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Feynman integrals are important in QFT
Required to compute physical observables

Fruitful interplay with mathematics

anomalous magnetic 
dipole moment

Higgs 
discovery

special functions; differential equations; algebraic geometry



Technical challenges
Scales (masses, energies) — multi-variable functions

Multi-loop integrals — multifold iterated integrals

Non-planar diagrams — complicated analytic structure



Challenge: multi-loop Feynman integrals

• What special functions do Feynman integrals 

evaluate to? 

• What singularities do they have? 

• How can we determine the functions efficiently?

f(pi · pj) =
Z

d4k1d
4k2 . . . d

4kL I(pi; kj)
<latexit sha1_base64="fjSzdOxPIZgtP03kuzGKFSyPMeI="></latexit>

rational loop integrand
Transcendental 
function



Usefulness of dimensional regularisation

Integrals in non-integer dimensions:

Physical use: serves to regulate divergences:

f(pi; ✏) =
1

✏kmax

X

k�0

✏kf (k)(pi)

<latexit sha1_base64="6fsqbtgalCUlKT46G6eQRAZ9OcI="></latexit>

Mathematical use: organizing principle (grading)                                     
are k-fold iterated integrals (under some assumptions)
We say they have uniform transcendental (UT) weight.

f (k)
<latexit sha1_base64="G1Zx1k+vhPYfwp0JRaHZio7x4T8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJexGQY9BLx4jmAckMcxOZpMhs7PrTK8QlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa65VPDpVC8jgIlb8Wa09CXvOmPbqZ+84lrIyJ1j+OYd0M6UCIQjKKVWsFDWhqdTUivUHTL7gxkmXgZKUKGWq/w1elHLAm5QiapMW3PjbGbUo2CST7JdxLDY8pGdMDblioactNNZ/dOyKlV+iSItC2FZKb+nkhpaMw49G1nSHFoFr2p+J/XTjC46qZCxQlyxeaLgkQSjMj0edIXmjOUY0so08LeStiQasrQRpS3IXiLLy+TRqXsnZcrdxfF6nUWRw6O4QRK4MElVOEWalAHBhKe4RXenEfnxXl3PuatK042cwR/4Hz+ACzNj2Y=</latexit>

d4k �! d4�2✏k
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Canonical differential equation (DE) method

6

n-th order partial differential 
equations (Picard-Fuchs)

‘canonical’ DE define special functions

Typically 
complicated

Very 
simple

system of 1st order DE



Canonical differential equations
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[Henn, 2013]

Basis of uniform weight 
Feynman integrals (UT)

Constant 
matrices

Singular 
points

Canonical 
form:

d

dx
f(x, ✏) = ✏

"
X

k

mk
1

x� xk

#
f(x, ✏)

<latexit sha1_base64="VHwtLB/ABCCuGjaRgFToZGQ1upA="></latexit>

Generic 
form:

d

dx
f(x, ✏) = A(x, ✏) f(x, ✏)

<latexit sha1_base64="RsaipXk7QQUZqyebe8QB+U/WfIY="></latexit>

Matrix with complicated rational entries

A �! T�1AT � T�1@xT
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f �! T�1 f
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How to find UT integrals?

• Analysis of residues of rational loop integrand

• Analysis of singularity structure of DE matrix A

[Lee ’14; JMH, ’14; Prausa ’17; Meyer ’17; Gituliar, Magerya ’17]

[Arkani-Hamed, Bourjaily, Cachzo, Goncharov, Postnikov, Trnka, 2012]

Solution of canonical DE are iterated integrals of 
uniform transcendental weight (UT)

A �! T�1AT � T�1@xT
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f �! T�1 f
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This is more than mere amusement. It immediately tells us that with an appro-

priate choice of variables representing the BCFW-shifts, the one-loop amplitude can

be represented in a remarkably simple form:

A`=1
4 / A`=0

4 ⇥
Z
d↵1

↵1

d↵2

↵2

d↵3

↵3

d↵4

↵4
. (2.33)

Of course, this does not look anything like the more familiar expression, [81],

A`=1
4 / A`=0

4 ⇥ = A`=0
4 ⇥

Z
d4` (p1 + p2)2(p1 + p3)2

`2(`+ p1)2(`+ p1 + p2)2(`� p4)2
. (2.34)

In this form, it is not at all obvious that there is any change of variables that reduces

the integrand to the “dlog”-form of (2.33). However, following the rule for identifying

o↵-shell loop momenta in terms of on-shell data, (2.27), we may easily identify the

map which takes us from the ` of (2.34) to the ↵i of (2.33):

d4` (p1 + p2)2(p1 + p3)2

`2(`+ p1)2(`+ p1 + p2)2(`� p4)2
(2.35)

=dlog

✓
`2

(`� `⇤)2

◆
dlog

✓
(`+ p1)2

(`� `⇤)2

◆
dlog

✓
(`+ p1 + p2)2

(`� `⇤)2

◆
dlog

✓
(`� p4)2

(`� `⇤)2

◆
,

where `⇤ is either of the two points null separated from all four external momenta.

This expression will be derived in detail in section 16.3.

As we will see, the existence of this “dlog” representation for loop integrands is a

completely general feature of all amplitudes at all loop-orders. But the possibility of

such a form even existing was never anticipated from the more traditional formula-

tions of field theory. Indeed, even for the simple example of the four-particle one-loop

amplitude, the existence of a change of variables converting d4` to four dlog’s went

unnoticed for decades. We will see that these “dlog”-forms follow directly from the

on-shell diagram description of scattering amplitudes generated by the BCFW recur-

sion relations, (2.26). Beyond their elegance, these dlog-forms suggest a completely

new way of carrying out loop integrations, and more directly expose an underlying,

“motivic” structure of the final results which will be a theme pursued in a later, more

extensive work.

The equivalence of on-shell diagrams related by mergers and square-moves clearly

represents a major simplification in the structure on-shell diagrams; but these alone

cannot reduce the seemingly infinite complexities of graphs with arbitrary numbers

of ‘loops’ (faces) as neither of these operations a↵ect the number of faces of a graph.

However, using mergers and square-moves, it may be possible to represent an on-shell

diagram in a way that exposes a “bubble” on an internal line. As one might expect,

there is a sense in which such diagrams can be reduced by eliminating bubbles:

– 18 –

related to `d-log integrand`:



Practical need for refined methods

Often easy to find a few UT integrals, 
but hard to find a complete UT basis.

Some methods restricted to small matrices, 
or to few variables.

Our new method:
- needs only one UT integral as starting point
- can deal with larger matrices
- applies to multiple variables 



The collaboration at the                
Max Planck Institute for Physics

Kai Yan 
(Postdoc)

Christoph Dlapa 
(PhD student)

Based on JHEP 05 (2020) 025



We develop further an idea by

• First-order DE only canonical if all integrals are UT

[Höschele, Hoff, Ueda ’14]

• They applied this knowledge to find the remaining 
UT integrals, for cases with 2-3 master integrals, 
and outlined a general procedure.

• We formulate the method in matrix form, and 
solve the equations systematically

• Picard-Fuchs eq. for a single integral is unique, 
and contains valuable information.

Public algorithm:
https://github.com/UT-team/INITIAL

[Dlapa, Henn, Yan ’19]



Step1: Picard-Fuchs eq. of a UT integral 

f1
<latexit sha1_base64="HtALcy2r4fMnhzd55jBDvzVl1Hw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Dv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDxg42S</latexit>

Assumption: know one UT integral

• Complete to (any) basis   , and compute DE

The solutions to the canonical equations (??) can be constructed iteratively order by order
in ‘.

Searching for canonical basis of master integrals is an import topic in higher-loop
calculation of feynman diagrams. It becomes more challenging for large coupled systems
where one needs to find all the linearly-independent UT integrals to bring the first-order
di�erential equations into canonical form. On the other hand, one can derive the Pichard-
Fuchs equation for any given master integral. The coe�cients of Pichard-Fuchs equation
have some special characteristics, which allows us to test if a integral is UT without referring
to the other master integrals in the basis. More importantly, by establishing the relation
between the Pichard-Fuchs equation and the first-order di�erential equations, one can map
between two basis that share one common integral. In this way we can construct a canonical
basis g̨ starting from an arbitrary basis f̨ that contains one UT integral.

Let us illustrate how the algorithm works.
Without loss of generality, let us assume that the first member of a given basis f̨ is

UT. Given the system of di�erential equations,

d

dx
f̨ = A(x, ‘)f̨ . (2.2)

we can project the higher-order derivatives of f1 on the basis f̨ , thus define a matrix �,

(f Õ
1, f ÕÕ

1 , · · · f (n)
1 )T = �(x, ‘) f̨ (2.3)

More explicitly, the matrix � is obtained by taking derivatives of (2.2), yielding
Q

cccca

f Õ
1 · · · f (n)

1
f Õ

2 · · · f (n)
2

· · ·
f Õ

n · · · f (n)
n

R

ddddb
=

1
Af̨ · · · A[n]f̨

2
(2.4)

Here A[1] © A, A[n] © d
dxA[n≠1] + A[n≠1]A. Dotting (2.4) on vector v̨0 © (1, 0, · · · , 0), then

transposing it, we have

(f Õ
1 · · ·f (n)

1 )T =

Q

ca
v̨0A

· · ·
v̨0A[n]

R

db f̨ © � f̨ (2.5)

Assuming that f Õ
1, · · · , f (n)

1 are linearly-independent, we can then invert the matrix �, and
write down an n≠th order di�erential (Pichard-Fuchs) equation for f1,

f1 +
nÿ

m=1
bm f (m)

1 = 0 . (2.6)

where (b1, · · · , bn) © ≠(1, 0, · · · , 0) �≠1 . (2.7)

The coe�ecients b1, · · · bn are functions of x, ‘. Normally they can be written as ratios
beteween polynomials. By factoring out the denominators, (2.6) takes a form where all

– 2 –

• Differentiate

Idea: use the infinite amount of information 
provided by     being UT. f1
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     given by 
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•        yields Picard-Fuchs eq. for  �1
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Step 2:  Ansatz for canonical system

coe�cients are polynomials

b̃0 f1 +
nÿ

m=1
b̃mf (m)

1 = 0 . (2.8)

For that purpose let us assume that there exist a canonical basis g̨, where g1 = f1 and
all the other members of g̨ are unknown. Starting from the first-order di�erential equations
in (2.1), formally we can write down a matrix �, which transforms g̨ into the higher-order
derivatives of g1(f1),

(gÕ
1, gÕÕ

1 , · · · g(n)
1 )T = �(x, ‘) g̨. (2.9)

� is defined though the unknown matrix Ã in the same way as how � is defined in (2.5).
Now (2.8) leads to a system of linear algebraic equations for each colomn of matrix � :

(b̃0, 0, · · · , 0) + (b̃1, · · · , b̃n) � = 0 . (2.10)

Note that (2.3) and (2.7) define the transformation matrix T between the two basis f̨ and
g̨,

f̨ = T g̨ . where T © �≠1� . (2.11)

Knowing that f1 = g1, the first line of T or T ≠1 must equal v̨0 = (1, 0, · · · , 0), which is
an equivalent statement to (2.10), taking into account (2.7). The goal is to construct the
matrix � explicitly, such that (2.8) is satisfied.

2.2 Ansatz and solutions

The canonical di�erential equation is in fuchsian form, and

Ã(x) =
ÿ

i

d ln ai(x)
dx

mi (2.12)

where mi’s are constant matrices. For a given system of master integrals, we can propose
an ansatz for the letters, which is indicated by the singularities of di�ential equation.

We also discuss the scope of our method and how we deal with algebraic roots.

2.3 Generalization to multi-variable case

3 Examples and applications

In this section we present some examples where we apply our method to find master
integrals in canonical form.

• HQET cut sectors 69, 16, 35, 89, 1...
• Three-loop four-point integrals (full di�erential equations for the integral family) .
• Four-loop four-point integrals (DE on cut/full DE ?)
• Two-variable example: two-loop one-mass box integrals

– 3 –

coe�cients are polynomials

b̃0 f1 +
nÿ

m=1
b̃mf (m)

1 = 0 . (2.8)

For that purpose let us assume that there exist a canonical basis g̨, where g1 = f1 and
all the other members of g̨ are unknown. Starting from the first-order di�erential equations
in (2.1), formally we can write down a matrix �, which transforms g̨ into the higher-order
derivatives of g1(f1),

(gÕ
1, gÕÕ

1 , · · · g(n)
1 )T = �(x, ‘) g̨. (2.9)

� is defined though the unknown matrix Ã in the same way as how � is defined in (2.5).
Now (2.8) leads to a system of linear algebraic equations for each colomn of matrix � :

(b̃0, 0, · · · , 0) + (b̃1, · · · , b̃n) � = 0 . (2.10)

Note that (2.3) and (2.7) define the transformation matrix T between the two basis f̨ and
g̨,

f̨ = T g̨ . where T © �≠1� . (2.11)

Knowing that f1 = g1, the first line of T or T ≠1 must equal v̨0 = (1, 0, · · · , 0), which is
an equivalent statement to (2.10), taking into account (2.7). The goal is to construct the
matrix � explicitly, such that (2.8) is satisfied.

2.2 Ansatz and solutions

The canonical di�erential equation is in fuchsian form, and
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constant 
matrices: to 
be found

Follow from singularities 
of A(x)

�
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1 Introduction

Key points:

• We further develop an algothrim to search for canonical master integrals via Pichard-
Fuchs equation. The algorithm takes an input of one canonial feynman integral and
contruct the full canonical basis.

• The method was first proposed by Hoschele et al. which was applied to small coupled
systems.

• We propose an e�cient way to construct the full canonical basis. Our method can
be applied to large coupled systems of master integrals.

2 Decription of the method

2.1 Pichard-Fuchs equation of feynman integrals
Feynman integrals are related to each other by integration-by-parts relations. They can
be reduced to a finite number of master integrals, which satisfy a system of homogeneous
linear di�erential equations. Alternatively, the coupled system of master integrals can
be described by a n≠th order di�erential equation, the so-called Pichard-Fuchs equation,
which defines the linear relation between a certain master integral and its higher-order
derivatives.

In [], it was proposed that a canonical basis of master integrals exists, which consists of
integrals of uniform transcendental weight (UT). They satisfy a linear system of di�erential
equations in a simple, canonical form.

d

dx
g̨ = ‘ Ã(x) g̨ . (2.1)

– 1 –

~v0 
�1� = ~v0
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vector



Step 3: Solve equations algorithmically 

Solve at each order in     .

~v0 
�1� = ~v0
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Unit vector

Known matrix
x, ✏
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Parametrized by set of unknown 
constant matrices
Known polynomial       dependence 
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Equations valid for any    : can use finite field methods.x
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Higher orders in      provide consistency check.✏
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Public algorithm available

Presentation was for single-variable case, but method 
works for multiple variables; key advantage over other 
methods!

All steps implemented in public algorithm
https://github.com/UT-team/INITIAL



Corollary of our method: test of UT 
property of a given integral

• Algorithm can be used to test whether candidate 
integrals can be UT

• Can suggest modifications if an integral is 
‘almost’ UT

• Very useful to algorithmically search for UT 
integrals



State-of-the art applications



Application 1: Planar three-loop on-shell integrals

• Obtained full system of differential equations 
Matrix size 26x26 for case (a), 41x41 for case (b)

[Henn, Smirnov^2, ’14]

• UT integral in top sector easily found using d-log 
integrand analysis

2 Four-point integrals

2.1 Full Differential Equation for Planar Three-Loop Integrals
There are two topologies where the algorithm has been applied to the full DE. These
are the planar three-loop four point topologies shown in figure 2 (a) and 2 (b). The first

(a) (b)

Figure 2: Planar three-loop four-point integrals. The number of MI is 26 for (a) and 41
for (b).

system has 26 and the second has 41 MI. For both topologies, the UT integral serving as
the algorithm’s a starting point was taken from the literature but can also easily be found
by using Pascal’s dlogbasis package.

2.2 Non-Planar Three-Loop Integrals on the Maximal Cut
The three-loop sectors shown in figure 3 (a) and 3 (b) have been brought into canonical
form on the maximal cut. For both sectors, the number of MI is eight. In both cases, the

(a) (b)

Figure 3: Non-planar three-loop four-point integrals. The number of MI on the maximal
cut is eight in both cases.

same method as described in section 1 was used to find the first UT integral.

2

Kinematics: s = (p1 + p2)
2 , t = (p2 + p3)

2 , x = t/s .
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4X

i=1

pi = 0 , p2i = 0 .
<latexit sha1_base64="MeC6p7CALRiutA7g6JqikWkHcQc=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCixKSWtCFhYIblxXsBZo0TCaTdujk4sxEKKEv4cZXceNCEbeCO9/GSZuFtv4w8POdczhzfi9hVEjT/NZWVtfWNzZLW+Xtnd29ff3gsCPilGPSxjGLec9DgjAakbakkpFewgkKPUa63vg6r3cfCBc0ju7kJCFOiIYRDShGUiFXr9oiDd2MNqzpIKtPYeJS2IAmtKtV+z5Ffg4GNdjIieHqFdMwZ4LLxipMBRRqufqX7cc4DUkkMUNC9C0zkU6GuKSYkWnZTgVJEB6jIekrG6GQCCebXTWFp4r4MIi5epGEM/p7IkOhEJPQU50hkiOxWMvhf7V+KoNLJ6NRkkoS4fmiIGVQxjCPCPqUEyzZRBmEOVV/hXiEOMJSBVlWIViLJy+bTs2wzo3abb3SvCriKIFjcALOgAUuQBPcgBZoAwwewTN4BW/ak/aivWsf89YVrZg5An+kff4AuaWb9Q==</latexit>
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[Arkani-Hamed et al ’11, Henn ’13, Wasser, ’16]

Matrix block structure: at most 3 master integrals per sector.

Four-particle scattering 
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Application 2: Four-loop four-particle scattering
2.3 Planar Four-Loop Integrals on the Maximal Cut

(a) (b)

Figure 4: Non-planar three-loop four-point integrals. The number of MI on the maximal
cut is eight in both cases.
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3. Full canonical system (19 MI) of DE

2. Found further UT integrals (off the cut) 
by testing a large list of candidates

1. Solved the system on the cut (8 MI)

4. Fix boundary constants from analyticity + one trivial integral

5. Analytic result for scalar integral:



Application 3: many coupled master integrals

• Form of singularities:

• Here: four-loop non-planar integrals

[Henn, Korchemsky Marquard ’15]

• 17 coupled master integrals

Solved easily (~10 min) using our algorithm.

Kinematics

nth-Order Differential Equation for Reaching a

Canonical Form: Documentation of Examples

December 16, 2019

In this note, we briefly summarize what examples our algorithm has been tested on.

1 Four-loop cusp

Several of the sectors of the four-loop cusp anomalous dimension have been brought into
canonical form using our algorithm. The biggest system had 17 master integrals (MI) and
is shown in figure 1 (b). Figure 1 (a) shows the integral topology this sector belongs to.
Of course, the algorithm needs one UT integral to start with. For this sector we used the

(a) (b)

Figure 1: Corner integrals of (a) the topology with the largest number of MI, (b) the
sector with the largest number of MI (17).

following procedure to find this integral:

1. Using heuristic rules to find likely UT candidates (putting a maximum of one dot
on triangles etc.).

2. Testing each integral individually through our algorithm. If the algorithm does not
find a solution, the integral cannot be a UT integral.

1
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• State of the art for heavy quark effective theory (HQET) 
integrals: 3 loops

[Brüser, Dlapa, Henn,Yan, 2007.04851 [hep-th] (submitted to PRL)]

Recently applied to four-loop cusp anomalous dimension!



Application 4: multi-variable case

• Two-loop double pentagon integrals

7

6

1 4

8

2

3 5

Figure 4: The non-planar double-pentagon integral family.

Starting from (3.10), our algorithm finds a UT basis in less than two minutes.

3.4 Four-variable example: Non-planar double pentagon integrals

Here we apply the algorithm to the cutting-edge example of a coupled system of two-loop
five-point integrals, whose di�erential equation depends on four dimensionless variables
[17, 27]. Consider the non-planar double-pentagon integral family figure 4, where the
inverse propagators are,

D1 = ≠k
2
1, D2 = ≠(k1 ≠ p1)2

, D3 = ≠(k1 ≠ p1 ≠ p2)2
,

D4 = ≠k
2
2, D5 = ≠(k2 + p4 + p5)2

, D6 = ≠(k2 + p5)2
,

D7 = ≠(k1 ≠ k2)2
, D8 = ≠(k3 + k1 ≠ k2)2

, D9 = ≠(k1 + p5)2
,

D10 = ≠(k2 ≠ p1)2
, D11 = (k2 ≠ p1 ≠ p2)2

,

(3.11)

We focus on the top sector G1,1,1,1,1,1,1,1,0,0,0 which contains 9 master integrals. We start
with an ansatz for the alphabet containing 31 letters {Wi}, suggested by [37, 38]. The
five-point external kinematics can be parametrized via (a variation of) momentum-twistor
variables b = {b1, . . . , b5}, which rationalize all letters of the alphabet, see e.g. [39].

s12 = b1, s23 = b1b4, s34 = b1(1 + b3)b4
b2

≠ b1b3(1 ≠ b5), (3.12)

s45 = b1b5, s15 = b1b3(b2 ≠ b4 + b5) (3.13)

where b1 sets the overall kinematic scale. The di�erential equation depends on four dimen-
sionless variables b2, . . . , b5. The algorithm takes derivatives with respect to one preferred
variable. It is convenient for us to choose this variable to be b2. Given the ansatz {Wi}, the
canonical partial di�erential matrix B2(b, ‘) ©

ˆ
ˆb2

B depends on 22 independent letters,

B2(b, ‘) © ‘

22ÿ

l=1
ml

ˆ

ˆb2
log –l(b) . (3.14)

To proceed, we need to select a suitable UT integral as an input to the algorithm. In order
to investigate the parity dependence of the di�erential equations, we tested the algorithm
starting with both a parity-even and parity-odd integral taken from the canonical basis
given in [17]. Fixing the value of b3, b4, b5 to be certain constants, we execute the algorithm

– 18 –

• Four different kinematic variables

• 17 relevant alphabet letters

[Abreu, Dixon, Herrmann, Zeng ’18; Chicherin, 
Gehrmann, Henn, Wasser, Zhang, Zoia ’18]

• Computed only 1 year ago using 
state-of-the-art methods (e.g. D-
dimensional leading singularities)

• 9 coupled integrals in top sector

Our algorithm takes 5 minutes to find the UT basis on the cut.



Algorithm is efficient for many coupled 
integrals, and in multi-variable case

1

7 8 9 10

3 5

642
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Figure 1: Planar three-loop four-point integrals. The number of MI is 26 for (a) and 41
for (b).

3.1 Full di�erential equation for planar three-loop integrals

As a first example, we apply the algorithm to the two three-loop four-point integral families
shown in figure 1. The definition of the factors in eq. (3.1) is

D1 = ≠k
2
1, D2 = ≠(k1 + p1 + p2)2

, D3 = ≠k
2
2,

D4 = ≠(k2 + p1 + p2)2
, D5 = ≠k

2
3, D6 = ≠(k3 + p1 + p2)2

,

D7 = ≠(k1 + p1)2
, D8 = ≠(k1 ≠ k2)2

, D9 = ≠(k2 ≠ k3)2
,

D10 = ≠(k3 ≠ p3)2
, D11 = ≠(k1 ≠ p3)2

, D12 = ≠(k2 + p1)2
,

D13 = ≠(k2 ≠ p3)2
, D14 = ≠(k3 + p1)2

, D15 = ≠(k1 ≠ k3)2

(3.2)

and

D1 = ≠(k1 ≠ k3)2
, D2 = ≠(k1 + p1)2

, D3 = ≠(k1 + p1 + p2)2
,

D4 = ≠(k2 + p1 + p2)2
, D5 = ≠(k2 ≠ p3)2

, D6 = ≠(k2 ≠ k3)2
,

D7 = ≠(k1 ≠ k2)2
, D8 = ≠k

2
3, D9 = ≠(k3 + p1)2

,

D10 = ≠(k3 ≠ p3)2
, D11 = ≠(k3 + p1 + p2)2

, D12 = ≠(k2 + p1)2
,

D13 = ≠(k1 ≠ p3)2
, D14 = ≠k

2
1, D15 = ≠k

2
2

(3.3)

for integral families 1(a), and 1(b), respectively. The top sector is defined by G1,1,1,1,1,1,1,1,1,1,0,0,0,0,0
in both cases.

The integrals were computed previously in ref. [26] with the di�erential equations
method. In this case it is relatively straightforward to find a complete UT basis as in
[26], or even a complete dlog integrand basis [30]. Nevertheless, we find it instructive
to benchmark our new method using these sets of integrals. We will see that, for each
integral family, a single UT integral from the top sector is su�cient to derive the full
canonical di�erential equation. The corresponding matrices are of size 26◊26 and 41◊41,
respectively. A suitable initial integral is easily found using [30], or by taking inspiration
from the perturbative expansion of N = 4 super Yang-Mills [31].

Concretely, we took the following integrals as our starting point,

f1 = g1 = ‘
6
G1,1,1,1,1,1,1,1,1,1,≠1,0,0,0,0 (3.4)

– 14 –
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Figure 1: Planar three-loop four-point integrals. The number of MI is 26 for (a) and 41
for (b).

3.1 Full di�erential equation for planar three-loop integrals

As a first example, we apply the algorithm to the two three-loop four-point integral families
shown in figure 1. The definition of the factors in eq. (3.1) is

D1 = ≠k
2
1, D2 = ≠(k1 + p1 + p2)2

, D3 = ≠k
2
2,

D4 = ≠(k2 + p1 + p2)2
, D5 = ≠k

2
3, D6 = ≠(k3 + p1 + p2)2

,

D7 = ≠(k1 + p1)2
, D8 = ≠(k1 ≠ k2)2

, D9 = ≠(k2 ≠ k3)2
,

D10 = ≠(k3 ≠ p3)2
, D11 = ≠(k1 ≠ p3)2

, D12 = ≠(k2 + p1)2
,

D13 = ≠(k2 ≠ p3)2
, D14 = ≠(k3 + p1)2

, D15 = ≠(k1 ≠ k3)2

(3.2)

and

D1 = ≠(k1 ≠ k3)2
, D2 = ≠(k1 + p1)2

, D3 = ≠(k1 + p1 + p2)2
,

D4 = ≠(k2 + p1 + p2)2
, D5 = ≠(k2 ≠ p3)2

, D6 = ≠(k2 ≠ k3)2
,

D7 = ≠(k1 ≠ k2)2
, D8 = ≠k

2
3, D9 = ≠(k3 + p1)2

,

D10 = ≠(k3 ≠ p3)2
, D11 = ≠(k3 + p1 + p2)2

, D12 = ≠(k2 + p1)2
,

D13 = ≠(k1 ≠ p3)2
, D14 = ≠k

2
1, D15 = ≠k

2
2

(3.3)

for integral families 1(a), and 1(b), respectively. The top sector is defined by G1,1,1,1,1,1,1,1,1,1,0,0,0,0,0
in both cases.

The integrals were computed previously in ref. [26] with the di�erential equations
method. In this case it is relatively straightforward to find a complete UT basis as in
[26], or even a complete dlog integrand basis [30]. Nevertheless, we find it instructive
to benchmark our new method using these sets of integrals. We will see that, for each
integral family, a single UT integral from the top sector is su�cient to derive the full
canonical di�erential equation. The corresponding matrices are of size 26◊26 and 41◊41,
respectively. A suitable initial integral is easily found using [30], or by taking inspiration
from the perturbative expansion of N = 4 super Yang-Mills [31].

Concretely, we took the following integrals as our starting point,

f1 = g1 = ‘
6
G1,1,1,1,1,1,1,1,1,1,≠1,0,0,0,0 (3.4)
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Figure 2: Planar four-loop four-point integral. The number of MI is 19.

and

f1 = g1 = ‘
6
x

2
G1,1,1,1,1,1,1,1,1,1,≠1,0,0,0,0 (3.5)

for integral families 1(a), and 1(b), respectively. We completed them to basis by taking
linearly independent integrals suggested by the integral reduction programs. In other
words, no optimization was done on the other integrals.

The integrals depend on one dimensionless variable x = t/s. See [26] for more details.
The di�erential equation matrix A(x) has the singular points x = 0, ≠1, Œ, and conse-
quently we take the alphabet in eq. (2.18) to be –̨ = {x, 1 + x}. With this as input, our
algorithm e�ortlessly found the transformation matrix T , see table 1.

3.2 New result for a four-loop four-point integral

Let us now present an application to previously unknown four-loop integrals. The definition
of the integral family is

D1 = ≠k
2
4, D2 = ≠(k1 + p1)2

, D3 = ≠(k2 + p1 + p2)2
,

D4 = ≠(k3 + p1 + p2 + p3)2
, D5 = ≠(k1 ≠ k2)2

, D6 = ≠(k2 ≠ k3)2
,

D7 = ≠(k3 ≠ k4)2
, D8 = ≠(k1 ≠ k4)2

, D9 = ≠k
2
1,

D10 = ≠(k2 + p1)2
, D11 = ≠(k3 + p1 + p2)2

, D12 = ≠(k4 + p1 + p2 + p3)2
,

D13 = ≠k
2
2, D14 = ≠k

2
3, D15 = ≠(k1 ≠ k3)2

,

D16 = ≠(k1 + p1 + p2)2
, D17 = ≠(k1 + p1 + p2 + p3)2

, D18 = ≠(k2 ≠ k4)2
,

D19 = ≠(k2 + p1 + p2 + p3)2
, D20 = ≠(k3 + p1)2

, D21 = ≠(k4 + p1)2
,

D22 = ≠(k4 + p1 + p2)2
.

(3.6)
The sector shown in figure 2 is G1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0 and, together with the
subsectors, there are 19 MI.

This case is particularly interesting for the following reason. After taking certain
residues, the scalar integrand exhibits a double pole. This can be understood from a power
counting argument and comes from the fact that the integral has relatively few propagators.
As a consequence, the scalar integral, or integrals with the same propagator structure, and
numerators, do not have a dlog form in four dimensions. There are possible remedies to
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Figure 3: Non-planar four-loop integral appearing in the calculation of the cusp anomalous
dimension. The sector shown has 17 coupled master integrals, according to FIRE6.

with pySecDec [35] for x = 0, x = 0.5 and x = 2.

3.3 Canonical form for non-planar four-loop sector with 17 master integrals
Here we discuss one of the most complicated applications of our algorithm. In the previous
cases, the maximal size of individual sectors (i.e., the number of coupled integrals) was
three in section 3.1, and twelve in section 3.2. In contrast, here we will apply the algorithm
to a case of a sector with 17 coupled master integrals. It is shown in figure 3. The definition
of the integral family is

D1 = 1 ≠ 2k1 · v1, D2 = 1 ≠ 2k2 · v1, D3 = 1 ≠ 2k2 · v2,

D4 = 1 ≠ 2k3 · v2, D5 = ≠k
2
1, D6 = ≠k

2
3,

D7 = ≠k
2
4, D8 = ≠(k1 ≠ k2)2

, D9 = ≠(k1 ≠ k4)2
,

D10 = ≠(k2 ≠ k3)2
, D11 = ≠(k3 ≠ k4)2

, D12 = ≠(k1 ≠ k2 + k3 ≠ k4)2
,

D13 = ≠(k2 ≠ k4)2
, D14 = ≠(k2 ≠ k3 ≠ k4)2

, D15 = 1 ≠ 2k4 · v1,

D16 = 1 ≠ 2k4 · v2, D17 = 1 ≠ 2k3 · v1, D18 = 1 ≠ 2k1 · v2,

(3.9)
where we consider the sector G1,0,1,1,0,1,1,1,1,0,0,1,0,0,0,0,0,0. Inspecting the di�erential equa-
tion for the cut integral, we identify the alphabet of the sector to be {x, 1+x, 1≠x}, where
2v1 · v2 = x + 1/x.

The algorithm needs one UT integral to start with. We used the following procedure
to find this integral:

1. We use heuristic rules to find likely UT candidates (see [26, 36] for more information).
2. We use our algorithm to test the UT property for each integral individually. If

only the appropriate normalization factor is missing, we find it in the same ways as
mentioned in the previous subsection.

Following this procedure, we found the following integral to be UT on the maximal cut:

‘
6

A
1 ≠ x

2

x

B2
G1,0,1,1,0,1,1,2,2,0,0,1,0,0,0,0,0,0 . (3.10)
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Figure 4: The non-planar double-pentagon integral family.

Starting from (3.10), our algorithm finds a UT basis in less than two minutes.

3.4 Four-variable example: Non-planar double pentagon integrals

Here we apply the algorithm to the cutting-edge example of a coupled system of two-loop
five-point integrals, whose di�erential equation depends on four dimensionless variables
[17, 27]. Consider the non-planar double-pentagon integral family figure 4, where the
inverse propagators are,

D1 = ≠k
2
1, D2 = ≠(k1 ≠ p1)2

, D3 = ≠(k1 ≠ p1 ≠ p2)2
,

D4 = ≠k
2
2, D5 = ≠(k2 + p4 + p5)2

, D6 = ≠(k2 + p5)2
,

D7 = ≠(k1 ≠ k2)2
, D8 = ≠(k3 + k1 ≠ k2)2

, D9 = ≠(k1 + p5)2
,

D10 = ≠(k2 ≠ p1)2
, D11 = (k2 ≠ p1 ≠ p2)2

,

(3.11)

We focus on the top sector G1,1,1,1,1,1,1,1,0,0,0 which contains 9 master integrals. We start
with an ansatz for the alphabet containing 31 letters {Wi}, suggested by [37, 38]. The
five-point external kinematics can be parametrized via (a variation of) momentum-twistor
variables b = {b1, . . . , b5}, which rationalize all letters of the alphabet, see e.g. [39].

s12 = b1, s23 = b1b4, s34 = b1(1 + b3)b4
b2

≠ b1b3(1 ≠ b5), (3.12)

s45 = b1b5, s15 = b1b3(b2 ≠ b4 + b5) (3.13)

where b1 sets the overall kinematic scale. The di�erential equation depends on four dimen-
sionless variables b2, . . . , b5. The algorithm takes derivatives with respect to one preferred
variable. It is convenient for us to choose this variable to be b2. Given the ansatz {Wi}, the
canonical partial di�erential matrix B2(b, ‘) ©

ˆ
ˆb2

B depends on 22 independent letters,

B2(b, ‘) © ‘

22ÿ

l=1
ml

ˆ

ˆb2
log –l(b) . (3.14)

To proceed, we need to select a suitable UT integral as an input to the algorithm. In order
to investigate the parity dependence of the di�erential equations, we tested the algorithm
starting with both a parity-even and parity-odd integral taken from the canonical basis
given in [17]. Fixing the value of b3, b4, b5 to be certain constants, we execute the algorithm
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Type of 
problem #MI #vars #letters time [min.] Memory 

[MB]

Full three-
loop DE 26 | 3 1 2 2 330

41 | 3 1 2 34 1710

Full four-
loop DE 19 | 12 1 2 1 240

HQET    
DE on cut 17 | 17 1 3 2 390

Five-point 
integrals 

DE on cut
9 | 9 4 17 5 510



Discussion

• Our method is efficient for solving large 
systems of coupled integrals

• Corollary: test of the UT property

Our work provides an automated public tool for 
the calculation of canonical differential equations. 
It removes an important bottleneck in the 
calculation of Feynman integrals.

• Applies to multi-variables case



Outlook: more complicated integrals

The idea of canonical form of differential equations 
has also been explicitly applied for elliptic 
polylogarithms. We find it conceivable that our new 
ideas can be applied here as well.

Beyond logarithmic kernels.            
[Broedel, Duhr, Dulat, Penante, Tancredi ’18; 
Adams and Weinzierl ’18]

[Henn ’14; Mizera, Pokraka ’19]

d f(x, ✏) = ✏ dA(x)f(x, ✏)
<latexit sha1_base64="lj2ycCDHHRWJZJvz/dy9xN+FDyw="></latexit>

d g(x, ✏) = [dA0(x) + ✏ dA1(x)] g(x, ✏)
<latexit sha1_base64="HlKXjC/1W1rHCrIEP3U5hnGfE7o="></latexit>

Integrating out        introduces elliptic functions:A0
<latexit sha1_base64="j6SY0Ig8MC6Rvmkvuw2cdjDUKiw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLCI2FhGNB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/loxkn6Ed0IHnIGTVWerjpub1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZqRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTtGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBndQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDtdONZg==</latexit>

‘Pre-canonical form’:

Canonical form



Outlook: finite integrals (e.g. D=4)
For finite integrals, simplifications occur, and 
the matrices become nilpotent [Caron-Huot, Henn `14].
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Figure 3. Hierarchy of one-loop functions. The integrals are classified according to their (tran-

scendental) weight, shown in the leftmost column. Each arrow corresponds to one non-zero element

of the derivative matrix A, cf. eq. (3.8). The fact that arrows only link integrals in adjacent rows

is the statement that the matrix is block triangular. Solid and dashed lines denote massive and

massless propagators, respectively.

Let us now discuss the general solution in D = 4 � 2✏ dimensions, and then come back
to the simplifications as ✏ ! 0. With the differential equations in the form (3.6) we can
immediately write down the analytic answer in terms of Chen iterated integrals [8]. We
have

~f(s, t, m2; ✏) = Pe
✏
R
� d Ã~h(✏) . (3.12)

Here the integration contour � is a path in the space of kinematical variables, which begins
at a base point, in our case m ! 1, where we have the simple boundary condition (3.9).

Let us be more specific about the notation, following closely the recent lecture notes
[28, 29] on iterated integrals. We denote by M the space of kinematical variables, here
(u, v) 2 R2, and let !i be some differential one-forms (corresponding to entries of d Ã or
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<latexit sha1_base64="hB1R6LHReKSpX0SEWnRBGZo4M7M="></latexit>

Exploit simpler structure to solve larger systems?



Thank you for your attention!


