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⋄ fragmentation fun
tions

⋄ NRQCD:heavy quarkoniathreshold produ
tion

⋄ mixing renormalization

⋄ unstable parti
les

⋄ produ
tion of W/Z/H

⋄ pre
ision tests of SM

⋄ 
ollider phenomenology
⋄ SUSY sear
hes
⋄ multiloop 
al
ulations

⋄ higher twists in DIS
⋄ BFKL equation
⋄ AdS/CFT
orresponden
e
⋄ BDS Ansatz in N = 4SUSY QCD

⋄ 
ollider phenomenology

⋄ SUSYPERSYMMETRY

⋄ ele
troweak symmetrybreaking
⋄ QCD in ep, e+e− and

pp 
ollisions

⋄ ex
lusive pro
esses in QCD

⋄ fa
torization in QCD

⋄ �avour physi
s

⋄ extensions of the SM

⋄ neutrino physi
s

⋄ CP violation
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introdu
tion

• The past and 
urrent 
ollider experiments show that the Standard Model,based on the gauge prin
iple and the spontaneous symmetry breaking, isthe adequate theory up to few 100 GeV
• the only missing parti
le in the SM predi
tion is the Higgs boson

• though many problems remain that 
annot be solved within the SM(hierar
hy, uni�
ation, ...)
• radiative 
orre
tions are important and sizeable� 
onstrains for mt from RC� 
onstraints for mH� pre
ision tests
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introdu
tion

• the Large Hadron Collider (LHC) starts to operate soon� goals:

∗ sear
hes for the Higgs boson

∗ sear
hes for the new physi
s� features:

∗ new frontier in energy (√S ∼ 14 TeV) and luminosity

∗ radiation of quarks and gluons (jets) and 
hain de
ays

=⇒ high-multipli
ity events
• 
hallenges for the theory� many legs (4,5,6,. . . )� many loops (1,2,3,. . . )� many s
ales
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hallenges and outlook for the theory
• LO su�ers from large s
ale un
ertainty

=⇒ NLO 
orre
tions are important� QCD 
orre
tions are large (up to 100%!)� ele
troweak 
orre
tions are sizeable
• NLO 
al
ulations are required� Les Hou
hes wishlist: V V j, tt̄jj, V V bb̄, V V jj, V jjj, V V V
• QCD NNLO 
orre
tions for some pro
esses� pp −→ W ∗W ∗/tt̄/H/W/Z, pp −→ Z/γ + j�H de
ay et
.
• mixed EW/QCD NNLO
• resummations of large log's
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problems

• number and 
omplexity of diagrams grow very fast
• 
ompli
ated stru
ture of infrared and 
ollinear singularities

=⇒ needs spe
ial treatment� spa
e sli
ing� dipole/antenna subtra
tion
• multidimensional numeri
al integrations
• numeri
al stability

• su�
ient speed
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how are we doing
...
........

gut

very hard
hard
so so
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advan
ed methods
• integration by parts (IBP)

• di�erential equations

• di�eren
e equations

• fun
tional equations

• se
tor de
ompositions
• Mellin�Barns representations
• unitarity methods
• ...
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�Unitarity 
ut� methods (1-loop)Any n-point 1 -loop amplitude 
an be de
omposed into sum of s
alarintegrals, e.g.

M4 = P4,0D +
∑

P3,jCj +
∑

P2,jlBjl +
∑

P1,jlnAjlnwhere B= C= D=A=and P 's rational fun
tions of kinemati
al invariants. The problem is to �nd

P 's.
If one 
an evaluate all 
oe�
ients P 's, the problem is solved!(A,B,C,D are known)
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�Unitarity 
ut� methods (
ontinue)The basi
 idea:

• evaluate all possible dis
ontinuitiesmake �unitary 
uts� (Cutkosky rule): 1
k2−m2 → 2πδ+(k2 −m2)

• 
oe�
ients P 's are not 
ut, but M4, A's, B's, C's and D are

• evaluate (numeri
ally) remaining integrals (no loops anymore!)integrals over tree amplidutes
• get the relations between P 's
• having enough su
h relations solve them for P 's. Done.

Advantages and disadvantages:
• +: one 
an work dire
tly with amplitudes (no diagrams!)

• −: amplitudes are obtained by Monte Carlo integration4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



integration by parts (IBP)
∫

udv = uv −
∫

vdu −→
∫

d(uv) = uv|boundaries
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integration by parts (IBP)
∫

udv = uv −
∫

vdu −→
∫

d(uv) = uv|boundaries

in dimension d:

∫

ddk
∂Jµ(k, . . .)

∂kµ
=

∫

©Jµ dΣµ −→ 0
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integration by parts (IBP)
∫

udv = uv −
∫

vdu −→
∫

d(uv) = uv|boundaries

in dimension d:

∫

ddk
∂Jµ(k, . . .)

∂kµ
=

∫

©Jµ dΣµ −→ 0

for L-loop integral, any r, aj, q, Dj:
∫

ddk1 . . . d
dkL

∂

∂kµ

qµ

D
a1
1 D

a2
2 . . . Dar

r
= 0

=⇒ algebrai
 relations among integrals with di�erent sets of (a1, a2, . . . , arand numeratorsall together L(L + E) relations4 November 2009 Hamburg Ex
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examples:

2m2a1

a1 + 1

= (d− 2a1)

a1
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IBP 
onsequen
es

• this works also for any number of loops, legs, s
ales ...
• these relations 
an be use to express some integrals in terms ofothers =⇒ redu
tion

• this is the powerfull tool� express any Feynman integral in terms of master itegrals Mj

I =

n
∑

j=1

RjMj,

with rational fun
tions Rj(dimension, external invariants)
• IBP give us di�eren
e equation(s), that 
an be transformedfurther into di�erential equation(s)

• all 
orresponding equations are linear

• IBP should be taken in proper 
ombinations4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



Di�erential equations
an be written in any invariant parameters (masses, kinemati
al invariants)

J(s, x) = S(s, x) =

Equation in x = s/m2

x(1 − x)J ′ + (1 − x)J =
x

(1 + x)2

[

4S + 2(1 + 4x + 4x2)S′
]

Solution:

J(x) =
C1

x
+

1

x

∫ x dx1

1 − x1
RHS(x1)
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Di�erential equations
• all Feynman diagrams are subje
ts to linear di�erential equations
• IBP identities 
an be used to �nd DE's
• in addition to DE's one has to provide 
orrespondingboundary 
onditions

• solutions� numeri
ally� as (multiple) series of hypergeometri
 type
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Hypergeometri
 fun
tions
1 + x + x2 + x3 + . . . = 1

1−x
x− x3

3! + x5

5! −
x7

7! + . . . = sinx
∑∞
n=0 cnx

n, where cn+1
n is rational in n
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Hypergeometri
 fun
tions
1 + x + x2 + x3 + . . . = 1

1−x
x− x3

3! + x5

5! −
x7

7! + . . . = sinx
∑∞
n=0 cnx

n, where cn+1
n is rational in n

∞
∑

cn1,n2,...,nk x
n1
1 x

n2
2 . . . x

nk
k ,where xj depend on invariants (masses, s
alar produ
ts of momenta) and c'sdepend on spa
e-time dimension d = 4 − 2εFor pra
ti
al purposes we need:

• expansion in ε (limit d→ 4)
• analyti
al 
ontinuation
• asymptoti
s
• fast numeri
al evaluation4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



Fun
tional equationsFeynman integrals Ik,r ( r refers to a number of lines and k numeratesintegrals with di�erent topologies and powers of propagators) satisfygeneralized re
urren
e relations:

∑

j

QjIj,n =
∑

k,r<n

Rk,rIk,r

where Qj, Rk are polynomials in masses, s
alar produ
ts of externalmomenta, dimension of spa
e-time d, powers of propagators νl.General method for obtainig fun
tional equations:Remove integrals with n external legs (lines) by 
hoosing s
alar invariants,masses, d and νj i.e. satisfy 
onditions:
Qj = 0and keep integrals with lesser number of external legs (lines), i.e: Rk 6= 0
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Fun
tional equations for box integralsFun
tional equations for box-integrals:

I
(d)
4 (m2

n,m
2
j ,m

2
k,m

2
l ; snj, sjk, skl, snl; sjl, snk)

=

∫

ddq

iπd/2
1

[(q − pn)2 −m2
n][(q − pj)2 −m2

j ][(q − pk)2 −m2
k][(q − pl)2 −m2

l ]
.

Integrals for Bhabha s
attering and heavy-quark produ
tion:

B(s, t) = I
(d)
4 (0,m2, 0,m2; m2,m2,m2,m2; s, t),

D2(s, t) = I
(d)
4 (0, 0, 0,m2; 0, 0,m2,m2; t, s).

s = (p12 + p41)
2

t = (p12 + p23)
2

p41

p23p12

p34 p41 p34

p23p12
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Fun
tional equations for B(s, t) and D2(t, s)Integrals D2(s, t), B(s, t) satisfy the following fun
tional equation:
D2(s, t) =

t +m2

2t
B

(

(t +m2)2

t
, s

)

+
t−m2

2t
I

(d)
4

(

0, 0, 0, 0; 0, 0, 0, 0;
(t−m2)2

t
, s

)

.

• Fun
tional equations allows one to redu
e 
ompli
ated integrals withmany variables to simpler integrals
• Fun
tional equations 
an be used for analyti
 
ontinuation of 
ompli
atedintegrals

4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



Asymptoti
 expansioins
• in the SM the spe
trum of parameters is very ri
h
• it is o�en possible to �nd large (small) in the pro
ess parameter
• use asymptoti
 expansion methods to redu
e number of parameters =⇒from n-s
ale problem to (n− 1)-s
ale problem� large mass −→ 1

mt

, 1
mH� 
lose masses m2

Z−m2
W

m2
Z

= sin2 θW ∼ 0.25, m2
H−m2

t

m2
t� large (small) kinemati
al invariant, e.g Sudakov limit Q2 → ∞ et
.

• the above pro
edure 
an be repeated (nested expansions)
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Rules of asymptoti
 expansioins

Separation of �soft� and �hard� dynami
s F
as∼
∑

H
H ◦ S

=

WW γ γ γW

+

+

+ +

+

+

+ + )()( + +

+ + =



4 November 2009 Hamburg Ex
ellen
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ulations of master integrals (MI) without dire
t 
al
ualtions
MI ∼

∑

n=1

Cn x
n {F0(n) + [lnxF1,1(n) +

1

ε
F1,2(n)]

+[ln2 xF2,1(n) +
1

ε
lnxF2,2(n) +

1

ε2
F2,3(n) + ζ(2)F2,4(n)]

+...,where x = q2/m2 and

FN,k(n) ∼ Sa,...

nb
, (a + b = M −N ),Using the above ansatz and an information about the most singular part ofMI (or some simpler diagram with �similar topology�) it is possinble usuallyto re
onsru
t the 
omplete MI result without dire
t 
al
ulations.
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running αs
µ2αs(µ)

dµ2
= β(α)α(µ), β = α2

sβ0 + α3
sβ1 + α4

sβ2 + α5
sβ3 + . . .

• β0,1,2,3(nf) are known analyti
ally in MS s
heme
• for mQ ≫ µ heavy does not automati
aly de
ouple (Appelquist�Carrazone)

• αs is not an observable

• e�e
tive theory with nf − 1 massless and 1 massive quark

• mat
hing α(nf−1)
s (mQ) = α

(nf )
s (mQ) holds to NLO

• mat
hing 
oe�
ient ξ(µ) = α
(nf−1)
s (mQ)/α

(nf )
s (mQ)

• re
ent 4-loop 
al
ualation of ξS
hr�oder, Steinhauser, Chetyrkin, K�uhn
• one bubble X 
ould be 
omputed numeri
ally −→4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



use of �large� mass expansion
m M

J(x) is a fun
tion of x = m2

M2

J(x) ∼ (−8+88ε−16εζ3 + . . .)+x(− 8

27
+

212

27
ε− 16

3
εζ3 + . . .)+x2(− 8

125
+

135479

33750
ε− 16

5
εζ3 + . . .)+O(x
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use of �large� mass expansion
m M

J(x) is a fun
tion of x = m2

M2

J(x) ∼ (−8+88ε−16εζ3 + . . .)+x(− 8

27
+

212

27
ε− 16

3
εζ3 + . . .)+x2(− 8

125
+

135479

33750
ε− 16

5
εζ3 + . . .)+O(x

−→ �t −→
J(1) ∼

∞
∑

n=1

{

+
−8

(2n− 1)3
+ ε
[16ζ(3) − 2

∑2n−1
j=1

1
j3

+ 16
∑n−1

j=1
1
j3

2n− 1
+ . . .

]

+ ε2
[2-fold sums] + . . .

}

4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



use of �large� mass expansion
m M

J(x) is a fun
tion of x = m2

M2

J(x) ∼ (−8+88ε−16εζ3 + . . .)+x(− 8

27
+

212

27
ε− 16

3
εζ3 + . . .)+x2(− 8

125
+

135479

33750
ε− 16

5
εζ3 + . . .)+O(x

−→ �t −→
J(1) ∼

∞
∑

n=1

{

+
−8

(2n− 1)3
+ ε
[16ζ(3) − 2

∑2n−1
j=1

1
j3

+ 16
∑n−1

j=1
1
j3

2n− 1
+ . . .

]

+ ε2
[2-fold sums] + . . .

}

harmoni
 sums
Sa(n) =

n
∑

j=1

1

ja
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use of �large� mass expansion
m M

J(x) is a fun
tion of x = m2

M2

J(x) ∼ (−8+88ε−16εζ3 + . . .)+x(− 8

27
+

212

27
ε− 16

3
εζ3 + . . .)+x2(− 8

125
+

135479

33750
ε− 16

5
εζ3 + . . .)+O(x

−→ �t −→
J(1) ∼

∞
∑

n=1

{

+
(2n− 1)3

+ ε
[ ζ(3) S3(2n− 1) S3(n− 1)

2n− 1
+ . . .

]

+ ε2
[2-fold sums] + . . .

}

harmoni
 sums
Sa(n) =

n
∑

j=1

1

ja

4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



use of �large� mass expansion
m M

J(x) is a fun
tion of x = m2

M2

J(x) ∼ (−8+88ε−16εζ3 + . . .)+x(− 8

27
+

212

27
ε− 16

3
εζ3 + . . .)+x2(− 8

125
+

135479

33750
ε− 16

5
εζ3 + . . .)+O(x

−→ �t −→
J(1) ∼

∞
∑

n=1

{

+
−8

(2n− 1)3
+ ε
[16ζ(3)−2S3(2n− 1)+16S3(n− 1)

2n− 1
+ . . .

]

+ ε2
[2-fold sums] + . . .

}

harmoni
 sums
Sa(n) =

n
∑

j=1

1

ja
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result for X

X = −318ζ(4) ln 2 +
837

2
ζ(5) − 16

(

2ζ(2) − 1

5
ln2 2

)

ln3 2 + 384Li5

(

1

2

)

α
(n−1)
s

α
(n)
s

= 1 + α
(n)
s A1 + (α

(n)
s )2A2 + (α

(n)
s )3A3 + (α

(n)
s )4A4
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W - and Z-boson produ
tion
• one of the main pro
esses at LHC

• luminosity measerement

• dete
tor 
alibration

• sea
h for new physi
s −→ Z ′For the high pT :QCD NNLO and mixed EW/QCD 
orre
tions are known (exeptQED/QCD in Z-produ
tion)Missing 
ontributions for mixed EW/QCD evaluation

• 2-loop virtual 
ontribution
• 
ollinear limits of 1-loop amplitudes

f

f X

l

l
1

2

p

p

V
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W - and Z-boson produ
tion
• expansion in parameter q2/m2

• summation of the series using ansatzResults for the formfa
tors of V -boson
FR = i

e

s
(1 + CF

αs
4π
f (0,1))[gR +

α

4πs2
g3
RρA + CF

αs
4π

α

4πs2
g3
RφA] ,

FL = i
e

s
(1 + CF

αs
4π
f (0,1))[gL +

α

4πs2
(g3
LρA +

gL
2
ρA + c

I3
2
ρNA)

+ CF
αs
4π

α

4πs2
(g3
LφA +

gL
2
φA + c

I3
2
φNA)] ,

φA = 14 + 72ζ2l2 − 64ζ2l
2
2 −

16

3
l42 + 22ζ2 − 28ζ3 + 16ζ4 − 128Li4(

1
2)

+iπ(85 + 32l2 + 24l22 −
32

3
l32 + 14ζ2 − 120ζ3)

l2 = ln 24 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



t̄t produ
tion (in
lusive)

LHC (S = 14TeV) Tevatron (S = 1.96TeV)NLO QCD ∼ 50% ∼ 25% Nason, Bennaker et al.EW ∼ 0.5% ∼ 1% Benakker et al.MSSM ∼ 5% ∼ 5% Berge et al.NNLO QCD ? ?est. th. err. ∼ 14% ∼ 12% Mo
h, Uwerest. exp. err. ∼ 5 − 10% ∼ 10%

=⇒ NNLO 
orre
tions are ne
essary
• some partial NNLO results are available in the literature

• re
ent analyti
al NLO result Czakon, Mitov

• also for ILC Kniehl, Kotikov, Merebashvili, OV
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tt̄ produ
tion
• velo
ity of heavy quark as kinemati
al variable β =

√

1 − 4m2/s

• expansion in β or

• di�eretial equation up to degree 7
• result in terms of Ha,b,c(β) + 3 new fun
tions
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Test of NRQCD at NLONonrelativisti
 QCD (NRQCD) is the rigouros e�e
tive �eld theory, basedon fa
torization of soft and hard s
ales(s
ale hierar
hy: Mv2,Mv ≪ ΛQCD ≪M ).
• des
ription of heavy quarkonia

• produ
tion of heavy quarks near thresholdHeavy quarkonia (
harmonia cc̄ and bottomonia bb̄) are bound states ofheavy quark and antiquark.Can be produ
ed in di�erent states
• 
olor singlet (S-wave)
• 
olor o
tet (P-wave)
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J/ψ Produ
tion with NRQCDFa
torization theorem: σJ/ψ =
∑

n

σcc̄[n] · 〈OJ/ψ[n]〉

• n: Every possible Fo
k state, in
luding 
olor-o
tet states.
• σcc̄[n]: Produ
tion rate of cc̄[n], 
al
ulated in perturbative QCD.

• 〈OJ/psi[n]〉: Long distan
e matrix elements (ME):des
ribe cc̄[n] → J/psi, universal, extra
ted from experiment.

S
aling rules: MEs s
ale with relative velo
ity v (v2 ≈ 0.2):s
aling v3 v7 v11

n 3S
[1]
1

1S
[8]
0 , 3S

[8]
1 , 3P

[8]
0/1/2

. . .

• Double expansion in v and αs.
• Leading term in v (n = 3S

[1]
1 ) equals 
olor-singlet model.4 November 2009 Hamburg Ex
ellen
e Initiative Loops and Legs ... O.L. Veretin



Numeri
al Evaluation and Final Results
Butens
h�on, Kniehl

z

dσ
(e

p→
J/

ψ
+

X
)/

dz
  [

nb
]

60 GeV < W < 240 GeV
p2

T > 1 GeV2

CS, Born
CS, NLO
CS+CO, Born
CS+CO, NLO

H1 data: HERA1

Resolved, Born

10
-1

1
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0.3 0.4 0.5 0.6 0.7 0.8 0.9

Transverse momentum p2
T [GeV2]

dσ
(e

p→
J/

ψ
+

X
)/

dp
2 T
  [

nb
/G

eV
2 ]

60 GeV < W < 240 GeV
0.3 < z < 0.9

CS, Born
CS, NLO
CS+CO, Born
CS+CO, NLO

H1 data: HERA1

10
-6

10
-5
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-4
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-3
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-2
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-1

1

1 10 10
2

• Color-o
tet MEs from leading order Tevatron �t

• NLO Tevatron �t =⇒ De
rease of CO MEs: Yellow bands
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Outlook

• the a
tivity of the phenomenology group in
ludes both� QCD and ele
troweak physi
s� SM and beyond SM� phenomenologi
al and mathemati
al aspe
ts
• NLO and NNLO 
al
ulations is a real 
hallenge for a theory and requirespe
ial advan
ed methods of 
al
ulation
• Feynman diagrams 
an be 
onsidered generally as multiplehypergeometri
 fun
tions, whi
h requires� methods of redu
tion, i.e. express general fun
tions in terms of onlyfew (basis) ones� method of expansion in ε
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Outlook

• general task: �nd the full set of (spe
ial) fun
tions so that all order
ǫ-expansion is expressible in terms of them

• algorithms for the fast and stable numeri
al evaluation of these fun
tionsshould be 
onstru
ted

• automatization: general purpose programs exist only for LO orderapproximation and the 
reation of su
h programs for NLO is 
hallengingtask
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