra Peripheral Collisions
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Results I
• leading order wave 

function → don’t control 
normalization (scale of 𝛼s) 
 

• standard scale choices 
for dipole cross-sections 
(~external scales)→ very 
good description of 
energy dependence with 
both HSS and KS gluon 

• premature (?) conclusion: 
non-linear dynamics is 
absent

Following [21, 22], we use for the numerical values ↵

0 = 0.06 GeV�2, W0 = 90 GeV and

b

J/ 
0 = 4.9 GeV�2 in the case of the J/ , while b
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The uncertainty introduced by the modeling of the t-dependence mainly a↵ects the overall
normalization of the cross-section with a mild logarithmic dependence on the energy. To
determine the scattering amplitude, we first note that the dominant contribution is provided
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As noted in [25,30], the dependence of the slope parameter � on energy W provides a sizable
correction to the W dependence of the complete cross-section. We therefore do not assume
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of the scattering amplitude. The latter is obtained from [17,18]
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The free parameters N
T

and R1s of this model have been determined in various studies from
the wave function normalization and the decay width of the vector mesons. In the following
we use the values found in [14] ( J/ ) and [16] ( ⌥). The parameters are summarized in
Tab. 1. In the forward limit t = 0, one further has,
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ϒ as perturbative control:
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How strong is the growth 
of the low density gluon?



A first hint from a previous BFKL study
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error band: variation of renormalization scale 
→ in general pretty small = stability 

…but error blows up for highest energies 

does it mean something?



Inspection of the HSS dipole
after Fourier transform 
still 2 terms: 

evolution used for the HSS-fit, one finds at the at level of the dipole cross-section two terms
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large terms proportional to the first coe�cient of the QCD beta function, �0 = 11N
c

/3�2n
f

/3
have been resumed through employing a Brodsky-Lepage-Mackenzie (BLM) optimal scale
setting scheme [50]. The NLL kernel with collinear improvements reads

�
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2
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2
s

�̃1 (�)�
1

2
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2
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0
0 (�)�0 (�) + �RG(↵̄s

, �, ã, b̃). (14)

where �
i

, i = 0, 1 denotes the LO and NLO BFKL eigenvalue and �RG resums (anti-)collinear
poles to all orders; for details about the individual kernels see [25, 26]. The scale M is a
characteristic hard scale of the process. The second contribution �̂

corr. is proportional to
�0 and acts in �-space as a di↵erential operator on the impact factors of external particles.
These terms do not exponentiate and have been therefore treated in [26] as a perturbative
correction to the BFKL Green’s function. Even though �̂

corr. is suppressed by a factor of ↵2
s

,
enhancement by ln(1/x) will eventually compensate for the smallness of the strong coupling
constant and invalidate the perturbative expansion. The behavior of the HSS-dipole cross-
section is studied in Fig. 2. To identify the relevant region in dipole size r for J/ photo-
production we further define

W (r) = 2⇡r

Z 1

0

dz

4⇡
( ⇤

V

 )
T

(r, z), (15)

as the z-integrated wave function overlap. Working with a fixed hard scale M

2 = 3.27 GeV2

we find in Fig. 2, that the perturbative expansion is well under control for a typical HERA x

value of x = 3.55 ·10�4 (Fig. 2.a). Turning however to the lowest x values probed at the LHC
of x = 2.81·10�6 (Fig. 2.b) we observe that the correction term is generally large; for certain r

values, which are further enhanced through the r-dependence of W (r), they even super-seed
the dominant term, resulting into a negative dipole cross-section. While the dipole cross-
section is not an observable, this clearly indicates a breakdown of the perturbative expansion
for dipole sizes where the integrated wave function overlap W (r) has its maximum value. The
problem of unnaturally large higher order corrections can be fixed by choosing a hard scale
related to the transverse size of the dipole. Following the scale setting used in fits [51] of the
IP-sat model [52], we may therefore chose M

2 = 4
r

2 + µ

2
0 with µ

2
0 = 1.51 GeV2. With this

scale, we find that the perturbative expansion indeed stabilizes: both for the HERA (Fig. 2.c)
and LHC x-values (Fig. 2.d) the perturbative term is well under control. Turning with this
choice for the hard scale however to data, we find that this scale setting (green dashed line
in Fig. 1) describes very well the energy dependence of ⌥-photo-production as well as J/ 
photo-production in the HERA region W < 300 GeV, but fails to describe J/ production
at the LHC (W > 300 GeV). The resulting growth with energy is too strong and the data are
no longer described (Fig. 1, top). We therefore conclude that NLO BFKL evolution can only
describe data in the region W > 300 GeV if one accepts very large perturbative corrections,
which super-seed for certain dipole sizes the dominant term and which slow down the growth
of the cross-section. If the size of these perturbative corrections is reduced using an suitable
hard scale, the growth of the HSS-gluon is too strong and cannot be accomodated by data.

The KS-gluon, which is subject to LO-BK evolution with collinear resummation provides
a very good description of J/ data in the region W > 300 GeV. To answer the question
whether this description relies on the presence of non-linear terms in the evolution equation,
we compare in addition to a linearized KS gluon (dashed black line in Fig. 1). We find that

9

NLO BFKL kernel (BLM scale 
setting) + coll. resummation

running coupling corrections which do not 
exponentiate = a perturbative correction



What is the problem?
2nd term = running 
coupling correction
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negative  
+ enhanced by log(1/x)

→ at some (maybe very very small 
x), this will eventually dominate the 
leading term!

running coupling corrections which do not 
exponentiate = a perturbative correction
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the correction is small for HERA 
kinematics → not a problem for 
the initial fit

…. but the correction dominates 
for small dipole sizes r at the 
smallest x values reached

The outline of this letter is as follows: In Sec. 2 we provide details of our theoretical
description, Sec. 3 is dedicated to a discussion of the large perturbative corrections of the
NLO BFKL gluon in the large W region while in Sec. 4 we present our conclusions.

2 Energy dependence of the photo-production cross-section

We study the process 1
�(q) + p(p) ! V (q0) + p(p0) where V = J/ ,⌥(1S) and � denotes a

quasi-real photon with virtuality Q ! 0; W 2 = (q+ p)2 is the squared center-of-mass energy
of the �(q)+p(p) collision. The x value probed in such a collision is obtained as x ' M

2
V

/W

2

with M

V

the mass of the vector meson. With the momentum transfer t = (q � q

0)2, the
di↵erential cross-section for the exclusive production of a vector meson can be written in the
following form

d�

dt

(�p ! V p)

����
t=0

=
1

16⇡

��A�p!V p(W 2
, t = 0)

��2
, (1)

where A(W 2
, t) denotes the scattering amplitude for the reaction �p ! V p for color singlet

exchange in the t-channel, with an overall factor W 2 already extracted. For a more detailed
discussion of the kinematics we refer to [25].

A�p!V p(x, t = 0) =

✓
i+ tan

�(x)⇡

2

◆
·
Z

drW (r)

✓
i+ tan

�(x)⇡

2

◆
·
Z

drW (r)�
qq̄

(x, r)

⇠ e

�BD(x)|t|

=mA�p!V p(x, t = 0) =

Z 1

0
drW (r)�

qq̄

(x, r)

2.1 The theoretical setup of our study

In the following we determine the total photo-production cross-section, based on an inclusive
gluon distribution. This is possible following a two step procedure, frequently employed in
the literature: First one determines the di↵erential cross-section at zero momentum transfer
t = 0 (which can be expressed in terms of the inclusive gluon distribution); in a second step
the t-dependence is modeled which then allows us to relate the di↵erential cross-section at
t = 0 to the integrated cross-section. Here we follow the prescription given in [21,22], where
an exponential drop-o↵ with |t|, � ⇠ exp [�|t|B

D

(W )] is used with an energy dependent t

slope parameter B
D

, as motivated by Regge theory,

B

D

(W ) =


b0 + 4↵0 ln

W

W0

�
GeV�2

. (2)

Following [21, 22], we use for the numerical values ↵

0 = 0.06 GeV�2, W0 = 90 GeV and

b

J/ 
0 = 4.9 GeV�2 in the case of the J/ , while b

⌥
0 = 4.63 GeV�2 for ⌥ production. The

1Besides HERA data we also use the LHC p-p and Pb-p data where highly boosted p and Pb respectively
become a source of photons leading to Ultra Peripheral Collisions

3

recall:

compare dominant vs. correction & how they add up

turns out



how to cure it?

does not exclude presence of saturation e↵ects; it merely demonstrates the ability to fit the
resulting x-dependence of the underlying gluon distribution. While this initial x-distribution
can be evolved through DGLAP evolution to events with higher hard scales, such events
are generally characterized by larger values of x (x⌥ > 2.28 · 10�5 vs. x

J/ > 2.99 · 10�6

in the current case). Taking further into account that DGLAP evolution is known to shift
large x input to lower x, it is therefore save to say that the mere ability of DGLAP fits to
accommodate low x J/ photo-production data, does not exclude the potential presence of
sizable non-linear e↵ects for the data points at highest W -values.

Instead of DGLAP evolution, a suitable benchmark to establish presence/absence of gluon
saturation is provided by linear NLO BFKL evolution, such as the HSS gluon. While the
HSS gluon provides a very good description of both ⌥ and J/ photo-production data,
the following observation can be made: Recalling the particularly solution of NLO BFKL
evolution used for the HSS-fit, one finds at the at level of the dipole cross-section two terms
d

dN(x, r)

d ln 1
x

=

Z
d

2r1K(r, r1) [N(x, r1) +N(x, r2)�N(x, r)�N(x, r1)N(x, r2)]

r2 = |r � r1|

d�

�p

dt

����
t=0

=

Z 1

0
drW (r) · �

qq̄

(x, r) �

�p

=
1

B

D

(x)

d�

�p

dt

����
t=0

�

�p

(x) =
1

B

D

(x)

Z 1

0
drW (r)�

qq̄

(x, r)

�̂

(HSS)
qq̄

(x, r) = �̂

(dom.)
qq̄

(x, r) + �̂

(corr.)
qq̄

(x, r)

�̂

(corr.)
qq̄

(x, r) = �↵2
s

ln

✓
1

x

◆
�̂

(1)
qq̄

(x, r)

�

(HSS)
qq̄

(x, r) = ↵

s

�̂

(HSS)
qq̄

(x, r), �̂

(HSS)
qq̄

(x, r) = �̂

(dom.)
qq̄

(x, r) + �̂

(corr.)
qq̄

(x, r), (11)

where

�̂

(dom)
qq̄

(x, r,M2) =

1
2+i1Z

1
2�i1

d�

2⇡i

✓
4

r

2
Q

2
0

◆
�

↵̄

s

(M ·Q0)

↵̄

s

(M2)
f(�, Q0, �, r)

✓
1

x

◆
�(�,M2)

�̂

(corr.)
qq̄

(x, r,M2) =

1
2+i1Z

1
2�i1

d�

2⇡i

✓
4

r

2
Q

2
0

◆
�

↵̄

s

(M ·Q0)

↵̄

s

(M2)
f(�, Q0, �, r)

✓
1

x

◆
�(�,M2)

⇥ ↵̄

2
s

�0�0 (�)

8N
c

log

✓
1

x

◆"
�  (� � �) + log

M

2
r

2

4
� 1

1� �

�  (2� �)�  (�)

#
, (12)
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problem arises for 
small dipole sizes

the troublemaker



natural solution to such problem: chose  r-dependent 
running coupling scale = the inverse transverse size of the 
dipole

large terms proportional to the first coe�cient of the QCD beta function, �0 = 11N
c

/3�2n
f

/3
have been resumed through employing a Brodsky-Lepage-Mackenzie (BLM) optimal scale
setting scheme [50]. The NLL kernel with collinear improvements reads

�

�
�,M

2
�
= ↵̄

s

�0 (�) + ↵̄

2
s

�̃1 (�)�
1

2
↵̄

2
s

�

0
0 (�)�0 (�) + �RG(↵̄s

, �, ã, b̃). (14)

where �
i

, i = 0, 1 denotes the LO and NLO BFKL eigenvalue and �RG resums (anti-)collinear
poles to all orders; for details about the individual kernels see [25, 26]. The scale M is a
characteristic hard scale of the process. The second contribution �̂

corr. is proportional to
�0 and acts in �-space as a di↵erential operator on the impact factors of external particles.
These terms do not exponentiate and have been therefore treated in [26] as a perturbative
correction to the BFKL Green’s function. Even though �̂

corr. is suppressed by a factor of ↵2
s

,
enhancement by ln(1/x) will eventually compensate for the smallness of the strong coupling
constant and invalidate the perturbative expansion. The behavior of the HSS-dipole cross-
section is studied in Fig. 2. To identify the relevant region in dipole size r for J/ photo-
production we further define

W (r) = 2⇡r

Z 1

0

dz

4⇡
( ⇤

V

 )
T

(r, z), (15)

as the z-integrated wave function overlap. Working with a fixed hard scale M

2 = 3.27 GeV2

we find in Fig. 2, that the perturbative expansion is well under control for a typical HERA x

value of x = 3.55 ·10�4 (Fig. 2.a). Turning however to the lowest x values probed at the LHC
of x = 2.81·10�6 (Fig. 2.b) we observe that the correction term is generally large; for certain r

values, which are further enhanced through the r-dependence of W (r), they even super-seed
the dominant term, resulting into a negative dipole cross-section. While the dipole cross-
section is not an observable, this clearly indicates a breakdown of the perturbative expansion
for dipole sizes where the integrated wave function overlap W (r) has its maximum value. The
problem of unnaturally large higher order corrections can be fixed by choosing a hard scale
related to the transverse size of the dipole. Following the scale setting used in fits [51] of the
IP-sat model [52], we may therefore chose M

2 = 4
r

2 + µ

2
0 with µ

2
0 = 1.51 GeV2. With this

scale, we find that the perturbative expansion indeed stabilizes: both for the HERA (Fig. 2.c)
and LHC x-values (Fig. 2.d) the perturbative term is well under control. Turning with this
choice for the hard scale however to data, we find that this scale setting (green dashed line
in Fig. 1) describes very well the energy dependence of ⌥-photo-production as well as J/ 
photo-production in the HERA region W < 300 GeV, but fails to describe J/ production
at the LHC (W > 300 GeV). The resulting growth with energy is too strong and the data are
no longer described (Fig. 1, top). We therefore conclude that NLO BFKL evolution can only
describe data in the region W > 300 GeV if one accepts very large perturbative corrections,
which super-seed for certain dipole sizes the dominant term and which slow down the growth
of the cross-section. If the size of these perturbative corrections is reduced using an suitable
hard scale, the growth of the HSS-gluon is too strong and cannot be accomodated by data.

The KS-gluon, which is subject to LO-BK evolution with collinear resummation provides
a very good description of J/ data in the region W > 300 GeV. To answer the question
whether this description relies on the presence of non-linear terms in the evolution equation,
we compare in addition to a linearized KS gluon (dashed black line in Fig. 1). We find that

9

this has been used already: 
scale choice used in IPsat dipole model [Bartels, Golec-Biernat, Kowalksi, hep-
ph/0203258]; 
fit: [Rezaeian, Siddikov, Van de Klundert, Venugopalan; 1212.2974]
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resum large log into 
running coupling 
→ stabilize perturbative 
expansion



What does it imply for our 
description of data?
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a small variation for the perturbative check = the ϒ

the growth is 
slightly stronger  

essentially a scale 
variation around 
the b-mass
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• The J/𝜓 is still well described in the HERA region  
(W < 400GeV)→ expected since the correction was small for 
such x-values 

• The (running coupling resummed) NLO BFKL overshoots 
however now the data→ classical signal for gluon saturation!



Do we see something no 
related to a non-linear effect?

→ turn off non-linear terms in the KS gluon 
(originally a separate fit with certain IR cut-off)
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linear KS gluon → growth too strong for both ϒ & J/𝜓 
→ non-linear terms are essential for KS description of data 

most direct evidence for gluon saturation seen so far?



What have we seen so far?
• NLO BFKL (linear evolution) only describes data if 

(negative) perturbative corrections is larger than 
the leading term (= breakdown of expansion) 

• Tame size of correction → description of ϒ and J/𝜓 
in HERA region, growth too strong for J/𝜓 at LHC 

• non-linear KS gluon describes data & non-linear 
terms essential

→ What about other approaches?



Introduction

DGLAP vs. saturation (II)
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I high density e↵ects die away in collinear limit
I DGLAP unstable at ultra-small x and small scales ...
I convinced: pdf studies highly valuable ! constrain pdf’s at

ultra-small x
I useful benchmark for saturation searches (?)
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schematic vs. reality

DGLAP

low x

• fit x-dependence + evolve from J/𝛹 (2.4 GeV2) to ϒ (22.4 GeV2)  
• DGLAP shifts large x input (low scales) to low x (high scales)  

+  higher twist dies away fast in evolution 
→constrain pdfs, but don’t learn about saturation (easily overseen)

DGLAP: 
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Abstract

We investigate photo-production of vector mesons J/ and ⌥, based on both HERA
and LHC data, using 3 particular fits of inclusive unintegrated gluon distributions, based
on non-linear Balitsky-Kovchegov evolution (Kutak-Sapeta gluon; KS), based on lin-
earized version of KS gluon i.e. KS-linear, and next-to-leading order Balitsky-Fadin-
Kuraev-Lipatov evolution (Hentschinski-Sabio Vera-Salas gluon; HSS). We find that lin-
ear next-to-leading order evolution can only describe production at highest energies, if
perturbative corrections are increased to unnaturally large values; rendering this correc-
tions to a perturbative size, the growth with energy is too strong and the description fails.
At the same time, the KS gluon, which we explore both with and without non-linear cor-
rections, requires the latter to achieve an accurate description of the energy dependence
of data. We interpret this observation as a clear signal for the presence of high gluon
densities in the the proton, characteristic for the onset of gluon saturation.

1 Introduction

�

qq̄

(x, r) =

Z
d

2b

⌦
1� V

�
b+ r

2

�
V

† �b� r
2

�↵
x

N

c

Energies available at the LHC allow for a detailed study of dynamical e↵ects of Quantum
Chromodynamics (QCD). A prominent example is the Heavy Ion program which focuses on
the study of the Quark Gluon Plasma (QGP). While many of the QGP properties are un-
derstood, the initial state leading to its formation poses still open questions [1, 2]. A closely
related question is the formation of an over occupied system of gluons, which eventually leads
to saturation of gluon densities [3]; finding convincing phenomenological evidence for gluon
saturation is still one of the open problems of QCD. On microscopic level, gluon saturation
is expected to arise as a consequence of recombination of so-called wee gluons. The net e↵ect
of such recombination is to slow down the growth of gluon number density with energy, com-
monly referred to as gluon saturation. The evolution from the low to large gluon densities is
described by a set of nonlinear evolution equations, known as Balitsky-Jalilian-Marian-Iancu-
McLerran-Weigert-Leonidov-Kovner evolution [4–6]; its frequent used mean field version is

1

p

�q

l

�k1

l � k1

p

�q

l

p� l

Figure 2: Left: Tree diagram with 2 insertions of the vertices Eqs. (7) and (8): the internal mo-

mentum k1 is integrated over like a loop momenta i.e. with

R

d

4
k1/(2⇡)4. Right: Tree diagram with

1 insertion the vertices Eqs. (7) and (8): all momenta are fixed by external momenta

p q

= ⌧

F,ij
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+)
/
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⇥
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d
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iz·(p�q)
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✓(p+)
⇥

V

ij

(z)� 1
ij

⇤

� ✓(�p

+)
⇥

V

†
ij

(z)� 1
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⇤

o

(7)

p q

= ⌧

ab

G

(p, q) = 2⇡�(p+ � q

+) (�2p+)

⇥
Z

d

2

ze

iz·(p�q)

⇢

✓(p+)
⇥

U

ab(z)� 1
⇤

� ✓(�p

+)
⇥

⇣

U
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⌘†
(z)� 1

⇤

�

(8)

with Wilson lines in fundamental (V ) and adjoint (U) representation. They read

V (z) ⌘ V

ij

(z) ⌘ Pexp ig

1
Z

�1

dx

+

A

�,c(x+, z)tc

U(z) ⌘ U

ab(z) ⌘ Pexp ig

1
Z

�1

dx

+

A

�,c(x+, z)T c (9)

with �iT

c

ab

= f

acb. To construct amplitudes in the presence of a (strong) background field, it
is convenient to extend conventional QCD momentum space Feynman rules by two additional
rules: (a) adding the vertices Eqs. (7) and (8) and (b) the requirement that all internal
momenta p, i.e. momenta which cannot be expressed in terms of momenta of external

particles, are integrated over with the measure
R

d

4

p

(2⇡)

4

, in 1-1 correspondence to conventional

loop momenta. In tree diagrams such internal momenta arise if n � 2 vertices from Eqs. (7)
and (8), are inserted into a single Feynman diagram; see Fig. 2 for an illustrative example. If
the number n of produced colored particles in the final state is small, n  2, the above method
provides an e�cient alternative to the calculation of matrix elements in the presence of large
gluon densities, see [11, 24] for earlier examples. For final states with large multiplicities,
n � 3, the method becomes ine�cient due to the large number of Feynman diagrams which
need to be considered. While the process �⇤+ target ! q + q̄ requires 3 diagrams, one finds
already 16 diagrams for the process �

⇤+ target ! q + q̄ + g. Moreover, calculations based

5

reason: for dipole cross-section many gluons couple to 
dipole as if few

[Bartels, Wusthoff, Z. Phys. C 66 (1995)]

[Balitsky, Belitsky; NPB 629 (2002) 290], [Ayala, Jalilian-Marian, 
McLerran, Venugopalan, PRD 52 (1995) 2935-2943]

[MH; 1802.06755]

formal: dipole Xsection from 2 Wilson line correlator  
high density effects entirely from low x evolution → for DGLAP fitted 
to data! 
+ high density effects  in evolution twist suppressed (large Nc)

[Bartels, Kutak; 0710.3060]



Is this seen also by 
someone else?
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Figure 6. Compilation of photoproduction cross-sections for various experiments. The upper
(lower) plot uses the J/ψ (ψ(2S)) data.
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physics (see also below).
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[LHCb coll.; 1806.04076]

our study: QCD low x evolution



Possible limitations

for this observable = 
this is how the onset 
of gluon saturation 
would like 

• NLO accuracy for both 
non-linear evolution, wave 
functions for VM 
production + DIS fit highly 
desirable 

• extraction of 𝜸p an own 
challenge (gap survival 
factors etc.)→ how well 
do we control the errors?

→ need to complete picture with more observable & 
higher theoretical accuracy; 



• at an EIC: control photon virtuality (→ hard scale) = 
more precise comparison to DGLAP evolution 

• saturation should manifest itself in many ways in 
particular the pT spectrum should reveal the 
existence of a saturation scale→ dijets, 3 jets etc. 
= search for observables for which high density is 
more directly visible 

• understanding higher order (=NLO) corrections and 
role of soft logarithms is just beginning → progress 
is needed



Summary and Conclusion
• NLO BFKL (linear evolution) only describes data if 

(negative) perturbative corrections is larger than 
the leading term (= breakdown of expansion) 

• Tame size of correction → description of ϒ and J/𝜓 
in HERA region, growth too strong for J/𝜓 at LHC 

• non-linear KS gluon describes data & non-linear 
terms essential 

→ so far: most direct evidence for  gluon saturation
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large terms proportional to the first coe�cient of the QCD beta function, �0 = 11N
c

/3�2n
f

/3
have been resumed through employing a Brodsky-Lepage-Mackenzie (BLM) optimal scale
setting scheme [50]. The NLL kernel with collinear improvements reads
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, i = 0, 1 denotes the LO and NLO BFKL eigenvalue and �RG resums (anti-)collinear
poles to all orders; for details about the individual kernels see [25, 26]. The scale M is a
characteristic hard scale of the process. The second contribution �̂

corr. is proportional to
�0 and acts in �-space as a di↵erential operator on the impact factors of external particles.
These terms do not exponentiate and have been therefore treated in [26] as a perturbative
correction to the BFKL Green’s function. Even though �̂

corr. is suppressed by a factor of ↵2
s

,
enhancement by ln(1/x) will eventually compensate for the smallness of the strong coupling
constant and invalidate the perturbative expansion. The behavior of the HSS-dipole cross-
section is studied in Fig. 2. To identify the relevant region in dipole size r for J/ photo-
production we further define
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as the z-integrated wave function overlap. Working with a fixed hard scale M

2 = 3.27 GeV2

we find in Fig. 2, that the perturbative expansion is well under control for a typical HERA x

value of x = 3.55 ·10�4 (Fig. 2.a). Turning however to the lowest x values probed at the LHC
of x = 2.81·10�6 (Fig. 2.b) we observe that the correction term is generally large; for certain r

values, which are further enhanced through the r-dependence of W (r), they even super-seed
the dominant term, resulting into a negative dipole cross-section. While the dipole cross-
section is not an observable, this clearly indicates a breakdown of the perturbative expansion
for dipole sizes where the integrated wave function overlap W (r) has its maximum value. The
problem of unnaturally large higher order corrections can be fixed by choosing a hard scale
related to the transverse size of the dipole. Following the scale setting used in fits [51] of the
IP-sat model [52], we may therefore chose M

2 = 4
r

2 + µ

2
0 with µ

2
0 = 1.51 GeV2. With this

scale, we find that the perturbative expansion indeed stabilizes: both for the HERA (Fig. 2.c)
and LHC x-values (Fig. 2.d) the perturbative term is well under control. Turning with this
choice for the hard scale however to data, we find that this scale setting (green dashed line
in Fig. 1) describes very well the energy dependence of ⌥-photo-production as well as J/ 
photo-production in the HERA region W < 300 GeV, but fails to describe J/ production
at the LHC (W > 300 GeV). The resulting growth with energy is too strong and the data are
no longer described (Fig. 1, top). We therefore conclude that NLO BFKL evolution can only
describe data in the region W > 300 GeV if one accepts very large perturbative corrections,
which super-seed for certain dipole sizes the dominant term and which slow down the growth
of the cross-section. If the size of these perturbative corrections is reduced using an suitable
hard scale, the growth of the HSS-gluon is too strong and cannot be accomodated by data.

The KS-gluon, which is subject to LO-BK evolution with collinear resummation provides
a very good description of J/ data in the region W > 300 GeV. To answer the question
whether this description relies on the presence of non-linear terms in the evolution equation,
we compare in addition to a linearized KS gluon (dashed black line in Fig. 1). We find that

9

NLO BFKL eigenvalue 
with collinear 
resummation (‘RG’)

HSS gluon = 2 terms

core element:
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proton  & dipole impact 
factors



High density effects in theory description at low x 

the real gluon interacting with the quark at the same vertex) and therefore posesses, as
far as the pole structure is concerend, the same structure as the the first contribution.
Moreover, unlike the first contribution, the vertex which leads to emission of the real
gluon, can appear at any position. Note that, since we are dealing with a real final
state quark and gluon, the time ordering of the ‘quark Wilson line’ is not a↵ected by
the emission of the real gluon. Taking into account only the color generators due to the
interaction with the background field and the vertex Eq. (24) we have for the second
contribution, the following result,
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where we restricted ourselves to the case n = 3 with the generalization to arbitrary n

apparent. After contraction with q

⇢, the factor in front of the squared bracket turns
into gn�. For the first contribution one has instead (with the incoming quark momentum
p and the outgoing quark momentum r)
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After contraction with q

⇢ and using that the out-going quark is real we have
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The last two terms cancel now against the with q

⇢ contracted Eq. (25) while the first
term is only present due to the o↵-shellness of the initial gluon and is identical to the
case where a gluon is emitted from a quark without interaction with the background
field. Hence it is supposed to be canceled by some standard mechanism.

1.2 Momentum space

Generalizing [1] to d dimensions and masses we have for the propagators
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with the free propagators
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with Wilson lines in fundamental (V ) and adjoint (U) represenation which read
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the following generalized spinors and polarization vectors can be used2
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For a straightforward formulation in momentum space, it is useful to include e↵ective
2-point (1 ! 1) vertices which correspond to the above introduced ⌧

f

and ⌧

g

. In
combination with conventional QCD Feynman rules (where we follow the conventions

1

I interpret the k
t

of [1] as k2

t

= �k2

with k2

Euclidean.

2

A complete derivation requires the LSZ-reduction formula
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interaction with the background field:

strong background field resummed into path ordered 
exponentials (Wilson lines)

[Balitsky, Belitsky; NPB 629 (2002) 290], [Ayala, Jalilian-Marian, McLerran, 
Venugopalan, PRD 52 (1995) 2935-2943], …

use light-cone gauge, with k-=n+･k, (n+)2=0, n+~ target momentum

p

�q

l

�k1

l � k1

p

�q

l

p� l

Figure 2: Left: Tree diagram with 2 insertions of the vertices Eqs. (7) and (8): the internal mo-

mentum k1 is integrated over like a loop momenta i.e. with

R

d

4
k1/(2⇡)4. Right: Tree diagram with

1 insertion the vertices Eqs. (7) and (8): all momenta are fixed by external momenta
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acb. To construct amplitudes in the presence of a (strong) background field, it
is convenient to extend conventional QCD momentum space Feynman rules by two additional
rules: (a) adding the vertices Eqs. (7) and (8) and (b) the requirement that all internal
momenta p, i.e. momenta which cannot be expressed in terms of momenta of external
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a general four vector v given by
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we obtain for the momenta of initial particles
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To include the possibility of arbitrary large gluon densities in the target, we represent the
latter by its gluonic field which can reach a maximum strength of A

µ

⇠ 1/g, with g the gauge
coupling. To calculate scattering amplitudes in the high energy limit it is then convenient
to treat the gluon field of the target as a background field (shock-wave); in light-cone gauge
A · n = 0, the only non-zero component is A

�(x+, x
t

) = �(x+)↵(x
t

), while A

t

= 0 in the
high energy limit. Amplitudes are written in terms of momentum space quark and gluon
propagators in the presence of the background field, see e.g. [23],
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which are directly obtained from Fourier transforming their corresponding counter parts in
configuration space. In the above we use the conventional free fermion and gluon propagator,
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Figure 5. Differential cross-sections compared to LO and NLO theory JMRT predictions [28, 29] for
the J/ψ meson (top) and the ψ(2S) meson (bottom). The inner error bar represents the statistical
uncertainty; the outer is the total uncertainty. Since the systematic uncertainty for the ψ(2S) meson
is negligible with respect to the statistical uncertainty, it is almost not visible in the lower figure.

addition of new scintillators in the forward region has resulted in lower backgrounds in pp

collisions at a centre-of-mass energy
√
s = 13TeV compared to the previous measurement

at
√
s = 7TeV. As a consequence, the systematic uncertainty on the J/ψ cross-section

is reduced from 5.6% at
√
s = 7TeV to 2.7% at

√
s = 13TeV, reflecting an improved

understanding of the background proton-dissociation process. After correcting for the

muon acceptance, the cross-sections for the J/ψ and ψ(2S) mesons are compared to theory

and found to be in better agreement with the JMRT NLO rather than LO predictions.

The derived cross-section for J/ψ photoproduction shows a deviation from a pure power-

law extrapolation of H1 data, while the ψ(2S) results are consistent although more data

are required in this channel to make a critical comparison.
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Figure 6: Exclusive ⌥(1S) photoproduction postdiction resulting from LO and NLO fits to

available exclusive J/ data from HERA and the LHCb. The H1 [26] and ZEUS [27, 28]

measurements are shown for comparison. The arrow indicates the highest energy to which the

LHCb experiment is expected to be sensitive with current data (at 7 TeV).

and ZEUS [27, 28]. While both our LO and NLO predictions describe these data reasonably

well, the shape of the NLO gluon leads to a much smaller prediction at higher energies. Indeed,

due to the double log factor, exp[
p
16Nc/�0 ln(1/x) ln(G)], the NLO gluon grows with 1/x and

ln(µ2) less steep than the power-like behaviour, xg / x

��, of our LO gluon. In turn, once higher

energy data become available, this will strongly constrain the shape and scale dependence of

the gluon. Data similar to that measured by LHCb for J/ photoproduction are expected to

become available for ⌥ shortly.

In Fig. 7 we show our predictions for exclusive ⌥(1S) production in pp collisions at LHC

energies of 7, 8 and 14 TeV for a rapidity range relevant for LHCb. The large discrepancy

between the LO and NLO predictions is a direct consequence of the growing di↵erence between

LO and NLO cross sections for increasing W , as seen in Fig. 6. Note that in Fig. 6 we have

indicated the highest energies that LHCb is expected to be sensitive to with the current data.

It is not surprising that the LO and NLO predictions diverge when extrapolating from the J/ 

region into the unexplored domain of ⌥. Figure 7 demonstrates clearly that the expected LHCb

data have the potential to strongly constrain the gluon fits.

Note that, due to the steep shape of the imaginary part of the amplitude in the NLO fit for

large x

>⇠ 0.06 (small W values), the real and skewing corrections are very large. This is more

pronounced for the NLO gluon, where the double leading log approximation was adopted in

our NLO gluon ansatz (17). However, we must estimate the W� contributions at small W in

order to predict the total measured cross section d�(pp ! p+⌥+ p)/dy. On the other hand,

for ⌥(1S) production, due to the sharply increasing �(�p) cross section, the W� component

typically accounts for less than 15% of the total cross section, so possible uncertainties from

these corrections will not change our fits significantly.
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