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Motivation
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QCD Lagrangian

Classical part of QCD Lagrangian
1 a 1% 7 .
»Ccl — _Z F/M/FCILJJ + Z w’b (lp o mf_l)z'j wj

flavors

Matter fields v;, 1, with 4,5 = 1,..., 3 (fundamental rep.)
covariant derivative D, i;; = 0,.0i5 + igs (ta);; Ay
Field strength tensor £7}, witha =1, ..., 8 (adjoint rep.)
covariant derivative D, op = 0u.0ab — s fabc A},
Fo, = 8, A% — ,A% — g5 fapc A% AC

Formal parameters of the theory (no observables)
strong coupling as = g2/ (4m)
quark masses my

Challenge

Suitable observables for measurements of o, my, ...

Comparison of theory predictions and experimental data
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Strong coupling constant (2020)

BBG
JRO8

ABKMO09

MSTW
Thorne
ABM11;
NN21
ABM12

CT10

JR14

MMHT
ABMP16
NN31

0.0019
0.1134 * 005

0.1128 £0.0010
0.1162 +0.0006
0.1135+0.0014
0.1129+£0.0014
0.1171+£0.0014
0.1136
0.1134...0.1149 +0.0012
0.1173 +£0.0007
0.1133+0.0011
0.1132+0.0011
0.1140

0.0060
0.1150 T 5040

0.1136 +£0.0004
0.1162 £ 0.0006
0.1172+0.0013
0.1147 +0.0008
0.1185+0.0012

valence analysis, NNLO Blumlein, Bottcher, Guffanti ‘06

dynamical approach Jimenez-Delgado, Reya ‘08
including NLO jets

HQ: FENS ny =3 Alekhin, Bliimlein, Klein, S.M. ‘09

HQ: BSMN

Martin, Stirling, Thorne, Watt ‘09
[DIS+DY, HT*] (2013) Thorne ‘13
Tevatron jets (NLO) incl. Alekhin, Bliimlein, S.M. ‘11
(+ heavy nucl.) NNPDF ‘11

Alekhin, Bliimlein, S.M. ‘13

(without jets)
Gaoetal. ‘13
Dulat et al. ‘15

(without jets)
Ax? > 1 (+ heavy nucl.)

dynamical approach Jimenez-Delgado, Reya ‘14

standard approach

(+ heavy nucl.) Martin, Motylinski, Harland-Lang, Thorne ‘15
Alekhin, Bliimlein, S.M., Placakyte ‘17

including NLO jets NNPDF ‘18

Measurements at NNLO (last ~ 10 years) from DIS data
Large spread of fitted values at NNLO: as(Mz) = 0.1128...0.1185

Sven-Olaf Moch

2019 PDG average: as(Mz) = 0.1161 + 0.0018

Calculating Four Loop Corrections in QCD — p.4




150

100

Top mass M, in GeV

50

my > 129.6 + 2.0x (mfole —173.34 Gev) — 0.5x (

200

Electroweak vacuum stability

04 ET T T T T T T
. . | : - Higgs self coupling A(u.) -
Instability I o008 P m, = 125.00 £ 0.24 GeV -
' - mPoe =170.4 + 1.2 GeV 5
006 E a (M) = 0.1147 + 0.0008 %
~ z | z
5| 0.04 ~
2 0.02 - .
- Stability s T F T :
g 0 - e ———e _
< [ - 2
L 5 - 002 iy Y Y Y Y Y A T N N T e
1 4 8 12 16 20
10 10 10 10 10
1, (GeV)

0‘ - ‘50‘ - ‘100‘ - ‘150‘ - ‘200‘ " Bezrukov, Kalmykov, Kniehl, Shaposhnikov 12;

_ _ Degrassi, Di Vita, Elias-Miro, Espinosa, Giudice et al. ‘12;
Higgs mass M), in GeV

Alekhin, Djouadi, S.M. ‘12; Masina ‘12, [many people]

Condition of absolute stability of electroweak vacuum at Planck scale

Mpianck requires Higgs self-coupling A(u-) > 0

as(Mz) —0.1184
0.0007

) + 0.3 GeV
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Deep-inelastic scattering
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Deep-inelastic scattering

electron

Kinematic variables
momentum transfer Q% = —¢

Bjorken variable = = Q*/(2p - q)

2
quark

Structure functions (up to order O(1/Q%))
Fo(2,Q°) =) [Cai (as(p’),n*/Q%) @ PDF (u°)] (2)

Coefficient functions up to N*LO known
Coi=al (Cgoz + asc ( ) + aj c( )—1—0436(3) + . )

Evolution equations up to N*LO (work in progress)
non-singlet (2n s — 1 scalar) and singlet (2 x 2 matrix) equations

dlrilu2PDF(x’“2) = [P(as(p?) ® PDF(u?)] (x)

splitting functions P;; = a. P\ + a2P + 3PP 1aiPY .
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Evolution equations

Parton distribution functions ¢, (z, 11*), g;(x, #*) and g(z, u*) for quarks,
antiquarks of flavour 7 and gluons

Flavor non-singlet combinations n

qrjfs,ik; = (¢ £ @) — (g £ @) and gps = Z (¢ — @)

1=1
splitting functions P and P), = P, + P5,
Flavor singlet evolution

d ( ds ) Pyq Pag ds il _
= ) ( ) and ¢ = q; + q;
dIn ,LLQ g ( Pgq  Pgg g Z ( )

quark-quark splitting function P,y = Pt + P,

Mellin transformation relates to anomalous dimensions ik (V) of
twist-two operators

1
fyi(l?)(N,ozS) — —/ de N7t Pig{n)(az,as)
0
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Operator product expansion (1)

Optical theorem

Total cross section related to imaginary part of Compton amplitude
loop diagrams

Optical theorem relates hadronic tensor W, to imaginary part of
Compton amplitude 7).,

1 ) 1 2\ | p*q”
Wyw = ep == Fr(z, Q%) + duv%Fb(CUa Q") +i€uvap

27 F3<CU7Q2)

OPE of T}, for short distances 2 ~ 0 in Bjorken limit Q® — oo, « fixed
Wilson 72; Christ, Hasslacher, Mueller ‘72

T, = i [ e PIT (3}(2)3.(0) IP)

Sven-Olaf Moch Calculating Four Loop Corrections in QCD — p.9



Operator product expansion (1)

Operator product expansion yields

1 N Q2 Q2
Ty = Z (g) leuv Cﬁj (F’&S) + dpw Cé\,fj (pﬂs)

N,j
o B 2 .
+iewa5&0§\g (Q_27Oés):| AL (,LLQ) + higher twists
p-q H ’
Coefficient functions in Mellin space C,’;

Matrix elements A} y of parton operators O° at leading twist
(twist = dimension minus spin)

e.g., quark operator O;‘f%m unt = OV Dus -+ Dyt

Scale dependence of renormalized operators O = Z O™®
— anomalous dimensions ~(as, V)

d ren ren . d —1
dln,uQO =0 T (dln,LLQZ>Z
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Non-singlet
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Calculation of anomlous dimensions

Operator matrix elements
Quark operator of spin-N and twist two

Y —
O{ul NS _¢7{H1DN2"'DMN}¢

.....

N covariant derivatives D, ;; = 0,0:; +igs (ta),, -

J p3 pn

between quark fields v, ¢

Feynman rules with new vertices for additional gluons coupling to
operator

Evaluation of operators in matrix elements A*¥ with external quark states
Computation of quantum corrections up to four loops

pp _ Y
ALy NS (10(191)\0{“1

.....

uy (7P = P2)[Y(p2))

.....

Zero-momentum transfer through operator reduces problem to
computation of propagator-type diagrams
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One-loop computation (I)

Quark anomalous
dimension
Feynman diagrams
P1 P2 P1 P2 P1 P2

New Feynman rules for vertices with light-like vector A, A* =0

T X " A(A-p)™ Tt
b1 P2
] ] N_2 . .
—gt AN ST (py - AYN I (py - A
Jj1=0
P3
as, (3
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One-loop computation (1)

One-loop result

¢ Computation of loop integral in D = 4 — 2¢ dimensions and expansion in ¢

AL AN G)IOF, L, (0)B(—p1)) =

{pg e

_ & o1 22 0 2
= 1+ Cr {451(N)+N+1 N 3}+(9(ase)+0(as)

A7 €

® One-loop result contains harmonic sum S; (V)

1 1 1 1
1(N) ; 7; to gt
SIN+1) = $i(N) = ——
' ! - N+1
¢ Details in chapt. 4.6 of e
The Theory of Quark and Gluon Interactions £ s

£5 1 Interactions

F.J. Yndurain

i
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Four-loop computation (1)

Work flow

Anomalous dimensions (V') from ultraviolet divergence of loop
corrections to operator in (anti-)quark two-point function

Feynman diagrams for operator matrix elements generated up to four
loops with Qgraf Nogueira ‘91

Parametric reduction of four-loop massless propagator diagrams with
Forcer Ruijl, Ueda, Vermaseren ‘17

Symbolic manipulations with Form Vermaseren ‘00; Kuipers, Ueda, Vermaseren,
Vollinga ‘12 and multi-threaded version TForm Tentyukov, Vermaseren ‘07

Diagrams of same topology and color factor combined to meta diagrams

1 one-, 7 two-, 53 three- and 650 four-loop meta diagrams for ~,::
1 three- and 29 four-loop meta diagrams for v,

Sven-Olaf Moch Calculating Four Loop Corrections in QCD — p.15



Four-loop computation (1)

Four-loop propagators

Li1101001111 Lo1111001011 Ho1101110010 Ho1111110001 Hoo100111110
Hio110111110 Hoo100101101 Hio110101101 Hio1o01011110 Ho1o11110101
Hoo1o1110110 Mo1110111111 Ho1110110011 Ho11o1111110 Ho1110101001

Lito11101011 Hio111110101 Ni1o11101111 Ho1110111011 Ni1111111110

&

Nio111101111 Ho1101110011 Nio111110111 Hi1111101101 Hit111111111

7

Mii111111111 Nit111111111 J1t101111111
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Four-loop computation (111)

Fixed Mellin moments

Computation of anomalous dimensions (V) X
for Mellin moments mostly up to V = 18

sometimes higher for complicated
topologies (N = 19, N = 20, ...)

much higher for “easy” topologies,

e.g., large-n. (N ~ 40, ...) P1 pP1
Hardware
multi-core Linux servers with 1 TByte RAM memory and several
TByte of disk space
Resources

CPU time for V = 18 added up to 6403 days on a single core (200
days real time with TForm)

O(15) TByte of disk space at intermediate stages of computation for
moments N = 20
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Reconstruction the anomalous dimensions

Anomalous dimensions ~(N) of leading twist non-singlet local operators

expressible in harmonic sums up to weight 7
N

S:I:ml ..... my (N) — Z (il)z SmQ ----- mip (Z)

(X!
i=1

2. 3%~ sums at weight w

Reciprocity relation v(N) = v, (N + ~v(N) — B(a)) reduces number of
2“~1 sums at weight w for ~,

additional denominators with powers 1/(N + 1) give 2“ "' — 1 objects
(255 at weight 7))

Constraints at large-z/small-z (N — oo/N — 0) give additional 46
conditions

Upshot

Computation of Mellin moments up to N = 18 for anomalous dimensions
feasible

Reconstruction of analytic all-/V expressions in large-n. limit from
solution of Diophantine equations
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Four-loop Mellin moments

2000 ™) 800
Y (N) yO(N)/In N
1500 L
] 700
¢ Top 1000 ] I
n part of anomalous N K,
dimensions %E?i(N) 500 1 - upto /N

in large-n. limit

[ ] 500 I
and large-N expansion  of [

coeff. of CF ni

vl e b b by 400 1 Lol

¢ Bottom: results for 0'6:_
even-N (viJT(N)) ol
and odd-N ({27 (N)) |
in large-n. limit 021
forn;=3,...6 [

— largen,

points: £ at even/odd N 03 B expansion in Og n

0 5 10 15 20 25 0 5 10 15 20 25
N N
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Four-loop non-singlet splitting functions

¢ Top:
three-loop P.&* (x)
and large-n. limit
with ny = 4

¢ Bottom:
four-loop P3* ()
and uncertainty bands
beyond large-n. limit
with ng = 4

Sven-Olaf Moch

0.4

(10 P (%)

(1-x) P2 (x)

exp.in oy, n =4

e b e b |- _1 i Ll Ll Ll L1
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0.6 ) 10 e

Q) a3 (3t
04 b (I-x)P 7 (x) 8 (I-x)P 7 (x)
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L
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X
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Scale stability of evolution

N

-0.22

- ding /dlnpg 4 o | a

023 b /./‘/ . i i

0.24 — P ’— 0.13 |- _

°* R o -0.253— S — I i

enormalization scale 5 x=08 B ]

dependence of evolution = ;

kernel dln g, /dn p; [ : [ 1

) - 1 005 —

® non-singlet shape . . i i
-0.03 —

2 0.5 3 L ]

rqas(z,p5) = 771 — ) : . -

0.045 — —

0055 x=0.15 ] i x = 0.01

1 1 1 IIIII| 1 1 L1 1111 004 1 1 1 IIIII| 1 1 L1 1111

[ L T rTTTTTT] F L rorrTTTT

® NLO, NNLO and N*LO 0.08 1 009 L= h

predictions . : - ]

¢ remaining uncertainty - 1 o0s b ]

of four-loop splitting i ] ] ]

function P almost [ _0= 1 007 | o]

. _ 0.06 X = = x =10 -

invisible T B S R

10" I R 1 I (U

Mo/ by Mo/ by
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Five-loop Mellin moments

® Moments N = 2 and N = 3 for nonsinglet anomalous dimensions ~,;

¢ implementation by Herzog, Ruijl 117 of local R ™ operation Chetyrkin, Tkachov
‘82; Chetyrkin, Smirnov ‘84 for reduction of five-loop self-energy diagrams
to four-loop ones computed with Forcer Ruijl, Ueda, Vermaseren ‘17

=2 =
CF [9?22;16 8()7727984 Cl 557440 gs 12544 §Z + 8§l2§7
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Scale stability of evolution

'0.06 T T T T T TTT T T T .-I T T 1T _0.092
+ 2 ] I - 2

oo | 4IN0/dIny; ] - ding /dIngs .. |

- 1 -0.096 . i

[ e NLO ) 7 : o N3LO -
e NNLO S S [ — N s S

' ' 0.1 :

-0.066 -

- - {-0104 7
-0.068 . | I

N=2 N=3
'007 B I Lol I L1111 _0108 1 | Ll
10 1 10 10 1 10
ME/ M2/ 2

Renormalization-scale dependence of dln g /dIn Mf at N =2 and

N = 3 using NLO, NNLO, N°LO and N*LO predictions with a5 (jz7) = 0.2
and ng =4
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Singlet
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Color factors of SU (n.)

Quadratic Casimir factors C,.6*° = Tr (T2 17 )

fundamental representation Cr = (n2 — 1)/(2n.);
adjoint representation C'4 = n.

Quartic Casimir invariants occur for the first time at four loops

diy) = dgbeddated for representations labels z, 3 with generators 7
abcd 1 a b e rd . .
d, = & Tr (T, T, T, T, + five bed permutations )

SU(n.) with fermions in fundamental representation

1
di/na = ﬂnf(nc2+36)7

1
did /na = Enc(nf+6),

1 .
dep/ma = g (nd —6+18n.7)

1

trace-normalized with Tr = 3

dimensions of representations ny = n. and ny, = (n2 — 1)
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Operator matrix elements

b1 P2

Singlet operators of spin-N and twist two

O{q’ul aaaa /'LN} — wfy{/LlDlu’QD/iN}w )
O{glu'l """ ,U'N} - Fy{lu’lD/LQ ...D/'I'N—l F,U,N}V P1 P2

Quartic Casimir terms at four loops
are effectively ‘leading-order’ Ps Pn

anomalous dimensions fulfil relation for A = 1 supersymmetry
Q
Yad (N) 753 (V) = 752 (N) =7/ (V) = 0

color-factor substitutions for n, = 1 Majorana fermions (factor 2n;)

4 4 4 4 4
Ca ol a4 ad
(2ny) = 2ny = 2ny -~ =

nA na ng nrg na

Eigenvalues of singlet splitting functions (conjectured to be) composed of
reciprocity-respecting sums

quartic Casimir terms fulfil stronger condition Belitsky, Miiller, Schafer ‘99
0 3 Q 0 3
'Yég)(N)’Yéq)(N) — ’Yéq)(N)'Yc(lg)(N)
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Calculation and results

Splitting functions (diagonal) in the large-z limit

n— An i

Cusp anomalous dimensions related by Casimir scaling up to three loops

Ap g = %An,q forn <3
F

at four loops Casimir scaling holds in large n.-limit Dixon ‘17

Generalized Casimir scaling at four loops for new color factors
S. M., Ruijl, Ueda, Vermaseren, Vogt ‘18

A47g abced jabed — A47q abced jabed
dg""da dp ""da
nA nE
A47g dabcd gabed — A47q dabcd gabed
F A F F
nA nE
A47g abecd j abed — O
dF dF
nA
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Quark cusp anomalous dimensions

84278 88400 20944 352 3608
_ 1804¢, — 22< _
31 31 Co + 57 (3 + 1804(4 3 (2(3 9

2504 ) +_d§2 ( 128 . 3520
6

(s

A4,q — CFCj (

—16¢5 — —12 i
6C3 3 8C2 + 3 CS + 3

D72 592
— 320
9 — 3 (3 C5>

Nc

§5——384§§——992§6>

34066 440 . 3712
+ﬁ@m<— + 3Gt

—1 — 12 1
31 5 (3 76(4 8C2(3 + 60C5>

24137 20320 23104 176 448 2096
B e e e e 2 )

(4) 256 1280 2392 640

d
+ nf ?fF (256(2 — ?C3 — 3 C5> + CFQ”n/J? (W — TCB + 32C4>

923 608 2240 112 32 64
+ CFCAnf2 ( 31 81 G2 + 57 (3 — ?C4> — Can3 (8_1 — ﬁ(:a)

Large-n. (Henn, Lee, Smirnov, Smirnov, Steinhauser ‘16; S. M., Ruijl, Ueda, Vermaseren, Vogt ‘17);
n ¢ terms (Grozin ‘18; Henn, Peraro, Stahlhofen, Wasser ‘19); nf terms (Davies, Ruijl, Ueda, Vermaseren,

Vogt ‘16; Lee, Smirnov, Smirnov, Steinhauser ‘17); nJ‘j’ terms (Gracey ‘94; Beneke, Braun, ‘95);
quartic colour factors (Lee, Smirnov, Smirnov, Steinhauser ‘19; Henn, Korchemsky, Mistlberger ‘19)
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eTe™ annihilation
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e e~ annihilation

P hadron

Kinematic variables

momentum transfer Q2 = +¢°
(time-like)

electron

inclusive final state scaling variable x = (2p - q)/Q2
positron

One-particle inclusive cross section (parametrized by functions F},)

Fo(2,Q%) = ) [Casi (as(p?),1°/Q°) © FF (1%)] ()

Coefficient functions up to N°LO (work in progress)
Coi = ay (c(o)- +aseM) + a2 a3 4 )

Evolution equations for fragmentation functions F'F' up to N*LO known
non-singlet (2n s — 1 scalar) and singlet (2 x 2 matrix) equations

T FP@) = [P @ PP @

I 1 it T __ T?(O) 2 T?(l) 3 T>(2)
(time-like) splitting fcts. P; = as P + o Py o Py +
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Relating space- and time-like kinematics

Crewther relation

From conformal and chiral invariance of leading singularity of short
distance OPE simple relation between Crewther ‘72

amplitude 7° — v~y

ep—en

1
polarized Bjorken sum rule [ dz g;?~ " (x, Q?)
0

0
0>

Adler function D+ (derivative of correlator Q* IIy)
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Relating space- and time-like kinematics

Crewther relation

From conformal and chiral invariance of leading singularity of short
distance OPE simple relation between Crewther ‘72

amplitude 7° — v~

polarized Bjorken sum rule fdx giP " (x, Q%)

’ 0
00Q)?
Higher order radiative QCD corrections exhibit relations between

polarized Gross-Llewellyn Smith sum-rule Cgrs at O(a?)
(first Mellin moment of F3”""?) Baikov, Chetyrkin, Kiihn “10

Adler function Dy at O(a?) Baikov, Chetyrkin, Kiihn ‘10

ITy)

Adler function Dy (derivative of correlator Q*

Cars and Dy related by running coupling (5-function) through O(a%)
Broadhurst, Kataev ‘96; Maxwell, Broadhurst, Kataev ‘06; Baikov, Chetyrkin, Kiihn ‘10; Baikov,

Chetyrkin, Kihn, Rittinger ‘12

Cors(as) Dy(as) = da (1+5(“8>K<as>)

s
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Drell-Yan-Levy relation

Analytic continuation in energy —q¢* — +¢* (exploit analyticity properties)
Curci, Furmanski, Petronzio ‘80; Floratos, Kounnas, Lacaze ‘81; Stratmann, Vogelsang ‘96;
Blimlein, Ravindran, van Neerven ‘00; ...

Relation between DIS structure function 7~ and fragmentation
function £}k .
F;—llke (iC) _ _xFls—hke (_)
x

Leading order splitting function "’
respects “naive” Drell-Yan-Levy relation (with (1 — ) — §(1 — x))

PO(z) = ch( &

1l—=x

—1-— £C> + 3Crdé(1 — x)
Beyond leading order naive version of Drell-Yan-Levy relation not valid

Gribov-Lipatov reciprocity

Leading order diagonal splitting functions identical for space- and

time-like kinematics P* "¢ (z) = P51 (g) = —g P 1ke (l)

X
reciprocity relation implied (realized in N = 4 SYM theory)
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Mapping DIS to e"e~ annihilation

DIS theory results recycled for time-like evolution

Use of
factorization in dimensional regularization (D = 4 — 2¢)
infrared safety (Kinoshita — Lee-Nauenberg theorem) of observables

generalized reciprocity of space-/time-like anomalous dimension with
reciprocity respecting function f (V') Dokshitzer, Marchesini, Salam ‘05;
Basso, Korchemsky ‘06

YEN) = FIN F4T5(N) /2 = B(es) /2)
scheme invariance of physical kernels

Theory predictions for time-like singlet splitting functions at NNLO (using
analyticity)

complete: P27, p27T plAdT
Mitov, S.M., Vogt ‘06, S.M., Vogt ‘07, Almasy, S.M., Vogt ‘11

almost complete: P{2" Amasy, S.M., Vogt ‘11

complete P;?T (with additional soft-collinear factorization)
Hao Chen, Yang, Zhu, Zhu ‘20
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Direct computation of ete™ annihilation

Task

Direct computation of ete™ annihilation to check analyticity

Access to coefficient functions at N°LO Magerya, PhD thesis, to appear

ete annihilation at one loop

J dLIPS(1)

'le — 2Re.7:1(5<1—33)—|—721
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ete™ annihilation at two loops

| |
| |
QO l
| /dLIPS(1) |
| |
F2) FORA)
| |
| |
| |
| [ dLIPS(2) |
| |
|
(F)2 oo
7> = (2ReFa+|Fi|Y)6(1 —z)+2Re FiR1 + R
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ete~ annihilation at three loops

J dLIPS(1)

J dLIPS(1 J dLIPS(3)

I

|
@'o
) |
|

REG)
T3 = (2ReFs +2|F17))6(1 —x) + (2Re F2 + |F1[)R1 + 2Re FiR2 + Rs
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Four-loop computation

Work flow

Application of “reverse unitarity” requires to consider four-loop massless
propagator diagrams with cuts

Parametric reduction of all physical cuts of four-loop massless propagator
Gituliar, Magerya, Pikelner ‘18; Magerya, Pikelner ‘19

two-particle cuts

three-particle cuts

four-particle cuts

five-particle cuts

Solution of integration-by-parts reductions for inclusive integrals
dimensional recurrence relations
Semi-inclusive integrals Fsemi—inci () from solution of differential
equations in x
boundary conditions given by inclusive integrals
Finel = fol diUFsemz'—mcl(x)
Checks with help of Cutkosky rules for each diagram F

ImF = — ZcutsiF
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Two-particle cuts

OO0~ >—<8 = O <D o @ —

L1110100+11+ Hipsx0111110 Lo111100%01x Hio0xx0101101 Ho14x0101001
- H;® - 6D - 4) -

Nio1xs101111 L1101110+01% Hipsx1110101 Ho14x1110001 Ho14x0110011

@P @F QF - N

Ni10xx101111 Nio14x110111 Ho1sx0111011 Nio11110%111 Mi114x111111
RPN e \/>—> ﬂ@}—) \/>—>

Ni11ss111110 L.xo11101011 Hi1sx1101101 Nit1ss111111 Hitss1111111
o H\X>O~

Jux101111111 J1110111%11+

O o O (% A O

Lo111+0010%1 L1101+1010%1 L1110+0011%1 J11x01111511

Sven-Olaf Moch Calculating Four Loop Corrections in QCD — p.38



Three-particle cuts

R

Ho140%1100%0

\

= OO
Hoxo0114x0101

H\/\ @)
N

*01111x0%11

Ho1x0%1111%0

/

Hitsrs111151

OO~

Hi11+10000+

Hi11x10110%
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|-

Ho150+1100%1

J1110151%1%1

OO

Hoxo1+11010%

| -

Hisais11111%

—~ OO

Hos1114+0001

Nits1x111150

Hox11+11000%

Nitstt1s111%

OO —

Losss1001011

\
\
\

Nits1s111151
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>
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Four—paracle cuts

Hoox01%%0%10 110*1*01100** N101+115015% Ho0+00%151%0 Mo11401515x1

~o> =7

N1os1151015% Hi0s11550%01 N1x01550%111 Hiox10%151%0 Ho1x10%150%1
X\ =L~ DK -
Nisl1s1110 Ho1+015151%0 Mi1s1s15111 Nisi1esx15111 Hits1 1515151

210
70
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I
L,
v 7/
i’
\7
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Fe—i | »—

N14015101%%1 Hox110%1501%

Ni1s1ss%1110 Nitstsnn1111 N10*11*011**
&/\}) {\/R/%)ﬁ }—\\)—\/'_fk)_}
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Cutkosky rules

+ 2Im <000~ — 2Im o oo
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Summary

Determination of strong coupling «s at 1% precision requires QCD
radiative corrections to evolution equations at N°LO

Deep-inelastic scattering

Coefficient functions at N>LO known

Non-singlet anomalous dimensions ~'¥"* (V) (fixed Mellin moments

and exact results for large-n.) at N>LO

Quartic Casimir contributions to singlet anomalous dimension %.(f)(N) at
N°LO

eTe~ annihilation
Coefficient functions at N*LO known
Splitting functions at N*LO known
Four-loop massless propagator diagrams with cuts
independent direct computation of splitting functions at N*LO
coefficient functions at N°LO within reach
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