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Introduction
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Examples from
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Pfaff-Saalschütz formula (n ∈ Z≥1):

S(n) := 3F2

(
−n, a, b

c, 1 + a+ b− c− n
; 1

)
=
∑
k≥0

(−n)k(a)k(b)k
(c)k(1 + a+ b− c− n)kk!

=
(c− a)n(c− b)n
(c)n(c− a− b)n

.

Notation.

(a)k := a(a+ 1) . . . (a+ k − 1), k ≥ 1, (a)0 := 1.
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NOTE. Pfaff/Saalschütz (1797/1890): binomial version1

1Taken from ”Concrete Mathematics” by Graham, Knuth, Patashnik.
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∆kf(k) :=

f(k+1)−f(k).
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cf =

”closed

form”

NOTE.
This is
Pfaff’s
proof.
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QUESTIONS:

• Zb
?←→ Pfaff

• Why
Zb-order= 2?

• Pfaff’s method
less algorithmic?

All this is

explained by

CONTIGUOUS

RELATIONS!
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Contiguous Relations: History
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Gauß Werke, Vol. 3, page “131:123” at https://gdz.sub.uni-goettingen.de/id/PPN235999628

https://gdz.sub.uni-goettingen.de/id/PPN235999628
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Gauß Werke, Vol. 3, page “138:130” at https://gdz.sub.uni-goettingen.de/id/PPN235999628

https://gdz.sub.uni-goettingen.de/id/PPN235999628
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Gauß Werke, Vol. 3, page “140:132” at https://gdz.sub.uni-goettingen.de/id/PPN235999628

https://gdz.sub.uni-goettingen.de/id/PPN235999628
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Gauß Werke, Vol. 3, page “141:133” at https://gdz.sub.uni-goettingen.de/id/PPN235999628

https://gdz.sub.uni-goettingen.de/id/PPN235999628
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Gauß Werke, Vol. 3, page “215:207” at https://gdz.sub.uni-goettingen.de/id/PPN235999628

https://gdz.sub.uni-goettingen.de/id/PPN235999628
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Holonomic Functions & Sequences
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Def. (a(n))n≥0 holonomic (P-recursive) :⇔
pd(n)a(n+ d) + · · ·+ p0(n)a(n) = 0, n ≥ 0.

Def. y(x) =
∑∞
n=0 a(n)xn holonomic (D-finite) :⇔

Pm(x)y(m)(x) + · · ·+ P0(x)y(x) = 0.

FACT. (a(n))n≥0 holonomic ⇔ y(x) =
∞∑
n=0

a(n)xn holonomic.
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Example.

y(x) := 2F1

(
a, b

c
;x

)
=

∞∑
k=0

(a)k(b)k
(c)kk!

xk



DESY Hamburg, Mar 2020 / Holonomic Functions & Sequences 20

Example.

y(x) := 2F1

(
a, b

c
;x

)
=

∞∑
k=0

(a)k(b)k
(c)kk!

xk



DESY Hamburg, Mar 2020 / Holonomic Functions & Sequences 20

Example.

y(x) := 2F1

(
a, b

c
;x

)
=

∞∑
k=0

(a)k(b)k
(c)kk!

xk



DESY Hamburg, Mar 2020 / Holonomic Functions & Sequences 21

For holonomic functions and sequences we will use the RISC
package:

For hypergeometric summation (Gosper & Zeilberger algo.) we will
use the RISC package:
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Example.

y(x) := 2F1

(
a, b

c
;x

)
=

∞∑
n=0

(a)n(b)n
(c)nn!

xn
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Creative/Parameterized Telescoping
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Example. 2F1

(
a, b

c
;x

)
=

∞∑
n=0

(a)k(b)k
(c)kk!

xk =

∞∑
k=0

sd[k]xk.

Find A,B,C such that

A · 2F1

(
a, b

c
;x

)
+B · 2F1

(
a+ 1, b

c
;x

)
+ C · 2F1

(
a− 1, b

c
;x

)
= 0.
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This translates into:

(2a− c− ax+ bx)

N∑
k=0

(a)k(b)k
(c)kk!

xk + a(−1 + x)

N∑
k=0

(a+ 1)k(b)k
(c)kk!

xk

+ (−a+ c)

N∑
k=0

(a− 1)k(b)k
(c)kk!

xk = (b+N)x1+N
(a)N (b)N
(c)NN !

.
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We computed:

(2a− c− ax+ bx)

N∑
k=0

(a)k(b)k
(c)kk!

xk + a(−1 + x)

N∑
k=0

(a+ 1)k(b)k
(c)kk!

xk

+ (−a+ c)

N∑
k=0

(a− 1)k(b)k
(c)kk!

xk = (b+N)x1+N
(a)k(b)k
(c)kk!

.

NOTE. This relation can be also obtained by Zeilberger’s algorithm:
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Example. 2F1

(
a, b

c
;x

)
=

∞∑
k=0

(a)k(b)k
(c)kk!

xk =

∞∑
k=0

sd[k]xk.

Find A,B,C such that

A · 2F1

(
a, b

c
;x

)
+B · 2F1

(
a+ 1, b

c
;x

)
+ C · 2F1

(
a, b+ 1

c
;x

)
= 0.
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This translates into:

(a− b)
N∑
k=0

(a)k(b)k
(c)kk!

xk − a(−1 + x)

N∑
k=0

(a+ 1)k(b)k
(c)kk!

xk

+ b

N∑
k=0

(a)k(b+ 1)k
(c)kk!

xk = 0.
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We computed:

(a− b)
N∑
k=0

(a)k(b)k
(c)kk!

xk − a(−1 + x)

N∑
k=0

(a+ 1)k(b)k
(c)kk!

xk

+ b

N∑
k=0

(a)k(b+ 1)k
(c)kk!

xk = 0.

NOTE 1. This relation cannot be obtained by Zeilberger’s

algorithm!

NOTE 2. But in contrast to other contiguous relations, in this case the

identity is trivial:
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CLAIM.

All classical (like those of Gauß) and most of of the specialized
contiguous relations (i.e., the argument is set to a concrete
value) can be computed by parameterized telescoping (i.e., by
an extension of Zeilberger’s version of creative telescoping).

NOTE.

This CLAIM encloses also relations between rFs-series and also
their q-analogues.

• EXAMPLE (specialized contiguous relation):
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Contiguous Relations imply ζ(2) = π2

6
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6
32

NOTE.

∞∑
k=1

1

k2

(
2k

k

)−1
= 2 arcsin (1/2)

2
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6
33

3F2

(
1, 1, 1

2− 1, 2 + 1
; 1

)
= 2F1

(
1, 1

3
; 1

)
[Re(3− 1− 1) > 0]

=
Γ(3)Γ(3− 1− 1)

Γ(3− 1)Γ(2− 1)

= 2.



DESY Hamburg, Mar 2020 / Contiguous Relations imply ζ(2) = π2

6
34

SUMMARY.

ζ(2) = 3F2

(
1, 1, 1

2, 2
; 1

)
= −c(N) + 3

N∑
k=1

c(k)

+ c(N)F (N)


c(N) =

1

N2

(
2N

N

)−1
F (N) = 3F2

(
1, 1, 1

N + 1, 2N + 1
; 1

)

F (N) = 1 + 2
c(N + 1)

c(N)
+
c(N + 1)

c(N)
F (N + 1)

ζ(2)
N=1
= 2c(1) + c(1)F (1) = 2c(1) + c(1)

(
1 + 2

c(2)

c(1)
+
c(2)

c(1)
F (2)

)
= 3c(1) + 2c(2) + c(2)F (2) = . . .
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CLAIM.

All classical (like those of Gauß) and most of of the specialized
contiguous relations (i.e., the argument is set to a concrete
value) can be computed by parameterized telescoping (i.e., by
an extension of Zeilberger’s version of creative telescoping).

NOTE.

This CLAIM encloses also relations between rFs-series and also
their q-analogues.

• EXAMPLE (q-contiguous relation):
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q-Contiguous Relations
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From the Digital Library of Mathematical Functions (DLMF):

NOTE. Besides classical relations between rφs, there are important
contiguous relations between related types of q-series. For example:
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All these relations
can be computed
algorithmically!

To this end we use

the RISC package:
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All these relations
can be computed
algorithmically!

To this end we use

the RISC package:
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Relation (1):

F (a, b, t)

= 1 +
∑
n≥1

(aq; q)n
(bq; q)n

tn

= 1 +
1− aq
1− bq

tF (aq, bq, t)

{
apply

N →∞
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Relation (2). (1−t)F (a, b, t) = 1−b+(b−aqt)F (a, b, qt)

F (a, 1, t) =
1− aqt
1− t

F (a, 1, qt)

=
1− aqt
1− t

1− aq2t
1− qt

F (a, 1, q2t) = . . .
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Relation (2). (1−t)F (a, b, t) = 1−b+(b−aqt)F (a, b, qt)

F (a, 1, t) =
1− aqt
1− t

F (a, 1, qt)

=
1− aqt
1− t

1− aq2t
1− qt

F (a, 1, q2t) = . . .
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Telescoping Contiguous Relations
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Existence of Telescoping Contiguous Relations
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Preparations
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Preparations
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NOTATION. For k ≥ 0,
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THEOREM 1



DESY Hamburg, Mar 2020 / Telescoping Contiguous Relations 47

THEOREM 1 (contd.)
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THEOREM 1 (contd.)
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Example z.1.0: z 6= 1 and (p, q) = (1, 0)

d∑
`=0

1F0

(
a+ α(`)

−
; z

)
k

= ∆kC(k)1F0

(
a

−
; z

)
k

(1)

1P0(x) = z(x+ a)− x
0∏

j=1

(x+ bj − 1) = (z − 1)x+ za.

By THEOREM 1: d = deg(1P0(x)) = 1 and ∃c0, c1 ∈ C, not all 0, and

C(x) ∈ C[x] such that relation (1) holds with 2= d+ 1 summands on

the left. Because of C(0) = 0 and limk→∞ C(k)1F0(a;−; z)k = 0:
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Example z.1.0: z 6= 1 and (p, q) = (1, 0)

d∑
`=0
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; z

)
k

= ∆kC(k)1F0

(
a

−
; z
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C(x) ∈ C[x] such that relation (1) holds with 2= d+ 1 summands on

the left. Because of C(0) = 0 and limk→∞ C(k)1F0(a;−; z)k = 0:

c0 1F0

(
a+ α(0)

−
; z

)
︸ ︷︷ ︸

(1−z)−(a+α(0))

+c1 1F0

(
a+ α(1)

−
; z

)
︸ ︷︷ ︸

(1−z)−(a+α(1))

= 0.
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Example z.2.1: z 6= 1 and (p, q) = (2, 1)

d∑
`=0

2F1

(
a+ α(`), b+ β(`)

c− γ(`)
; z

)
k

= ∆kC(k)2F1

(
a, b

c
; z

)
k

(2)

2P1(x) = z(x+a)(x+b)−x(x+c−1) = (z−1)x2+(az+bz−c+1)x+abz

By THEOREM 1: d = deg(1P0(x)) = 2 and ∃c0, c1, c2 ∈ C, not all 0,

and C(x) ∈ C[x] such that relation (2) holds with 3= d+ 1 summands

on the left. Because of C(0) = 0 and limk→∞ C(k)2F1(a; b; c; z)k = 0:

c0 2F1

(
a+ α(0), b+ β(0)

c− γ(0)
; z

)
+ c1 2F1

(
a+ α(1), b+ β(1)

c− γ(1)
; z

)
+ c2 2F1

(
a+ α(2), b+ β(2)

c− γ(2)
; z

)
= 0. (Gauß)
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THEOREM 2a for z = 1 and p = q + 1 and
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Example 1.1.0.a: z = 1 and (p, q) = (1, 0) and k0 − q 6∈ Z≥0

d∑
`=0

1F0

(
a+ α(`)

−
; 1

)
k

= ∆kC(k)1F0

(
a

−
; 1

)
k

(3)

1P0(x) = 1(x+a)−x
0∏

j=1

(x+bj−1) = a;
∑
j

bj −
∑
i

ai = −a6∈ Z≥0

By THEOREM 2 a: d = deg(1P0(x)) = q = 0 and ∃c0 ∈ C \ {0} and

C(x) ∈ C[x] such that relation (3) holds with 1= d+ 1 summand on the

left. I.e., we have a TELESCOPING sum

N∑
k=0

1F0

(
a+ α(0)

−
; 1

)
k

=
N∑
k=0

(−1)k
(
−(a+ α(0))

k

)
= cf(N).

NOTE. 1F0

(
a+α(0)

− ; 1
)

= 0 = (1− 1)−(a+α
(0)), if convergent.
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Example 1.2.1a: z = 1 and (p, q) = (2, 1) and k0 − q 6∈ Z≥0

d∑
`=0

2F1

(
a+ α(`), b+ β(`)

c− γ(`)
; 1

)
k

= ∆kC(k)2F1

(
a, b

c
; 1

)
k

(4)

2P1(x) = (x+ a)(x+ b)− x(x+ c− 1) = (−c+ a+ b+ 1)x+ ab;∑
j

bj −
∑
i

ai − q = c− a− b− 16∈ Z≥0

By THEOREM 2a: d = deg(2P1(x)) = 1 and ∃c0, c1 ∈ C, not all 0, and

C(x) ∈ C[x] such that relation (4) holds with 2= d+ 1 summands on

the left. With parameterized telescoping one, e.g., computes:
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2F1

(
a, b

c
; 1

)
=

(c− 1)(c− a− b− 1)

(c− 1− a)(c− 1− b) 2F1

(
a, b

c− 1
; 1

)
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2F1

(
a, b

c
; 1

)
=

(c− 1)(c− 1− a− b− 1)

(c− 1− a)(c− 1− b) 2F1

(
a, b

c− 1
; 1

)
=

(c− 1)(c− 1− a− b)
(c− 1− a)(c− 1− b)

(c− 2)(c− 2− a− b)
(c− 2− a)(c− 2− b) 2F1

(
a, b

c− 2
; 1

)
(Gauß)
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THEOREM 2b for z = 1 and p = q+ 1 and

(∗) d = 0

if q = 0.



DESY Hamburg, Mar 2020 / Telescoping Contiguous Relations 54

Example 1.2.1b: z = 1 and (p, q) = (2, 1) and k0 − q∈ Z≥1

d∑
`=0

2F1

(
a+ α(`), b+ β(`)

c− γ(`)
; 1

)
k

= ∆kC(k)2F1

(
a, b

c
; 1

)
k

(5)

2P1(x) = (x+ a)(x+ b)− x(x+ c− 1) = (−c+ a+ b+ 1)x+ ab;∑
j

bj −
∑
i

ai − q = c− a− b− 1∈ Z≥1

By THEOREM 2b: d = q − 1 = 0 and ∃c0 ∈ C, not 0, and C(x) ∈ C[x]

such that relation (5) holds with 1= d+ 1 summand on the left. With

Gosper one, e.g., computes:
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i
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By THEOREM 2b: d = q − 1 = 0 and ∃c0 ∈ C, not 0, and C(x) ∈ C[x]

such that relation (5) holds with 1= d+ 1 summand on the left. With

Gosper one, e.g., computes:

N∑
k=0

(a)k(b)k
k!(a+ b+ 2)k

=
(ab+ a+ b+N + 1)

(a+ 1) (b+ 1)

(a+ 1)N (b+ 1)N
N !(a+ b+ 2)N

.

NOTE. In THEOREM 2b the choice 2 is minimal.
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THEOREM 2c for z = 1 and p = q + 1 and
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Example 1.2.1c: z = 1 and (p, q) = (2, 1) and k0 − q= 0

d∑
`=0

2F1

(
a+ α(`), b+ β(`)

c− γ(`)
; 1

)
k

= ∆kC(k)2F1

(
a, b

c
; 1

)
k

(6)

2P1(x) = (x+ a)(x+ b)− x(x+ c− 1) = (−c+ a+ b+ 1)x+ ab;∑
j

bj −
∑
i

ai − q = c− a− b− 1= 0 and

d = max{α(0) + β(0) + γ(0), . . . , α(d) + β(d) + γ(d),deg(2P1(x))︸ ︷︷ ︸
=0

}

By THEOREM 2c: choosing d = 0 and α(0) = β(0) = γ(0) = 0, ∃c0 ∈ C,

not 0, and C(x) ∈ C[x] such that relation (6) holds with 1= d+ 1

summand on the left. With Gosper one computes:
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REMARKS. (1) E.g., with the choice α(0) = 1 and β(0) = γ(0) = 0,

N∑
k=0

(a+ 1)k(b)k
k!(a+ b+ 1)k

is not telescoping.

(2) E.g., with the choice α(0) = β(0) = 0 and γ(0) = 1,

N∑
k=0

(a)k(b)k
k!(a+ b+ 1− 1)k

is not telescoping.

(3) The cases (1) and (2) require the extension to 2 (= d+ 1) which is
covered by THEOREM 2a; see the Example 1.2.1a.

(4) The telescoping sum

N∑
k=0

(a)k(b)k
k!(a+ b+ 1)k

=
(a+ 1)N (b+ 1)N
N !(a+ b+ 1)N

.

is the special case e = −N of Pfaff-Saalschütz:

S(N) =

N∑
k=0

(−N)k(a)k(b)k
k!(e)k(1 + a+ b− e−N)k

=
(e− a)N (e− b)N
(e)N (e− a− b)N

.
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Example 1.3.2c: z = 1 and (p, q) = (3, 2) and k0 − q= 0

d∑
`=0

3F2

(
a+ α(`), b+ β(`), c+ γ(0)}

e− ε(`), f − δ(`)
; 1

)
k

(S)
= ∆kC(k)3F2

(
a, b, c

e, f
; 1

)
k

3P2 = (2 + a+ b+ c− e− f)x2 + (−1 + ab+ ac+ bc+ e+ f − ef)x+ abc;∑
j

bj −
∑
i

ai − q = e+ f − a− b− c− 2= 0 and

d = max{α(0) + β(0) + γ(0) + ε(0) + δ(0), . . . ,

α(d) + β(d) + γ(d) + ε(d) + δ(d),deg(3P2)︸ ︷︷ ︸
=1

}

By THEOREM 2c, choosing d = 1, one, e.g., can compute this relation:

c0 · 3F2

(
a, b, c

e, f−1
; 1

)
+ c1 · 3F2

(
a+1, b, c

e, f
; 1

)
= 0 if f = a+ b+ c− e+2
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Example 1.3.2c (cont’d.): z = 1 and (p, q) = (3, 2) and k0 − q= 0
By THEOREM 2c, choosing d = 1, one, e.g., can compute this relation:

c0 · 3F2

(
a, b, c

e, f−1
; 1

)
+ c1 · 3F2

(
a, b, c+1

e, f
; 1

)
= 0 if f = a+ b+ c− e+2

Concretely, relation (S) becomes:

− c(1 + c− e)(1 + a+ b+ c− e) (a)k(b)k(c)k
(e)k(a+ b+ c− e+1)k

+ c(1 + a+ c− e)(1 + b+ c− e) (a)k(b)k(c+ 1)k
(e)k(a+ b+ c− e+2)k

= ∆k(e+ k − 1)(a+ b+ c− e+ k + 1)k
(a)k(b)k(c)k

(e)k(a+ b+ c− e+2)k

E.g., choosing c = −n, we “rediscover” Pfaff-Saalschütz:

3F2

(
a, b,−n

e, a+ b− e− n+1
; 1

)
︸ ︷︷ ︸

= S(n)

=
(1 + a− e− n)(1 + b− e− n)

(1− e− n)(1 + a+ b− e− n)
S(n− 1).
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Example 1.4.3: z = 1 and (p, q) = (4, 3)

THEOREM 2a, 2b, 2c reproduce celebrated 3-term contiguous relations
between (balanced) 4F3-series; e.g., in the context of classical orthogonal
polynomials from the “Askey Scheme”.

BUT this algorithmic theory also enables to discover NEW relations!

Theorem. [Wilson (1978); see also Andrews-Askey-Roy (3.7.5)]
If e+ f + g − a− b− c− d− 3 = −2 (= k0 − q) then



DESY Hamburg, Mar 2020 / Telescoping Contiguous Relations 60

Example 1.4.3: z = 1 and (p, q) = (4, 3)

THEOREM 2a, 2b, 2c reproduce celebrated 3-term contiguous relations
between (balanced) 4F3-series; e.g., in the context of classical orthogonal
polynomials from the “Askey Scheme”.

BUT this algorithmic theory also enables to discover NEW relations!

Theorem. [Wilson (1978); see also Andrews-Askey-Roy (3.7.5)]
If e+ f + g − a− b− c− d− 3 = −2 (= k0 − q) then



DESY Hamburg, Mar 2020 / Telescoping Contiguous Relations 61

THEOREM 2a together with parameterized telescoping delivers
the following generalization:

NOTE. For Wilson’s condition this gives zero.
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Why does Z’s algorithm sometimes miss the minimal recurrence?
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b1 + b2 + b3 − a1 − a2 − a3 − a4 − 3 = −2, hence by THEOREM 2a:

This relation translates into:

c0 S(n, a, b) + c1 S(n− 1, a, b) + c2 S(n− 1, a− 1, b) = 0.

NOTE 1. A new proof of this identity.

NOTE 2. Optimal recurrence depth w.r.t. n.
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An example of different type:

EXPLANATION. THEOREM 2a finds an optimal 3-term telescoping
relation which implies:

where P(n) = 0 for n ≥ 1 by Pfaff-Saalschütz.
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A LAST EXAMPLE (“creative symmetrizing”):
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EXPLANATION.

In fact, the well-poised 3F2 is the special case

a = −2n, b = c = −(2n+ 1)

of Dixon’s summation formula:
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Dixon (1902): For Re(1 + a
2 − b− c) > 0,

3F2

(
a, b, c

a+ 1− b, a+ 1− c
; 1

)
=

Γ(1 + a
2 )Γ(1 + a

2 − b− c)Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)Γ(1 + a

2 − b)Γ(1 + a
2 − c)

.

THEOREM 2a and parameterized telescoping gives,

c0 · 3F2

(
a, b, c

a+ 1− b, a+ 1− c
; 1

)
k

+ c1 · 3F2

(
a+ 1, b, c

a+ 2− b, a+ 2− c
; 1

)
k

+

c2 · 3F2

(
a+ 2, b, c

a+ 3− b, a+ 3− c
; 1

)
k

= ∆kC(k)3F2

(
a, b, c

a+ 1− b, a+ 1− c
; 1

)
k

,

where

c0 = −a(1 + a− b)(2 + a− b)(2 + a− 2b− 2c)(1 + a− c)(2 + a− c),
c1 = 0,

c2 = a(1 + a)(2 + a− 2b)(2 + a− 2c)(1 + a− b− c)(2 + a− b− c),
and
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C(k) = p(k)
(−2− a+ b)(−1− a+ b)(−2− a+ c)(−1− a+ c)k

(1 + a− b+ k)(1 + a− c+ k)

with
p(k) = −2 − a + 3a

2
+ 2a

3
+ 4b + ab− 2a

2
b− 2b

2
+ 4c + ac− 2a

2
c− 6bc− abc

+ 2b
2
c− 2c

2
+ 2bc

2
+ 3ak + 3a

2
k − 2abk − 2ack + ak

2
.

NOTE. In Dixon’s identity c→∞ gives Kummer’s summation theorem:

2F1

(
a, b

a+ 1− b
;−1

)
=

Γ(1 + a
2 )Γ(1 + a− b)

Γ(1 + a))Γ(1 + a
2 − b)

.

NOTE. Alternatively Kummer’s identity can be derived by setting z = −1
in Kummer’s quadratic transformation:

2F1

(
a, b

a+ 1− b
; z

)
= (1− z)−a2F1

( a
2 ,

a+1
2 − b

a+ 1− b
;− 4z

(1− z)2

)
.
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Conclusion


