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Pfaff-Saalschiitz formula (n € Z>1):

cl+a+b—c—n

—Z (@) (b)k
k>0 )k 1+a+b—c—n)kk'

_ (c—a)p(c—"D)y
()n(c—a—10),

Notation.
(a)p:=ala+1)...(a+k—-1), k>1, (a):=1.
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NOTE. Pfaff/Saalschiitz (1797/1890): binomial version®
Z m—r+s\/m+r—s\/r+k
k n—pk m+mn

k
= (T)(S), integers m,n = 0.
m/\n

1Taken from " Concrete Mathematics” by Graham, Knuth, Patashnik.
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Ex ((7{&% S«u&so“%)
h@a@l  Caucl,
S(M (C]IL 4+a+(\c—q)ﬁ [J (C)”(_Qxé)H
f (Ut

£, Cuck) - {oCusi k) < M&(m@)

(u-&H (¢lc-u)

Nok ll( C(Q\
Af(k) =
Co €olak) + ¢, €,CuR) > A,‘G.M)(Jua P04 1) - 108

Co= - (a-c—u)((—c-—u)(* Co(h.’)
Ca® Calu)w (cr4)(-a-L4ctu)
Corb(h) « & CcsBt) (ot {~coben)utan) ™

=) [Co S(M,) + C,lv) g‘“ﬁ) =0
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?Mf S HC‘H!OJ (Ex ?(0« Smﬁscf/.a(})
u) @) ol
S(Vﬁ S(,UldtLC_ Z—lé—)f—d{;;&/(—;)‘d C@n( )

cf =
guua,é,c)» S(u- 4a,é(> s
(—u)!(a )(L)) (4.44);(011(()’ ) o
- ~:°J'_(d~(4+a+é—6-h) ‘Ccl (34.04.(,-(-;(\(’-
@ ()jUwl-1 ifEehygea e ool
Z ‘Cc\ (4-«;4(-: A\JH — (w4 ) (4+at{~c~ q))
R (&\ﬂ(()]ﬂ )y-1
_-(4+mL ~(t+a+ b-c) Z.*, \(C)J(“M( (_q,
(mu.c\a( @q)d (éu}d([-q )i
- ((44.“(,—0«\(&%(-(—'-() ‘)q ((.C*{‘J(S$a‘é‘c*l/~ NOTE
This is
Sl aed, bt 4, c44) Pfaff's

o proof.
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"There is a Sowewhat °"ff“""l
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Hiow He W2 method. How e vay,
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comr&'m'ﬁo«( k %&hhs 4’ recirrbuca

é'ou{efﬁau“a ) ié way r»ow'e/o hew
iwualions w addlihou b fhe one
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Ex. (Baibey's o Fy Simuafion )

: (b Euy | eay
Q(n,a L) - (;U_AL—L
1 ib) §= 41 @y ) a.L

S(Mz&,C) — SCu-1, e L) =

a({~6~2)
L(L. 0 T(u ~1,a+2, ét—&)

@)y (G“"LL( w)f
PT(H 1al)= E& J‘Célzd(ald

T (wal)= SCh-4,a8) =

NEIRVCD) T (uwt ae2 bt2)
G (Lel)

~ (L~a)a
(NS (L*—Zu [)(é)u.,

(S(opel) = Tigald) =
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SUMMARY :

Plafl - Sanlschate - [Stabic) = gl
€o) S(rabic)+ 6,6 St fyarkic) = ©

SCriobie) = SCu-tia b c)
= ¥ ) SCu-4; aed bed  cen)
Baty's fy-T0 [SCasd)s <f]
€ty S Chod) + g Sttt Sor2uad) =0
Sluieid) = St aid)

= r () T (w4 as?, ¢+2)
< T(‘-(lll(é\ -~ S(“‘M‘ML)
= h Gy Tlunq, @z, {+)
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SUMMARY :

?(ag(-smﬂscuﬁ : S(u‘a,L‘ c/)ig;\ )
C (W) S(n‘a.L(c)+C4Cu) S(M I acb, c) =0

SCriobie) = SCu-tia b c)
= ¥ ) SCu-4; aed bed  cen)
Baty's fy-T0 [SCasd)s <f]
€ty S Chod) + g Sttt Sor2uad) =0
Sluyal) = Slutaid)

= b () T(w{( a+l, (4&)
B [(al) ~ S(u-acb)
= h Gy Tlunq, @z, )

QUESTIONS:
o Zb <5 Pfaff
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SUMMARY :

?(ag(-smﬂscuﬁ : S(u‘a,L‘ c/)ig;\ )
C (W) S(n‘a.L(c)+C4Cu) S(M I acb, c) =0

S(robie) = Slu-tia b e)
= ¥ ) SCu-4; aed bed  cen)
Baty's fy-T0 [SCasd)s <f]
€ty S Chod) + g Sttt Sor2uad) =0
Sluyal) = Slutaid)

= b () T(w{( a+l, (4&)
B [(al) ~ S(u-acb)
= h Gy Tlunq, @z, )

QUESTIONS:
o Zb <5 Pfaff

e Why
Zb-order= 27
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SUMHAP\Y :

?(ag('Sane&C!A«;ﬁ' . S(u‘a.,LLc')ﬁig;\ ‘
C (W) S(n‘a.L‘c)-l-C‘Cu) S(M l,alé, c) =0

S(“lO-:INC\'— S(h-'((m,(:,c)

= vy SCu-1; a4 ,b+4, cs)

Baitey's -1 [Stual)= <
Colw) S (h‘olL) + Gl S(M,.‘L)u,_(«( S‘(nfzda(é) =0
Sl al) - Slua k)
= b () T(lb{( a+l, (*&)

< T(‘-llll(é\ -~ S(“"‘(QLL)
= h Gy Tlunq, @z, )

QUESTIONS:
o Zb <5 Pfaff

e Why
Zb-order= 27

o Pfaff’s method
less algorithmic?
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SUMHAP\Y :

?(QQ'SMCSC{A«;‘E . S(u‘a'L'f_),jE;.\ ‘
C (W) S(n‘a.L‘c)-l-C‘Cu) S(M l,alé, c) =0

S(”lO-:INC\'— S(k-'((m,(:,c)

= vy SCu-1; a4 ,b+4, cs)

Baity's -2 ¢ [Stual)= e
Colw) S (h‘olL) + Gl g(h'«'I,-‘L)ch(u( S‘(nfzda(é) =0
g(u,t.é) - Slu~,a k)

= b () T(Lu{‘ a+l, 4*&)
g T(l—(lﬁlé\ - S(“M‘(Q‘L)
= 1 Gy Tlunq, aez, €42)

QUESTIONS:
o Zb <5 Pfaff

e Why
Zb-order= 27

o Pfaff’s method
less algorithmic?

All this is
explained by
CONTIGUOUS
RELATIONS!
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Contiguous Relations: History
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DISQUISITIONES GENERALES
CIRCA SERIEM INFINITAM

, +%m TS SIS ISR L Do SO

L2 y(y+1) 1.2.3. yd+1)0+2)

PARS PRIOR

AUCTORE

CAROLO FRIDERICO GAUSS

SOCIETATI REGIAE SCIENTIARUM TRADITA 1812. JAN. 30.

C i ietatis regiae scientiarum Gotti i Vol.1.
Gottingae MDCCCXIIL

GauB Werke, Vol. 3, page "131:123" at https://gdz.sub.uni-goettingen.de/id/PPN235999628


https://gdz.sub.uni-goettingen.de/id/PPN235999628
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SECTIO PRIMA. -~
Relati inter . =

7.

Functionem ipsi Fla, 8, ¥, 2) contiguam vocamus, quae ex illa oritur, dum
elementum primum, secundum, vel tertinm unitate vel angetur vel diminuitur,
manentibus tribus reliquis elementis. Functio itaque primaria F(x. 6, v, 2) sex
contiguas suppeditat, inter quarum binas ipsamque primariam aequatio persim-
plex linearis datur. Has aequationes, numero quindecim, hic in conspectum
producimus, brevitatis gratia elementum quartum quod semper subintelligitur — 2
omittentes, functionemque primariam simpliciter per F denotantes.

1] 0=(r— 20— (B—0)a) F-h-aft—a) Flat1,8,9) — (y—e) Fla—1,8,7)

[

2] 0=(6—a)F+aF(a+1,8.7)—6F(a,641,7)

(8] 0=(y—a—8)F+a(1—a)Fla+1,8,7)—(y—8) Fla,6—1,7)

M 0=7y(e—@—5)2) F—ay(1—a)Flat+1.5,7)+{—o)(y—OWa, 6.7+1)
[5] 0= (y—a—1)F4aF(la41,8,7)—(y—1) F(e.8,y—1)

6] 0 =(y—a—8) F—(y—a)Fla—1,6,y)+8(1—a) F(a,641,7)
1 0=0B—a)(l—2) F—(y—a)Fla—1,8,7) +(y—8) Fla,8—1,7)
8] 0=7(1=a)F—yFla—1.8,7)+(y—8)a Fle,8,7+1)
01 0= (a—1—{—6—1}a) F+(y—a) Fla—1,5, y)—(y—1) (1—) Fle., 6, y—1)
[10) 0 = (y—26+(6 —a)2) F+B(1—a) Fla,6+1,7) — (y—8) Flo, 5—1,7)
(1] 0 = y(6—(y— a)a) F— 87 (1—a) Flot. 5+1,7) — (y — o) (y—8) Flee. B, y+1)
[12) 0= (y =6 —1) F+-6F(a,6+41,7) — (y—1) Fl. 6,y —1)
[13] 0 = y(1—a2) F—y Flo,8—1, 7+ (y — ) 2 F(a, 8,7 +1)
{14] 0 = (f—1—(y—a—1)2) F+{y—6)Fla, 6—1,7)—(y—1) (1—2) Fle. ,y—1)
[15]) 0 =y(y —1— 2y —a—8—1)2) F+(y —a)(y —B)a F(o. 6, y+1)

— vy —1)(1—2) Flo,8,7—1)

GauB Werke, Vol. 3, page “138:130" at https://gdz.sub.uni-goettingen.de/id/PPN235999628



https://gdz.sub.uni-goettingen.de/id/PPN235999628
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10.
Propositae sint e. g. functiones

F,8,7), Fa+1,8+1,v+1), Fla+2,8+2 742

inter quas aequationem linearem invenire oporteat. Iungamus ipsas per functio-
nes contiguas sequenti modo:

Fe,8y)=F
Fla+1,8,7) = F'
Fla+41,6+41,7) = F"
Fla+1,841, y+1) = F"
Flo+2,64+1,7y+1)=F"
Floa+2,6+2,y+1)=F"
Fla+42,8+42,74+2) =F"™
Habemus itaque quinque aequationes lineares (e formulis 6, 13, 5 art. 7):

L 0o=F—a—1)F—(y—a—1—8)F'—6(1—a)F"

IL 0=yF—y(1—a)F"—(y—a—1)zF"

I 0 =y F"— (y—a—1)F"— (a41) F"

V. o=1—a—1)F"—(y—a—2 —8) F"— (6+41) 1—a) F""

V. 0=@+1)F"—(§+1)(1—2) F"—(y—a—1)a F™

GauB Werke, Vol. 3, page “140:132" at https://gdz.sub.uni-goettingen.de/id/PPN235999628


https://gdz.sub.uni-goettingen.de/id/PPN235999628
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VL o0=yF—y(1—a)F"—(y—a—06—1)aF"

Hinc atque ex III, eliminando F”
VIL. 0 =yF—(y—a—1—382)F"—(a+1)(1—a)F"
Porro ex IV atque V, eliminando F™
VIIL 0= (y+1)F"—(y+1)F"+({G4-1)aF"™"
Hine atque ex VII, eliminando F™,
IX. 0= y(y;|-1)F—(7+l}(y—(a+6+£).r)F'"—-(a+1)(6+l).z-(1—w) "

11.

Si omunes relationes inter ternas functiones F(a,8,7), Fla+) 64, v+,
Fla+-X, 64y, y+v), inquibus A, g, X, ¢, v vel =0 vel =41 vel =—1,
exhaurire vellemus, formularum multitudo usque ad 325 ascenderet. Haud in-
utilis foret talis collectio, saltem simpliciorum ex his formulis: hoc vero loco suf-
ficiat, paucas tantummodo apposnisse, quas vel ex formulis art.7, vel si magis
placet, simili modo ut duae priores ex illis in art. 8 erutae sunt, quivis nullo
negotio sibi demonstrare poterit.

[16] F(a.8,7)—F(a,8,y—1) = — “" sFla41, 841, y+1)
[17] F(e,8+41,7)—F(a,8,7) = "?’F(a+1,6+1,y+1)

GauB Werke, Vol. 3, page “141:133" at https://gdz.sub.uni-goettingen.de/id/PPN235999628


https://gdz.sub.uni-goettingen.de/id/PPN235999628
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[ C°“ #'{hous mnoa\( J/

atf, &1
a‘a‘”’ 25 C4 ;%>

ﬁ(al:éi%> is w%odu:s b auy Zof&eée.

CCcHq) (€33

+ et o feeq by
- 14( C‘:», .)N F(@{é

ks (c-tab- ‘*%) i (Q’Q‘/’,@
talee) B (4108, o) a) F (416 ,e)

=0 , =2t
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NACHLASS

DETERMINATIO SERIEI NOSTRAE

PER AEQUATIONEM DIFFERENTIALEM SECUNDI ORDINIS.

38.
Statuendo brevitatis causa F(a, 8, y, #) = P, habemus per art. 4
4P 8
o= “TF(a-i—l. 641, Y41, 2) N

atque hinc differentiando denuo

ddP __ ab(z+1)(6+1)

Hine aequatio IX art. 10 suppeditat

[80] 0= aBP—-(y—(a—{-fé—i—l).r)gf—(m—zw)g

GauB Werke, Vol. 3, page “215:207" at https://gdz.sub.uni-goettingen.de/id/PPN235999628


https://gdz.sub.uni-goettingen.de/id/PPN235999628
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Holonomic Functions & Sequences
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Def. (a(n))n>0 holonomic (P-recursive) <

pa(n)a(n +d) + -+ po(n)a(n) = 0, n > 0.
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Def. (a(n))n>0 holonomic (P-recursive) <

pa(n)a(n+d)+---+ po(n)a(n) =0, n > 0.

Def. y(z) = >~ a(n)z™ holonomic (D-finite) :<
Py (2)y'™ (@) + - + Po()y(z) = 0.
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Def. (a(n))n>0 holonomic (P-recursive) <

pa(n)a(n+d)+---+ po(n)a(n) =0, n > 0.

Def. y(z) = 3,7y a(n)z" holonomic (D-finite) :&
Pr(2)y™ (@) + - + Pola)y(x) = 0.

FACT. |(a(n))n20 holonomic | < y(z) = Za(n)x" holonomic.

n=0
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Def. (a(n))n>0 holonomic (P-recursive) <

pa(n)a(n +d) + -+ po(n)a(n) = 0, n > 0.

Def. y(z) = >~ a(n)z™ holonomic (D-finite) :<
P (2)y™ (x) 4 - - + Po(x)y(x) = 0.

oo

FACT. |(a(n))n20 holonomic | < |y(x) = Za(n)x" holonomic.

Enumerative
Combinatorics, Enumerative

Yolume | Combinatorics
Second Edion Yome 2 The Concrete

Tetrahedron

e qua
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Example.

y(x) =2k (a’cb;x) = i (a)k(b)‘quk
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Example.

Cc

y(z) == oFy (a’b;x) = img:k

In[3]:= (z—) := Binomial[n, k]

wai- (3)
n[d]:= 3/,

1
oua- — (-2+3) (-1+2) a
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Example.

a,b o (a)x (b
y(z) =2k ( . ;x) = Z#ﬂck

In[3]:= (2) := Binomial[n, k]

(-2+a) (-1+a)a

In[d]:=

—

=

Out[4]= A

- (a_), t= Pochhammer[a, k]
inel:= {(@)e, (@)1, (3)2, (3)s}

ouel- {1, a, a(l+a),a(l+a) (2+a) (3+a) (4+a)}

n)*_ (n—k+1)k]

7= FUllSimp1li fy[ ( K
(L«
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For holonomic functions and sequences we will use the RISC
package:

6= << RISC  GeneratingFunctions’

Package GeneratingFunctions version 0.8 written by Christian Mallinger
Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria
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For holonomic functions and sequences we will use the RISC
package:

6= << RISC GeneratingFunctions’

Package GeneratingFunctions version 0.8 written by Christian Mallinger
Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

For hypergeometric summation (Gosper & Zeilberger algo.) we will
use the RISC package:

n171= << RISC" fastZeil"

Fast Zeilberger Package version 3.61

written by Peter Paule, Markus Schorn, and Axel Riese
Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria
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Example.

o (2) - £

n=0

(@) (B)

inf1g)= sdList[N_] ¢ Tab'l.e[
(c)y kit

s 1k, 0, 1]
in20)- sdList[3]

Out[20]=
{l ab a(l+a)b(l1+b) a(l+a) (2+a)b (1+b) (2+b)}
H

’ 6c(l+c) (2+¢)

[ 2c (1l+c)

in23]:- GuessRE[sdList[8], f[n]]

Out[23]=
{{-(a+n) (b+n) f[n] + (1+n) (c+n) f[1+n] =0, f[0] =1}, ogf}

n2a}- RE2DE[%[[1]], f[n], y[x]]

Out[24]=

{—aby[X] s(e-x-ax-bx)y[x] - (-x+x?) y [x] =0, y[0] =1, y[0] = %}
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Creative/Parameterized Telescoping
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Example. o (a’b;m> = Z Mrﬁk = Z sd [k]z".

) . |
¢ n=0 (L)]‘k k=0

Find A, B, C such that

1 -1
A-9F) (a’cb;x) + B <a+c ’b;x) +C - (a . ’b;x) =0.

(@ (b) 1 (@+1), (b) 1 (a-1), (b) 1

inf56]:= Mults = { } // Fullsimplify

(©wk! sdikl’ (o)ekt sdik] (o) kt  sdik]

out(56]=

a+k -1l+a N
1 —_—
{ > a’ 71+a+k}
59~ Gosper [sd[k] x¥, {k, 0, N}, Parameterized - Mults]
If "N' is a natural number, then:
Out[59]
{Sum[(Za-c-ax+bx) Fo[k] +a (-1+x) Fy[k] + (-a+c) Fa[k], {k, O, N}] ==
(b +N) x**N Pochhammer [a, N] Pochhammer [b, N] }
N! Pochhammer [c, N]
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out[56]= N
a+k -1l+a
{z.

El

a 71+a+k}

o) Gosper [sd[k] x*, {k, ®, N}, Parameterized - Mults]

If "N' 9s a natural number, then:
Out[59]=

{Sum[(Za—c—aXerx) Fo[k] +
(b+N) x

a (-1+x) Fi[k] + (-a+c) Fakl, {k, 0, N} =

N pochhammer [a, N] Pochhammer [b, N] }
N ! Pochhammer [c, N]

This translates into:

N N
(2a — ¢ — ax + bzx) Z ‘Ei;:;)'kxk_i_a( 1+ 2) kz a—i—;zkfb) o
N
—a+c ; s)k F=(b+ Nz +N((CNN(>

] o=@r—2a—@F—a)x) F+a{t—a) Fla+1,6,7) — (y— o) Fla—1,8,7)
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We computed:

N N
ar b S @O g (e D)k g
(2a +b )z;o e T ra-1+ );;o R
N
(a—Dr®k 5 _ (a)i(b
+(—a+c)];) (c)kllz;' Bk = (b+ N)z' N (cl;kklk

NOTE. This relation can be also obtained by Zeilberger's algorithm:
o)~ Zb[sd[k] x*, (k, @, N3, a]
If 'N' is a natural number, then:

out[60]=
{(—1—a+c) SUM[a] + (2+2a-Cc-X-aX+bhx)SUM[1l+a]+ (1+a) (-1+x)SUM[2+a] =

(a+N) (b+N) x*N pochhammer [a, N] Pochhammer[b, N] }
aN'! Pochhammer [c, N]
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Example. o (a’b;:z;> = Z ((8;‘(2)"‘# = Z sd[k]z".
: Nkl

c

Find A, B, C such that

1 1
A-9F) (a’cb;x) + B <a+c ’b;x) +C - (a,b;— ;x) =0.

() () 1 (a+l) () 1 (A (b+1), 1

ine1:= Mults = { } // Fullsi

(©rk! sdikl’ (€ ekt sd[k] (€ (k!  sd[k]

Out[1]=

a+k b+k
L= =]
6z~ Gosper [sd[K] x*, {k, 0, N}, Parameterized - Mults]

If "N' is a natural number, then:

out[62]-
{(Sum[(a-b) Fo[k] —aFy[K] +bF,[k], {k, O, N}] == 0}
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Out[1]-
{l, a+k b+ k}

a’ b

ez~ Gosper [sd[k] x*, (k, 0, N}, Parameterized - Mults]

If 'N' is a natural number, then:

out[62]=
B (Sum[(a-b) Fo[k] -aFy[K] +bFy[k], (k, @, N}] == 0}

This translates into:

N N
" @kt kg4 (a+ D)k g
=0 2 o) (=1+ )kzzo (O)k!
N
(a)k(b—l-l)k _
le)kZ:0 O k=0

2] 0= (8—a)F+aF(a+1,8,7)—B8F(a,641,7)
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We computed:

NOTE 1. This relation cannot be obtained by Zeilberger's
algorithm!
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We computed:

NOTE 1. This relation cannot be obtained by Zeilberger's
algorithm!

NOTE 2. But in contrast to other contiguous relations, in this case the

identity is trivial:
out[62]=
{(sum[ (a-b) Fo[k] -aFi[k] +bFy[K], {k, 8, N}] == 0}

a+k b+k N
+b sd[k]

nes= | (a-b) * 1-a =
a
Out[63]=
0
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CLAIM.

All classical (like those of GauB) and most of of the specialized
contiguous relations (i.e., the argument is set to a concrete
value) can be computed by parameterized telescoping (i.e., by
an extension of Zeilberger's version of creative telescoping).
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CLAIM.

All classical (like those of GauB) and most of of the specialized
contiguous relations (i.e., the argument is set to a concrete
value) can be computed by parameterized telescoping (i.e., by
an extension of Zeilberger's version of creative telescoping).

NOTE.

This CLAIM encloses also relations between , Fs-series and also
their g-analogues.

e EXAMPLE (specialized contiguous relation):
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6

Contiguous Relations imply ((2) = %2
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pe

\on*@rmma#m 3 Serie g

rgx Exr&iuik how Ealer missed aum NOTE.
opportiuity , K. b(nop,o 3 T, de.r Provec!

=1 (2
C(l) 3 ZALC{ (Hf(J (H71) ;ﬁ(k)

(FNM = 2arcsin (1/2)°

With &)= K(A) fas is egaiv. fo
N

c(l‘=3fi(4i1'l,1)~—C(N)+3-ZC@)
4=y

+c.(k/ NN i 4
Ll 2neq
-

~JCase V1 i)
1
Al ) - 4 £ (51500)

— ¢
_FCq)
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({ﬂmu&:
&(é,C‘ J_,( Q{L\C . : 171a1 .
'.5FL die '%): e 3Fl J-{(a+1lt—) sl 2—1,2+171

+4+e—d Q(L(Q ‘ :2F1<1’1;1>
d ety 3

¢ otedal's HYP [LML of 3-foru coulp w.?]

(T i TEIE-1-1)

M’“’ b S TG-re-1)
VAT T L
(LJ+1)QN+4\ T U m)

FNery | =2
W&ﬁbu gives l{uo/afa/ Sclv-, /




N



N
= —c¢(N)+3) c(k) F(N)stQ( 1,1,1 1)

N+1,2N 41’

¢(N+1) ¢N+1)
¢(N) ¢(N)

F(N+1)
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SUMMARY.
@-n () ()
- _c(N)+3;<?(k‘> F(N) = 3F (N +11’,12’]17+1;
+¢(N) F(N)
¢(2) "=" 2¢(1) + (1) F(1) = 2¢(1) + ¢(1) (1 * 228 " C/ET;F(QO

)
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CLAIM.

All classical (like those of GauB) and most of of the specialized
contiguous relations (i.e., the argument is set to a concrete
value) can be computed by parameterized telescoping (i.e., by
an extension of Zeilberger's version of creative telescoping).

NOTE.

This CLAIM encloses also relations between , Fs-series and also
their g-analogues.
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6

CLAIM.

All classical (like those of GauB) and most of of the specialized
contiguous relations (i.e., the argument is set to a concrete
value) can be computed by parameterized telescoping (i.e., by
an extension of Zeilberger's version of creative telescoping).

NOTE.

This CLAIM encloses also relations between , Fs-series and also
their g-analogues.

e EXAMPLE (g-contiguous relation):
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qg-Contiguous Relations
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From the Digital Library of Mathematical Functions (DLMF):

© & hteps://dimF.nist.gov/17.6%iii 150% ?

I

817.6(iii) Contiguous Relations
|

Heine’s Contiguous Relations

a,b a,b (1—a)(1-0b) aq, bq
17.6.17 29, (c/q;q’z) *21151( c ;‘I,Z) :sz2¢1 - 34,7,

aq,b a,b 1-b aq, b
17.6.18 2¢1( qc’ ;q,Z) 72¢1( . ;q,Z) :‘”1,62‘%( qc’qq;q,Z),

aq,b, (a,b, ) _ (=01 —(c/a)) aq,bq,
17.6.19 2¢1( cq ,q,z) —,0, Linz) =az i—ol—ca 20, P 1q. 2,

aq,b/q a,b 1—0b/(agq aq,b
17.6.20 2¢1( C/ ;q,Z) 72¢1( . ;q,Z) :aZ%m( & ;w),
aq,b_ a,bq_ . a,b_

17621 b(l—a>2¢1( ] ,q,z)—a<1—b)2¢l( ; ,q,z) = 0—a0,("Via2),

17.6.22 a (1 = IE’) 2, (u’ i/q; 7. z) —b(1-2),9, (a/g’ %, z) —(a—b) (1 - %) 2, (a;b; 7. z),

NOTE. Besides classical relations between ,.¢, there are important
contiguous relations between related types of ¢-series. For example:
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T N
Sehe_s (3@ = (=) =) (4§ x
‘3[ % i %f

Flab ¢) = A+Z M{_
( '3‘ 1)14
Mo.u‘»g&(dmcs gwcs (M. Fine)

(1) Flobit)= 4+%}6 F(Ag,é%lf)
(2) (1-¢) Flabit) = (-0) «(b-0g &) F(a 6, 9€)
wed 09
Hew: |Flaqe)= TT 221 ¢ T«'Zf!,‘
o ne A- e 3‘_‘“5%

) lo(rdﬂk wita(2) ;wrkh :

(3) Flabt) = 4-_=\3_6

dorltnt o Flayo

€)=
n&a‘?\uCFCS\ F(a( l(]—ﬁmzwu ¢"
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q(» Series &iqlu =(4—x)(4~$x)~~(4<3;”‘1)

Flak &) = 4+) (048 n
u=1 @%;1)»\

Mauifa&l{b“‘cs Xivc‘s @ Fine)
{~a
(1) Floibit)s 4+4‘—§}¢ Flaq.bg.t)
(2) (t-4) Flabit) = (@-4) +(b-0g &) F a6, 9€)
et Coo
Hee: |[Flaq¢) = Tr Bj—é H&ig;
ke 1-g"€ 3‘“}“

) lo(rdﬂ& i (2) ;w‘rkto :

(3) Flabit) = 44_:1&

@fz—?—)_l Ye-agb Qé F(M{cé

R ¢ie)

a1

All these relations
can be computed
algorithmically!

To this end we use
the RISC package:
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inf1:- << RISC qZeil"

Package g-Zeilberger version 4.50 written by Axel Riese
Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

)= << RISC qSimplify’

n9}:= ? qPochhammer «

gPochhammer[a, g] denotes the limit of

gPochhammer(a, g, k] for k approaching (positive) infinity.
gPochhammerla, g, k] represents the g—shifted

factorial of a in base g with index k given by

(I-a)(I-aq)-(I-aq"), ifk>0,

) . 1, ifk=0,
(a; g = 1 if k < 0.

Inf10]:= qP = qPochhammer ;
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Relation (1):
9Plaq, q, n]

1= qsd[n_] @
qP[b g, q, n]

QP[ad®, q,n] 1

In[12]:= /7 qSimplify
qP[bq’, q, n] asd[n] F(a b t)
out[12]- .
(1-bq) (l—aql”‘) :1+Z (ZQ,Q)ntn
(1-aq) (1 _bql”‘) n>1 ( (I»(I)n
1—aq
In[13]:= qTelescope[qsd[n] t", {n, 0, N}, =1+ 1—0bg tF(aq, bg,1)

(1-bq) (1-aq'™")
qParameterized » {1, }]
(1-aq) (1-bg*™")

Oul[13]=
Sum |Fg[n] 7—(—l+aq) tFin] , {n, 0, N}} =
-1+bq

appl
t'*N gpochhammer[aq, g, 1+N] PPly
qPochhammer[bq, q, 1+N] N — o0
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In[14]:=

out[14]=

In[15]:=

Out[15]=

qP[aq, q, n] n 1 A A
q // qSimplify
gP[bq, g, n]  gsd[n]
qn
qTelescope[gsd[n] t", {n, @, N}, qParameterized » {1, q"}]

sum[(-1+t) Fe[n] + (b-aqt) Fi[n], {n, 8, N} =
t**N qpochhammer[aq, q, 1+N]
qPochhammer [bq, q, N]

-1+b+
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qP[aq, q, n] n 1 /) qSimpli f
qSimp L1ty

q
gP[bq, g, n]  gsd[n]

In[14]:=

out[14]=
n

q
inis]- qTelescope[qsd[n] t", {n, ®, N}, qParameterized » {1, q"}]

Out{15]=
sum[(-1+t) Fg[n] + (b-aqt) Fy[n], {n, @, N}] =
t**N qpochhammer[aq, q, 1+N]
qPochhammer [bq, q, N]

-1+b+

Relation (2).  (1-t)F(a,b,t) = 1-b+(b—aqt)F(a,b, qt)
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gPlaq, 9, n] 1 A A
In[14]:= q // qSimplify

gP[bq, g, n]  gsd[n]

out[14]=
n

q

inis]- qTelescope[qsd[n] t", {n, ®, N}, qParameterized » {1, q"}]
out[15]=
sum[(-1+t) Fg[n] + (b-aqt) Fy[n], {n, 0, N}] =
t**N qpochhammer[aq, q, 1+N]
qPochhammer [bq, q, N]

-1+b+

Relation (2).  (1-t)F(a,b,t) = 1-b+(b—aqt)F(a,b, qt)

1—agqgt
F(a,1,1) = = F(a,1.q1
1—aqtl—ag’t

- T F(a,1,¢*) = ...
T — (a,1,¢°)
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Telescoping Contiguous Relations
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Existence of Telescoping Contiguous Relations

Conveecence| F (*®P )\ nou-
| el P'e by by 1€ fomindi

peq | prgt2 [ P:_thl
abs. couv, V3 div. %0 div. 2] 51
u_LS.(ouV, t=0o obs. coul, f&(( 1

(1821 Gse]
=1 Case Juith p= g€ : ,&Qij:% ‘Z‘Nj

e —
Re (k) ¢-1| ~fcBalleo| O <Rls)
div, Ve ; div. #=A abs . V2

| Coudoconv. else ||
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Preparations
Qg -1 &p
/322 C‘i-veu "‘{-((,1[“ )
PE((X) i= 2-TI_()L+A¢) - xﬁx+éa- _1)
=4 ():4

Nole’{ : L&" W = moK [P,gmﬁ;

deg o { < TP EE

) ofterwise
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Preparations
Qg -1 Qp
/322 C‘i-veu "‘{-((,hml )
PE((X) i= 2-TI_C)(+G.;') - xﬁx+éa-_1)
=4 ():4

Nole’{ : L&" W = moK [P,gmﬁ;

deg o { < TP EE

) ofterwise

UOLQZ:

P00 F ()=
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NOTATION. For k > 0,

| L
(“ﬂ" ( Gp ; } (@ J,{ - () 3
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THEOREM 1

Case 341 OR P# @+l Ad=qeq| T2
et [d= dep (B OY], e

“) ?{ Ce el uot e O, aud d(!)e/[([x] N

C\ (e)
e i
¢ P‘i by~ /;‘f’) £ ?— /IZ'T‘ R

Qe -0 2p
-A,ccmwd/ e )& j

(2) ((6)=0 , ad if (40O,
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THEOREM 1 (contd.)

e C(M S ‘i*'{-c‘
% @ ce)
+ luax °(4+"'+°<P + L=
ocecd )
| ,sie)\t... +/Sr j

(Zaum\,Q: °<C'f\1 /lé@\, e k). ={0,1,--)
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THEOREM 1 (contd.)

o(e%dm ¢ qed-d
@) ce)
+ (uax { X, +. '+°<l" + L=
osecd e
| ASfM */’;)j

Rl o P57 € M), =Lt

(>)

4 ), et >=O
};-\e‘: (’ L"I ( &
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Example z.1.0: z # 1 and (p,q) = (1,0)

d (©
ZIFO (a+a ;z>
(=0 N B

— ANy ( )k 1)

k

0
1Py(z) = z2(x +a) — :L‘H({L‘ +b;—1)=(z— 1)z + za.
j=1

By THEOREM 1: d = deg(; Py(z)) = 1 and Jep, 1 € C, not all 0, and
C(z) € Clz] such that relation (1) holds with 2= d + 1 summands on
the left. Because of C'(0) = 0 and limy_,o C(k)1Fp(a; —;2), = 0:
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Example z.1.0: z # 1 and (p,q) = (1,0)

d (©
ZIFO (a+a ;z)
(=0 N B

— ANy ( )k 1)

k

0
1Py(z) = z2(x +a) — :L‘H({L‘ +b;—1)=(z— 1)z + za.
j=1

By THEOREM 1: d = deg(; Py(z)) = 1 and Jep, 1 € C, not all 0, and
C(z) € Clz] such that relation (1) holds with 2= d + 1 summands on
the left. Because of C'(0) = 0 and limy_,o C(k)1Fp(a; —;2), = 0:

(0) (1)
601F0<a+a ;Z>+C11F0(a+a ;Z)ZO.
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Example z.1.0: z # 1 and (p,q) = (1,0)

d (©
ZIFO (a+a ;z)
(=0 N N

— ANy ( )k 1)

k

0
1Py(z) = z2(x +a) — iL‘H({L‘ +b;—1)=(z— 1)z + za.
j=1

By THEOREM 1: d = deg(; Py(z)) = 1 and Jep, 1 € C, not all 0, and
C(z) € Clz] such that relation (1) holds with 2= d + 1 summands on
the left. Because of C'(0) = 0 and limy_,o C(k)1Fp(a; —;2), = 0:

(0) (1)
co 1Fy (a+_a ;Z) +c1 1Fo <a+a ;Z) =0.

(1—2)—(a+al®) (1—2)—(atall))
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Example z.2.1: z # 1 and (p,q) = (2,1)

d ) )
Z2F1 <a+oz b+ B ;z) = AC(R)Fy (a;b§2) 2)
k k

c— fy(f)

2Py (z) = z(xz+a)(x+b)—z(z+c—1) = (2—1)2* +(az+bz—c+1)z+abz

By THEOREM 1: d = deg(; Py(x)) = 2 and Jcg, ¢1,c2 € C, not all 0,
and C(z) € C[z] such that relation (2) holds with 3= d + 1 summands
on the left. Because of C'(0) = 0 and limy_,~ C'(k)2Fy(a;b;¢;2), = 0:
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Example z.2.1: z # 1 and (p,q) = (2,1)

d €9 (©
S oF (‘”O‘ b ;z) =Ak0<k>2F1(“;b;z) (2)
k k

c— fy(f)

2Py (z) = z(xz+a)(x+b)—z(z+c—1) = (2—1)2* +(az+bz—c+1)z+abz

By THEOREM 1: d = deg(; Py(x)) = 2 and Jcg, ¢1,c2 € C, not all 0,
and C(x) € C[z] such that relation (2) holds with 3= d 4+ 1 summands
on the left. Because of C'(0) = 0 and limy_, o C'(k)2F(a;b;¢; %), = 0:

0) p (0) M p (1)
COQFl ata ’ +ﬂ V2 +612F1 ata ’ +ﬂ 4
C—’y(o) c—fy(l)

@ b4 @
+022F1(a+a b+ A ;z>=o. (GauB)

c—y®
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THEOREM 2afor z=1and p=¢q+ 1 and
Let Zé ZaL 3¢/N

M

TI/IP_O\ {o\’ Cll al (- AQS'@‘?(;U')

(1) Fceell uct all O aud C‘Cy)eﬂ(&_] sf.

e
e *4 (4 e\ 1
<o % —/)" = 1_ /)(‘
:A C‘g F "34(--‘40\?“ i ) i
% “s&;(eﬂ-,‘ & 1),
() Co)=0, aud =€ (&)

Ja-m0s
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Example 1.1.0.a: z=1and (p,q) = (1,0) and ko — ¢ Z>o

d a Oz( ) a
E 1F0 < +_ ! ;1> = AkC(k)lFo (_ N 1) (3)
k k

=0

0
1Py(x) = 1(z+a)—z [ [(z+bj=1) = a; > b — > a; = —af T
j=1 J i

By THEOREM 2 a: d = deg(; Py(z)) = ¢ =0 and 3¢y € C\ {0} and
C(z) € CJz] such that relation (3) holds with 1= d + 1 summand on the
left. l.e., we have a TELESCOPING sum
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Example 1.1.0.a: z=1and (p,q) = (1,0) and ko — ¢ Z>o

d a a( ) a
E 1F0 < +_ ! ;1) = AkC(k)lFo (_ N 1) (3)
k k

=0

0
1Py(x) = 1(z+a)—z [ [(z+bj=1) = a; > b — > a; = —af T
Jj=1 J i

By THEOREM 2 a: d = deg(; Py(z)) = ¢ =0 and 3¢y € C\ {0} and
C(z) € CJz] such that relation (3) holds with 1= d + 1 summand on the
left. l.e., we have a TELESCOPING sum

N

kZ:lFO (a +_a(0) ; 1> = (-1 (_(a 20‘(%): cf(N).

kE k=0
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Example 1.1.0.a: z=1and (p,q) = (1,0) and ko — ¢ Z>o

d ©
Z Fy (a —i—_a : 1>
£=0

- ARC (k)1 Fy (f : 1)k (3)

0
1Py(x) = 1(z+a)—z [ [(z+bj=1) = a; > b — > a; = —af T
j=1 j i

By THEOREM 2 a: d = deg(; Py(z)) = ¢ =0 and 3¢y € C\ {0} and
C(z) € CJz] such that relation (3) holds with 1= d + 1 summand on the
left. l.e., we have a TELESCOPING sum

kZ:lFO (a +_a(0) ; 1> = i(—l)k (_(a 20‘(0)>>: cf(N).

ko k=0
NOTE. 1 F, (“*f“” ; 1> — 0= (1— 1)~ if convergent.
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Example 1.2.1a: z =1 and (p,q) = (2,1) and kg — ¢ Z>o

d (© (©)
2F1 ata 7b+ﬁ ;1 ZAkC(k‘)QFl a7b;1 (4)
Z c—~0 c

=0 v k k

oPi(x)=(z+a)(z+b)—z(x+c—1)=(—c+a+b+ 1)z + ab;

Zl)j—Zai—q:c—a—b—l¢Zzo
j i

By THEOREM 2a: d = deg(2 Py (x)) = 1 and Jeg, c1 € C, not all 0, and
C(z) € Clz] such that relation (4) holds with 2= d 4+ 1 summands on
the left. With parameterized telescoping one, e.g., computes:
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Example 1.2.1a: z =1 and (p,q) = (2,1) and kg — ¢ Z>o

d (© (©)
2F1 ata 7b+ﬁ ;1 ZAkC(k‘)QFl a7b;1 (4)
Z c—~0 c

=0 v k k

oPi(x)=(z+a)(z+b)—z(x+c—1)=(—c+a+b+ 1)z + ab;

Zl)j—Za,;—q:c—a—b—ngzo
j i

By THEOREM 2a: d = deg(2 Py (x)) = 1 and Jeg, c1 € C, not all 0, and
C(z) € Clz] such that relation (4) holds with 2= d 4+ 1 summands on
the left. With parameterized telescoping one, e.g., computes:

o () = e ()
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Example 1.2.1a: z =1 and (p,q) = (2,1) and kg — ¢ Z>o

d
+a® b4 30 b
E 2F1 <a (Z_ (Z)ﬁ ;1 ZAkC(k‘)QFl (a ;1) (4)
Y & c k

=0

oPi(x)=(z+a)(z+b)—z(x+c—1)=(—c+a+b+ 1)z + ab;

Zl)j—Za,;—q:c—a—b—ngzo
j i

By THEOREM 2a: d = deg(2 Py (x)) = 1 and Jeg, c1 € C, not all 0, and
C(z) € Clz] such that relation (4) holds with 2= d 4+ 1 summands on
the left. With parameterized telescoping one, e.g., computes:

o () = SR ()

_(e=1)(c—1-a—=0b)(c—2)(c—2—a—D) |
T e—T-a)c—T—-b)(c—2 a)(c2b)2F1<p2 1) (Gaus)
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THEOREM 2b for z =1 and p = ¢+ 1 and
L&"' ?L‘}‘ "%QQ - :_E/M, {:Zfeﬂ-”

Thex '{w ‘.! (= J.T tﬁ’P\;(‘) ~1) (%) _d: 0
() Fceelk,uck a2 O, aud C(x) D) sk
d

) ce)
F Y 01+0(4 ] Q?‘.,( {\(xgﬂ
z e *4 % @) ce) ,”1

e=o b -y 1_ /)
=0, (@), ("“ "*?**- ) ;

(V) Co)=0, aud ;{(1;)

O

yon d@)é@] oRr,
&q

hes

Ty
T ey

cun -
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Example 1.2.1b: z =1 and (p,q) = (2,1) and ky — g€ Z>;

d (0 (0)

S i (4T DET ) Cavctem (Y1) ()
c—~0 c

=0 v k k

oPi(x)=(z+a)(z+b)—z(x+c—1)=(—c+a+b+ 1)z + ab;

ij_zai—q:(:—a—b—lezzl
J i

By THEOREM 2b: d = ¢ — 1 =0 and 3¢y € C, not 0, and C(x) € Clx]
such that relation (5) holds with 1=d 4+ 1 summand on the left. With
Gosper one, e.g., computes:
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Example 1.2.1b: z =1 and (p,q) = (2,1) and ky — g€ Z>;

d (0 (0)

S i (4T DET ) Cavctem (Y1) ()
c—~0 c

=0 v k k

oPi(x)=(z+a)(z+b)—z(x+c—1)=(—c+a+b+ 1)z + ab;

ij_zai,—q:(:—a—b—lezzl
J i

By THEOREM 2b: d = ¢ — 1 =0 and 3¢y € C, not 0, and C(x) € Clx]
such that relation (5) holds with 1=d 4+ 1 summand on the left. With
Gosper one, e.g., computes:

i (@(®)r  (ab+a+b+N+1)(a+ )xb+1)n
ZE(at+b+2) (a+1)(b+1)  Na+b+2)y

NOTE. In THEOREM 2b the choice 2 is minimal.
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THEOREM 2c for z =1 and p = q+ 1 and
Lt ZL *Z« ~9=0.

A AANN

Thes for m?jﬂ(@

(1) 3C€€“‘(,uo(‘ O, aud C‘Cy)e/l([){] L

) )
? Bla 4oy q?w f‘°(gﬂ
Ce *4 % @) 4

—/)4 _— 1 /)Lﬂ i
Rg-t Xy
=ALC(£)$,J§(%_”; '/04 ,.
(?) Co)=0, aud =€)

O
JN(ARICA
AN ) i&ﬁan) ’_l—r'()
T[‘P@L\
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Example 1.2.1c: z=1and (p,q) = (2,1) and kg —g=0

d (© (©)
2F1 a+a 7b+ﬁ ;1 ZAkC(k‘)QFl a7b;1 (6)
Z c—~® c

(=0 v k k

P () =(zx+a)(zr+b)—zx(x+c—1)=(—c+a+b+ 1)z + ab;
Zl)j—Zai—q:(:—a—b—le and
] i

d= max{am) + B8O 4 4O gD gld) 4 (D) deg(2P1(x))}
——

=0

By THEOREM 2c: choosing d = 0 and ") = (0 = ~(0) = J¢q € C,
not 0, and C(z) € C[z] such that relation (6) holds with 1=d + 1
summand on the left. With Gosper one computes:
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Example 1.2.1c: z=1and (p,q) = (2,1) and kg —g=0

d (© (©)
2F1 a+a 7b+ﬁ ;1 ZAkC(k‘)QFl a7b;1 (6)
Z c—~® c

(=0 v k k

P () =(zx+a)(zr+b)—zx(x+c—1)=(—c+a+b+ 1)z + ab;
ij—Zai—q:c—a—b—le and
] i

d= max{am) + B8O 4 4O gD gld) 4 (D) deg(2P1(x))}
——

=0

By THEOREM 2c: choosing d = 0 and ") = (0 = ~(0) = J¢q € C,
not 0, and C(z) € C[z] such that relation (6) holds with 1=d + 1
summand on the left. With Gosper one computes:

i (@i (a+Dnb+ Dy
k=0k!(a+b+1)k_ Nla+b+1)y
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REMARKS. (1) E.g., with the choice 0"} = 1 and 5" = ~(0) =0,

N (a4 1)k

Ok a+b+1

is not telescoping.
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REMARKS. (1) E.g., with the choice (") = 1 and 39 = ~(0) — ),
N

(a+ 1)k _

~ k (@t b—|— 1 is not telescoping.

(2) E.g., with the choice (") = 39 =0 and 4" = 1,
(@)k(b)

— Ma+b+ -1 is not telescoping.
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REMARKS. (1) E.g., with the choice 0"} = 1 and 5" = ~(0) =0,
N

(a4 1) .
> k (@t b + 1 is not telescoping.
(2) E.g., with the choice (") = 39 =0 and 4" = 1,
(@) (b)k

~ Ma+b+ -1 is not telescoping.

(3) The cases (1) and (2) require the extension to 2 (= d + 1) which is
covered by THEOREM 2a; see the Example 1.2.1a.
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REMARKS. (1) E.g., with the choice 0"} = 1 and 5" = ~(0) =0,
N

(a4 1) .
> k (atb + 1 is not telescoping.
(2) E.g., with the choice (") = 39 =0 and 4" = 1,
(a)r(b)k

~ Ma+b+ -1 is not telescoping.

(3) The cases (1) and (2) require the extension to 2 (= d + 1) which is
covered by THEOREM 2a; see the Example 1.2.1a.
(4) The telescoping sum

(@k®)r _ (a+n0b+1)N
:Ok!(a-i-b-l-l)k_ Nla+b+1)n

is the special case ¢ = — NV of Pfaff-Saalschiitz:
Z k(@)k(b)x _(e—a)n(e=b)n
kl(e 1+a+b—e—N)k (e)n(e—a—Db)n~
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Example 1.3.2¢c: z =1 and (p,q) = (3,2) and kg — ¢=0

d
L) @ s ()
F: ’ ) ;1 = ALC(k)2F: » Yy ;1
;)3 2< e—el), f—350 . kC(k)3Fa e f )

3Po=(2+a+b+c—e—flr* +(=1+ab+ac+bc+e+ f—ef)x+abe;
Zb,j—zfli—q=€+f—a—b—c—2:o and
J i

d = max{a® 4 O 4 4O 4 O L 5O

(M<d> + “B(d) + —\/(d) + G(d) + 5((1)’ (1eg(3P2)}
=1

By THEOREM 2c, choosing d = 1, one, e.g., can compute this relation:
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Example 1.3.2¢c: z =1 and (p,q) = (3,2) and kg — ¢=0

d
a+a®,b+ 80, c+9O) N s a,b,c
Z3F2 < e G(Z),f —(5(1) 7]- . - Akc(k)3F2 e,f 7]- .

£=0

3Po=(2+a+b+c—e—flr* +(=1+ab+ac+bc+e+ f—ef)x+abe;
Zb,j—zfli—q=€+f—a—b—c—2:o and
J i

d = max{a® 4 O 4 4O 4 O L 5O
a(d> + 8(‘1) + —\/(d) + G(d) + 5((1)’ (1eg(3p2)}
=1
By THEOREM 2c, choosing d = 1, one, e.g., can compute this relation:

b, +1,0, .
co-3Fs (eaf_clﬂ)—i—cl‘gFQ (a e f c;l) =0if f=a+b+c—e+2
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Example 1.3.2c (cont'd.): z=1 and (p,q) = (3,2) and kg — ¢=0
By THEOREM 2c, choosing d = 1, one, e.g., can compute this relation:

b, c b, c+1 o
co - 3F (ea’f’_(l;1>+cl.3F2 <(L'€’ij+ ;1) =0if f=a+b+c—e+2

Concretely, relation (S) becomes:
(@) (0)k(c)k
(e)e(a+b+c—etl)
(@)r(0)x(c+ D
(e)x(la+b+c—et2)k
(@) (b)k ()
(e)p(a+b+c—et+2);

—c(l+c—e)(l+a+b+c—e)

+c(l+a+c—e)(l+b+c—e)

=Aple+k—1)(a+b+c—e+k+ 1)k
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Example 1.3.2c (cont'd.): z=1 and (p,q) = (3,2) and kg — ¢=0
By THEOREM 2c, choosing d = 1, one, e.g., can compute this relation:

,b,c ,b,c+1 o,
co - 3F> (:’f_(l;1>+cl.3F2 <(L'€’ij+ ;1) =0if f=a+b+c—e+2

Concretely, relation (S) becomes:
(@) (0)k(c)k
(e)e(a+b+c—etl)
(@)r(0)x(c+ D
(e)x(la+b+c—et2)k
(@) (b)k ()
(e)p(a+b+c—et+2);

—c(l+c—e)(l+a+b+c—e)

+c(l+a+c—e)(l+b+c—e)

=Aple+k—1)(a+b+c—e+k+ 1)k

E.g., choosing ¢ = —n, we “rediscover’ Pfaff-Saalschiitz:

a,b,—n (1+4a—e—n)(1+b—e—n)
F: ; = S(n—1).
3 2(e,a—l—b—e—n—l—l7 ) (1—e—n)(1+a+b—e—n) (n—1)

= 5(n)
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Example 1.4.3: z=1 and (p,q) = (4,3)

THEOREM 2a, 2b, 2c reproduce celebrated 3-term contiguous relations
between (balanced) 4F3-series; e.g., in the context of classical orthogonal
polynomials from the “Askey Scheme”.

BUT this algorithmic theory also enables to discover NEW relations!
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Example 1.4.3: z=1 and (p,q) = (4,3)

THEOREM 2a, 2b, 2c reproduce celebrated 3-term contiguous relations
between (balanced) 4F3-series; e.g., in the context of classical orthogonal
polynomials from the “Askey Scheme”.

BUT this algorithmic theory also enables to discover NEW relations!

Theorem. [Wilson (1978); see also Andrews-Askey-Roy (3.7.5)]
fe+f+g—a—b—c—d—3=-2(=ky—q) then

dL[é:C CJ
£3 *Fb( e g ’4)
a, bed, 4 deA
‘@ “Fs(eu Petiped '0
ale-L)(e-c)e~d) el L+1, e, de 4
s i,
eCe+4) K) €+Z, FL'{(X“'{
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= 0O , i@ our of e (QY; Xmmweéks
s a uzgq.'(im. ax\&’-qeev .
(1.4 Litsow; % TRRED)
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THEOREM 2a together with parameterized telescoping delivers
the following generalization:

[ (erd) I (f14) T (1)
[(a) T (Leq) TCesa) T(+41)

NOTE. For Wilson's condition this gives zero.
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Why does Z's algorithm sometimes miss the minimal recurrence?
. 4 N
@ For 756&4")04(7 s <,F S tutua biee

Stuay -] Desleleils _ Ga),
i Z“)ze.(aﬂ)(k( 4),

At relius >

Co Stuab) + Cq S'(uw,a,() + G S‘(mz,a,é) 20
ua sleadl of
(bratn) Seyad)+ Gu) Sluet,acl) =
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Why does Z's algorithm sometimes miss the minimal recurrence?
. 4 N
@ For 756&&7 s QF S tutua biee

Stuagy -] Qulealetile ),
i Z“)ze.(aﬂ)(k( 4),

At relius >

Co S(u,a(é) + C, S'(uw,a,() + G S‘(mz,a,é) 20
ua sleadl of
(Leasn) Sad) « o) Suet,al) =0

- Gy @y &y, @y - (é" ]14
§(“|RIL)=EDQE( Caibey 43 ;4){“ (4)(1 /

o o _£ _‘6“‘4 =
ada—z' | ﬂl: —%,ﬂ?sa g+‘l,&q=‘h|£l."i filh _2: J"& ﬂ+1
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b1+ b +bs—a; —as —az —ag — 3 = —2, hence by THEOREM 2a:
= R B @y 104 ay,¢, 05~7,0,41
Pu - + :

Co ‘{FS ( 4’HA'LJL3 “f)&' C1 qu( éﬂ é;,(z ’1(

- -4, @
E 0 8e-1; ay=1, &g ¥4 agac o5l %Y

AN EA i1
L3\ by by, bt r";é‘& s\ balecty 4

This relation translates into:

+(
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b1+ b +bs—a; —as —az —ag — 3 = —2, hence by THEOREM 2a:
- R B @y 104 aq€ 25~1,04+1
pu ; + )

Co (fﬂ ( baibaiby "f)& “ ‘fﬁ( b Lo, la ’1(

-{ a5~1, 24
1) &l"‘f a1, &4+ * a4 457 ‘1
+CL "IF; é»néra.réa“‘f ;1):A&é“[{$( {71'4&{&3 f 4

This relation translates into:

co S(n,a,b) +c1 S(n—1,a,b) +caS(n—1,a—1,b) =0.
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b1+ b +bs—a; —as —az —ag — 3 = —2, hence by THEOREM 2a:
- R B @y 104 aq€ 25~1,04+1
pu ; + )

Co (fﬂ ( baibaiby "f)& “ ‘li( b Lo, la ’1(

-{ a5~1, 24
081, a3, %¥1 | ¥ @y @37 ‘1
it b ”)f‘é"é“‘”’( bububly

This relation translates into:

A

co S(n,a,b) +c1 S(n—1,a,b) +caS(n—1,a—1,b) =0.

NOTE 1. A new proof of this identity.
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b1+ b +bs—a; —as —az —ag — 3 = —2, hence by THEOREM 2a:
- R B @y 104 aq€ 25~1,04+1
pu ; + )

Co (fﬂ ( baibaiby "f)& “ ‘li( b Lo, la ’1(

-{ a5~1, 24
081, a3, %¥1 | ¥ @y @37 ‘1
it b ”)f‘é"é“‘”’( bububly

This relation translates into:

A

co S(n,a,b) +c1 S(n—1,a,b) +caS(n—1,a—1,b) =0.

NOTE 1. A new proof of this identity.
NOTE 2. Optimal recurrence depth w.r.t. n.
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An example of different type:
Eo S ==§")k(m(3u&) 3" |

T(n) = @1)”‘(5.:‘)—4 . S(Em) __
D:or ‘_.,o#ﬂ Sulus %FS afgp }th—ms ou D,Je,-,g ML’J




DESY Hamburg, Mar 2020 / Telescoping Contiguous Relations

An example of different type:
€ S0 e ®R)G) 62"

T(n) = @1)”‘(5:‘)_4 . S(Em) -_
B:OF ‘30"’91 Sulus %FS aej,h }th—mg ou D,Je,-,z _M'C"ﬂ

EXPLANATION. THEOREM 2a finds an optimal 3-term telescoping
relation which implies:

o Pm) +ci TG) +i52 Tlut) = O
it

~w ned e
’PC”7:3F1< 1 }! 3?;’\.

L= /

T3
where P(n) = 0 for n > 1 by Pfaff-Saalschiitz.
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A LAST EXAMPLE (‘creative symmetrizing”):
IN
é(u (1) (k (5 4)
k/——sr——\}
»ﬁ(a &

g CZ!« = C@ [C{&Vet{'él an éo("?\ Cades
T o). S (Zu.(.,t) } 2 -kec s sﬁoyn{e« .2,
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A LAST EXAMPLE (‘creative symmetrizing”):
IN
gCu ZU) (k (3_4)
k/——sr——\_j
Cu &

g CZ!« = C£ [C{avahl an éo(“ex Cades
T o). S (Zu.(.,t) } 2 -bec s s{oyn{e« .2,

Tus 4

T(ﬂ* 2 Z (’,( (2usti k) + ﬁ(zm (urd A \>

DY

~ 2:4\‘( ”0‘_ u+A CLH- 4)L<Zu(-1)
h - L A~
&‘0 ﬂﬁ——-——i}

?TCM(&)

Mivacle Cov Hus Cuaaud Z's ofgs . refurus
eu ORDER A1 ['QCM-N’OV,CQ,(
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EXPLANATION
T(n) = -_F(Zwe{ M

=~ ut)" SF?_(@“ -2 _LL‘M)

2. T
—
qw% % ~lowe relafion (J:i :&}
BUT Teet )
Tlw) = )L gluk)

Azo !

Z/q ,—@'-t* ) ~Qut
o -@H\@uu) 36( ! }, 4)

&_,_/—?——————_/
WELL ’PEISED [
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EXPLANATION.
Uasd
T =7 ‘WE(Z“”’M

o CZMT)L SFZ('@“ML "Z"l, -y ; 4>

(AR
-— L
Qou% L~love refafion ("’{:?:&_\J
BUT ..., )
T (W) “): o (u k)

e ,—@“‘ ) e
- -@H\@«ﬂ 'BE( ! }, 4)

&—/_?—_7 —
WELL ’Pg!sED {

In fact, the well-poised 3 F5 is the special case
a=-2nb=c=—(2n+1)

of Dixon's summation formula:
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Dixon (1902): For Re(1+ § —b—c) >0,

a,b,c
F N '1
s 2(a—i—l—b,a—l—l—c7 )

T4+ 9T+ % —b—T(1+a—bI(1+a—c)
TT0+al(lta-b-ol(1+2—bI(1+2—c)
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Dixon (1902): For Re(1+ § —b—c) >0,

a,b,c
F N '1
s 2(a—i—l—b,a—l—l—c7 )

T4+ 9T+ % —b—T(1+a—bI(1+a—c)
TT0+al(lta-b-ol(1+2—bI(1+2—c)

THEOREM 2a and parameterized telescoping gives,

a,b,c a—i—l,b,c
-3 F ;1 -3 i1
s 2(a+1—b,a+1—c’ )k+cl s 2<a+2—b,a+2—c’ >k+
a+2,bc a,b,c
-3 F T 1] = ApC(k)sF: 7 i1
Co 32<a+3—b,a—|—3—c’ >k k ()3 Z(a—l—l—b,a—l—l—c’ >k7

where
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Dixon (1902): For Re(1+ § —b—c) >0,

a,b,c
F N '1
s 2(a—i—l—b,a—l—l—c7 )

T4+ 9T+ % —b—T(1+a—bI(1+a—c)
TT0+al(lta-b-ol(1+2—bI(1+2—c)

THEOREM 2a and parameterized telescoping gives,

a,b,c a+1,b,¢c
- g i1 -3 i1
s 2(a+1—b,a+1—c )k+cl s 2<a+2—b,a+2—c >k+

a+2,b,c a,b,c
.o F ’ -1 = A k) F 'Yy 1
Co 32<a+3—b,a—|—3—c’ >k kC( )3 2(a—|—1—b,a+1—c’ >k7

where
co=—a(l+a-02+a—-0)(24+a—-2b—2c)(1+a—¢c)(2+a—rc),
c =0,
ca=a(l+a)2+a—-2b)2+a—-2c)(1+a—-b—c)(2+a—b—c),

and
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(2—a+b)(-1—-a+b)(-2—a+c)(-1—a+)k
(I+a-b+k)(1+a—c+k)

C(k) = p(k)

with
p(k) = —2—a,+3a2 +2a3 -&-417-}—0,!)—2a,2b—2b2 +4c+ac—2azc—6bc—abc
—+ 2b2c — 2c2 —+ 217c2 + 3ak + 3a2k: — 2abk — 2ack + ak:Z.
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(2—a+b)(-1—-a+b)(-2—a+c)(-1—a+)k

C(k) = p(k) (I+a—b+k)(1+a—c+k)

with
p(k) = —2—a,+3a2 -Q—2a3 -&-41)-}—0,1)—2a2b—2b2 +4c+ac—2azc—6bc—abc
—+ 2b2c — 2c2 —+ 217c2 + 3ak + 3a2k: — 2abk — 2ack + ak:Z.

NOTE. In Dixon's identity ¢ — oo gives Kummer's summation theorem:

ab  \ _ TA+9T(1+a—0b)
2k <a+1—b’_ ) _F(1+a2))r(1+g—b)'
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(-2-atb)(-1-atb)(-2-atc)(-1-atk
C(k) = p(k) (I+a—b+k)(1+a—c+k)
with

p(k)=—2—a+3a2+2a3+4b+ab—2a2b—2b2+4c+ac—2a2c—61)c—abc

—+ 2b2c — 202 —+ 217c2 + 3ak + 3a2k: — 2abk — 2ack + ak:Z.

NOTE. In Dixon's identity ¢ — oo gives Kummer's summation theorem:
a.b P(L+ (L +a—b)
2 ;1) = .
a+1-0b F(1+a)l(1+5—0)

NOTE. Alternatively Kummer's identity can be derived by setting z = —1
in Kummer's quadratic transformation:

a,b
F ’ :
2 1<a—i—1—b’z>

:(1—2)_a2F1(§7T_b' 742 )
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Conclusion



