
The Almkvist-Zeilberger algorithm and
multi-integration

Jakob Ablinger

Research Institute for Symbolic Computation
Johannes Kepler University Linz

October 8, 2020



Outline

1 Multivariate AZ-algorithm

2 Mellin Transform of Holonomic Functions

3 Continuous Multivariate AZ-algorithm

1



Multivariate AZ-algorithm.
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Multivariate Almkvist Zeilberger algorithm
[Apagodu and Zeilberger, 2006]

We use the Almkvist Zeilberger algorithm to evaluate integrals of the form∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd ,

where F (n; x1, . . . , xd ) is a hyperexponential function i.e.,

F (n; x1, . . . , xd ) = q(n; x1, . . . , xd ) · e
a(x1,...,xd )

b(x1,...,xd ) ·
P∏

p=1

Sp(x1, . . . , xd )αp ·
s(x1, . . . , xd )n

t(x1, . . . , xd )n
,

with

q(n; x1, . . . , xd ) ∈ K[n, x1, . . . , xd ];

a(x1, . . . , xd ), s(x1, . . . , xd ) ∈ K[x1, . . . , xd ];

b(x1, . . . , xd ), t(x1, . . . , xd ) ∈ K[x1, . . . , xd ] \ {0};
Sp(x1, . . . , xd ) ∈ K[x1, . . . , xd ], αp ∈ K for 1 ≤ p ≤ P;

With e.g., K = Q(ε).
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Multivariate Almkvist Zeilberger algorithm
[Apagodu and Zeilberger, 2006]

Our strategy to evaluate integrals of the form∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd ,

where F (n; x1, . . . , xd ) is a hyperexponential function is:

compute a recurrence for the integrand F (n; x1, . . . , xd )

use the recurrence for the integrand to derive a recurrence for the integral

compute initial values for the integral

solve the recurrence
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Recurrence for the Integrand

F (n; x1, . . . , xd ) = q(n; x1, . . . , xd )H(n; x1, . . . , xd ),

where

H(n; x1, . . . , xd ) = e
a(x1,...,xd )

b(x1,...,xd ) ·
P∏

p=1

Sp(x1, . . . , xd )αp ·
s(x1, . . . , xd )n

t(x1, . . . , xd )n

q(n; x1, . . . , xd ) ∈ K[n, x1, . . . , xd ];

a(x1, . . . , xd ), b(x1, . . . , xd ), s(x1, . . . , xd ), t(x1, . . . , xd ) ∈ K[x1, . . . , xd ];

Sp(x1, . . . , xd ) ∈ K[x1, . . . , xd ], αp ∈ K for 1 ≤ p ≤ P.
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Recurrence for the Integrand

F (n; x1, . . . , xd ) = q(n; x1, . . . , xd )H(n; x1, . . . , xd ),

where

H(n; x1, . . . , xd ) = e
a(x1,...,xd )

b(x1,...,xd ) ·
P∏

p=1

Sp(x1, . . . , xd )αp ·
s(x1, . . . , xd )n

t(x1, . . . , xd )n

Then there exist

L ∈ N,
e0(n), e1(n), . . . , eL(n) ∈ K[n], not all zero,

Ri (n; x1, . . . , xd ) ∈ K(n, x1, . . . , xd ),

such that

Gi (n; x1, . . . , xd ) := Ri (n; x1, . . . , xd )F (n; x1, . . . , xd )

satisfy
L∑

i=0

ei (n)F (n + i ; x1, . . . , xd ) =
d∑

i=1

DxiGi (n; x1, . . . , xd ).
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Recurrence for the Integrand

H(n; x1, . . . , xd ) = e
a(x1,...,xd )

b(x1,...,xd ) ·
P∏

p=1

Sp(x1, . . . , xd )αp ·
s(x1, . . . , xd )n

t(x1, . . . , xd )n+L
, 0 ≤ L ∈ N.

Then we have

L∑
i=0

ei (n)F (n + i ; x1, . . . , xd ) = h(x1, . . . , xd )H(n; x1, . . . , xd ).

where h(x1, . . . , xd ) is a polynomial i.e.,

h(x1, . . . , xd ) :=
L∑

i=1

ei (n)q(n + i , x1, . . . , xd )
s(x1, . . . , xd )i

t(x1, . . . , xd )i−L
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Recurrence for the Integrand

H(n; x1, . . . , xd ) = e
a(x1,...,xd )

b(x1,...,xd ) ·
P∏

p=1

Sp(x1, . . . , xd )αp ·
s(x1, . . . , xd )n

t(x1, . . . , xd )n+L
, 0 ≤ L ∈ N.

From the logarithmic derivatives

DxiH(n; x1, . . . , xd )

H(n; x1, . . . , xd )
=

qi (x1, . . . , xd )

ri (x1, . . . , xd )

we build the ansatz (Xi (x1, . . . , xd ) are polynomials to be determined.)

Gi (n; x1, . . . , xd ) = H(n; x1, . . . , xd ) · ri (x1, . . . , xd ) · Xi (x1, . . . , xd ),

L∑
i=0

ei (n)F (n + i ; x1, . . . , xd ) =
d∑

i=1

DxiGi (n; x1, . . . , xd )

is equivalent to

d∑
i=1

[Dxi ri (x1, . . . , xd ) + qi (x1, . . . , xd )] · Xi (x1, . . . , xd )

+ri (x1, . . . , xd ) · DxiXi (x1, . . . , xd ) = h(x1, . . . , xd ).
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Recurrence for the Integrand

Ansatz:
d∑

i=1

[Dxi ri (x1, . . . , xd ) + qi (x1, . . . , xd )] · Xi (x1, . . . , xd )

+ri (x1, . . . , xd ) · DxiXi (x1, . . . , xd ) = h(x1, . . . , xd ) (1)

Algorithm:

set L = 0

1 look for degree bounds for Xi (x1, . . . , xd )

2 try to find a solution of (1) by coefficient comparison

3 if there is no solution with not all ei (n)’s equal to zero:
increase L by one and go to 1

else:

return
L∑

i=0
ei (n)f (n + i) and H(n; x1, . . . , xd )ri (x1, . . . , xd )Xi (x1, . . . , xd )︸ ︷︷ ︸

Gi (n;x1,...,xd )

Since according to [Apagodu and Zeilberger, 2006] the existence of a solution of (1)
with not all the ei (n)’s equal to zero is guaranteed for sufficiently large L, this process
will eventually terminate.
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Using the Package MultiIntegrate

In[1]:= << Sigma.m

In[2]:= << HarmonicSums.m

In[3]:= << MultiIntegrate.m

Sigma - A summation package by Carsten Schneider - c©RISC- V 2.62 (December 18, 2019)

HarmonicSums by Jakob Ablinger - c©RISC- Version 1.0 (19/02/20)

MultiIntegrate by Jakob Ablinger - c©RISC- Version 1.0 (19/02/20)

In[4]:= mAZ[
1

(xy)n+1(1− x − y + xy)z
, n, {x, y}, f]

Out[4]=

{{
1,

(−1 + x)−z (−1 + y)−z
(

1
xy

)n
xy

}
,

{
(−1 + x)−z (−1 + y)−z (xy)−2−n

xy
,

{{
nx2y − nxy +

x2yz + x2y − xyz − xy, x
}
,
{
ny2 − ny + 2y2 − 2y, y

}}
,
(
−1− 2n − n2 − 2z − 2nz − z2

)
f (1 +

n) +
(

4 + 4n + n2
)
f (2 + n)

}}

8



Recurrence for the Integral 1

We now consider the integral

I(n) :=

∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd ,

Where for F (n; x1, . . . , xd ) we have

L∑
i=0

ei (n)F (n + i ; x1, . . . , xd ) =
d∑

i=1

DxiGi (n; x1, . . . , xd ).

If

F (n; . . . , xi−1, ui , xi+1, . . . ) = F (n; . . . , xi−1, oi , xi+1, . . . ) = 0,

we also have

Gi (n; . . . , xi−1, ui , xi+1, . . . ) = Gi (n; . . . , xi−1, oi , xi+1, . . . ) = 0

and hence I(n) satisfies the homogenous linear recurrence

L∑
i=0

ei (n)I(n + i) = 0.
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Example

Consider the integral

I(n) :=

∫ 1

a

∫ 2

1

(a− x)(x − 1)(y − 2)(y − 1)

xmyn
dydx .

We find that the integrand satisfies the following differential equation

(−3 + n)f (n)− 3(−1 + n)f (1 + n) + 2(1 + n)f (2 + n) = Dx0 + Dy0

Integration shows that I(n) satisfies

(−3 + n)I(n)− 3(−1 + n)I(1 + n) + 2(1 + n)I(2 + n) = 0.

Solving and comparing initial values leads to

I(n) =
−5 + 15a + 5m − 5am + n − 3an −mn + amn

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)

+
22−n(1− 3a−m + am + n − 3an −mn + amn)

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)

+ a−m

(
−15a2 + 5a3 + 5a2m − 5a3m + 3a2n − a3n − a2mn + a3mn

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)

+
22−n

(
3a2 − a3 − a2m + a3m + 3a2n − a3n − a2mn + a3mn

)
(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)

)
10



Using the Package MultiIntegrate

In[5]:= mAZIntegrate[
(a − x)(−1 + x)(−2 + y)(y − 1)

xmyn , n, {{x, a, 1}, {y, 1, 2}}]

Out[5]=
−5 + 15a + 5m − 5am + n − 3an − mn + amn

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)
+

22−n(1− 3a − m + am + n − 3an − mn + amn)

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)
+

a−m
(−15a2 + 5a3 + 5a2m − 5a3m + 3a2n − a3n − a2mn + a3mn

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)
+

22−n
(

3a2 − a3 − a2m + a3m + 3a2n − a3n − a2mn + a3mn
)

(−3 + m)(−2 + m)(−1 + m)(−3 + n)(−2 + n)(−1 + n)

)
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Recurrence for the Integral 2

We again consider the integral

I(n) :=

∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd ,

suppose F (n; x1, . . . , xd ) does not vanish at the bounds

Gi (n; x1, . . . , xd ) does not have to vanish at the bounds

then force the Gi to vanish at the integration bounds by modifying the ansatz,
and look for Gi of the form

Gi (n; x1, . . . , xd ) = G i (n; x1, . . . , xd )(xi − ui )(xi − oi ),

hence I(n) satisfies again a homogenous linear recurrence of the form

L∑
i=0

ei (n)I(n + i) = 0.
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Example

I(ε, n) =

∫ 1

0

∫ 1

0

(1 + x1 · x2)n

(1 + x1)ε︸ ︷︷ ︸
F (n):=

dx1dx2.

Note that the integrand does not vanish at the integration bounds.

Using our ansatz we find

2(n + 1)(ε− n − 2)F (n)− (n + 2)(5ε− 5n − 13)F (n + 1)

+ (n + 3)(4ε− 4n − 13)F (n + 2)− (n + 4)(ε− n − 4)F (n + 3)

=Dx1F (n)(x1 − 1) x1 (x1 + 1) x2 ((n + 3)x1x2 + 2)

+ Dx2F (n)(x2 − 1) x2

(
x2

2 x
3
1 (−ε+ n + 4)− (ε− 3)x2x

2
1 + (n + 2)x2x1 + 1

)
.

Integration of this recurrence yields

2(n + 1)(ε− n − 2)I(ε, n)− (n + 2)(5ε− 5n − 13)I(ε, n + 1)

+ (n + 3)(4ε− 4n − 13)I(ε, n + 2)− (n + 4)(ε− n − 4)I(ε, n + 3) = 0.

Solving the recurrence leads to

I(ε, n) =
1

n + 1

(
n∑

i=1

1

−i + ε− 1
− 21−ε

n∑
i=1

2i

−i + ε− 1
+

2−ε (2ε − 2)

ε− 1

)
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Using the Package MultiIntegrate

In[6]:= mAZDirectIntegrate[
(1 + x1 ∗ x2)n

(1 + x1)ε
, n, {{x1, 0, 1}, {x2, 0, 1}}]

Out[6]=

∑n
ι1=1

1
ι1−ε+1

−n − 1
−

2
∑n
ι1=1

2ι1
−ι1+ε−1

(n + 1)2ε
+

2ε − 2

(n + 1)(ε− 1)2ε

In[7]:= mAZDirectIntegrate[
(1 + x1 + x2 + x1 ∗ x2)n

(1 + x1)ε
, n, {{x1, 0, 1}, {x2, 0, 1}}]

Out[7]=

2−2n−ε
(

208− 83 22+n + 63 21+2n − 24+ε + 7 22+n+ε − 13 22n+ε
)

(1 + n)(1 + n − ε)

In[8]:= mAZDirectIntegrate[
(1 + x1 + x2 + x1 ∗ x2)n

(1 + x1)ε
, n, {{x1, 0,

1

2
}, {x2, 0, 2}}]

Out[8]=

2−2n−ε
(

208− 83 22+n + 63 21+2n − 24+ε + 7 22+n+ε − 13 22n+ε
)

(1 + n)(1 + n − ε)
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Recurrence for the Integral 3

We look again at the integral

I(n) :=

∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd .

Suppose that we found

L∑
i=0

ei (n)F (n + i ; x1, . . . , xd ) =
d∑

i=1

DxiGi (n; x1, . . . , xd )

By integration with respect to x1, . . . , xd we get

L∑
i=0

ei (n)I(n + i) =

d∑
i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Oi (n)dx1 . . . dxi−1dxi+1 . . . dxd

−
d∑

i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Ui (n)dx1 . . . dxi−1dxi+1 . . . dxd

with

Oi (n) := Gi (n; x1, . . . , xi−1, oi , xi+1 . . . , xd )

Ui (n) := Gi (n; x1, . . . , xi−1, ui , xi+1 . . . , xd ).

Note that there are 2 · d integrals of dimension d − 1, to compute.
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Example

I(ε, n) =

∫ 1

0

∫ 1

0

(1 + x1 · x2)n

(1 + x1)ε︸ ︷︷ ︸
F (n;x1,x2):=

dx1dx2,

Applying the algorithm leads to

(n + 2)F (n + 1; x1, x2)− (n + 1)F (n; x1, x2) = Dx1 0 + Dx2

x2(x1x2 + 1)n+1

(1 + x1)ε
.

By integration we find

−(n + 1)I(ε, n) + (n + 2)I(ε, n + 1) =

∫ 1

0
(x1 + 1)n+1−εdx1︸ ︷︷ ︸

I1(n)

−
∫ 1

0
0dx1.

Now we apply the algorithm to I1(n); we find

I1(ε, n) =
4 · 2n − 2ε

2ε(n + 2− ε)
.
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Example

I(ε, n) =

∫ 1

0

∫ 1

0

(1 + x1 · x2)n

(1 + x1)ε︸ ︷︷ ︸
F (n;x1,x2):=

dx1dx2,

Plugging in yields the recurrence

−(n + 1)I(ε, n) + (n + 2)I(ε, n + 1) =
4 · 2n − 2ε

2ε(n + 2− ε)
.

For n = 0 we find the initial value

I(ε, 0) =
2ε − 2

2ε(ε− 1)

Solving this recurrence yields

I(ε, n) =
1

n + 1

(
n∑

i=1

1

−i + ε− 1
− 21−ε

n∑
i=1

2i

−i + ε− 1
+

2−ε (2ε − 2)

ε− 1

)
.
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Using the Package MultiIntegrate

In[9]:= mAZIntegrate[
(1 + x1 ∗ x2)n

(1 + x1)ε
, n, {{x1, 0, 1}, {x2, 0, 1}}]

Out[9]=

∑n
ι1=1

1
ι1−ε+1

−n − 1
−

2
∑n
ι1=1

2ι1
−ι1+ε−1

(n + 1)2ε
+

2ε − 2

(n + 1)(ε− 1)2ε

In[10]:= mAZIntegrate[
(1 + x1 + x2 + x1 ∗ x2)n

(1 + x1)ε
, n, {{x1, 0, 1}, {x2, 0, 1}}]

Out[10]=

2−2n−ε
(

208− 83 22+n + 63 21+2n − 24+ε + 7 22+n+ε − 13 22n+ε
)

(1 + n)(1 + n − ε)

In[11]:= mAZIntegrate[
(1 + x1 + x2 + x1 ∗ x2)n

(1 + x1)ε
, n, {{x1, 0,

1

2
}, {x2, 0, 2}}]

Out[11]=

2−2n−ε
(

208− 83 22+n + 63 21+2n − 24+ε + 7 22+n+ε − 13 22n+ε
)

(1 + n)(1 + n − ε)
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Laurent Series Expansion of the Integral

we look again at the integral

I(ε, n) :=

∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd .

assume that we can write it in the form

I(ε, n) =
∞∑

k=−K

εk Ik (n).

find I−K (n), I−K+1(n), . . . , Iu(n) in terms of indefinite nested product-sum
expressions.

compute a recurrence for I(ε, n) in the form

a0(ε, n)T (ε, n) + · · ·+ ad (ε, n)T (ε, n + d) = h0(n) + · · ·+ hu(n)εu + O(εu+1);

by using one of the methods presented above

find a Laurent series expansion of the integral by using an algorithm implemented
in Sigma.
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Example

I(ε, n) =

∫ 1

0

∫ 1

0

(1 + x1 · x2)n

(1 + x1)ε︸ ︷︷ ︸
F (n;x1,x2):=

dx1dx2,

Applying the algorithm leads to

−(n + 1)F (n; x1, x2) + (n + 2)F (n + 1; x1, x2) = Dx1 0 + Dx2

x2(x1 · x2 + 1)n+1

(1 + x1)ε
.

Integration yields

−(n + 1)I(ε, n) + (n + 2)I(ε, n + 1) =

∫ 1

0
(x1 + 1)n+1−εdx1︸ ︷︷ ︸
I1(ε,n)

−
∫ 1

0
0dx1.

In the next step apply the method to I1(ε, n); we find

I1(ε, n) =
2n+2 − 1

n + 2
+
ε
(
−2n+2 (log(2)(n + 2)− 1)− 1

)
(n + 2)2

+
ε2
(
2n+1

(
log(2)2(n + 2)2 − 2 log(2)(n + 2) + 2

)
− 1
)

(n + 2)3
+ O

(
ε3
)
.
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Example

Plugging in and solving the resulting recurrence by means of Sigma and
combining the solution with the initial values of the integral yields:

I(ε, n) =
S1(2; n)

n + 1
−

S1(n)

n + 1
+

1

n + 1
+

2(2n − n − 1)

(n + 1)2
+

n

(n + 1)2

+ ε

(
log(2)

(
−2n+2(n + 1)− 2n+2n(n + 1)

2(n + 1)4
−

S1(2; n)

n + 1

)

+

(
2(n + 1)n2 + 4(n + 1)n + 2(n + 1)

)
S2(2; n)

2(n + 1)4
−

S2(n)

n + 1

+
2n+2(n + 1)− 2(n + 1)

2(n + 1)4

)
+ ε2

(
S3(2; n)

n + 1
−

S3(n)

n + 1

+
2n+2 − 2

2(n + 1)4
+ log(2)

(
−2n+2n − 2n+2

2(n + 1)4
−

S2(2; n)

n + 1

)
+ log(2)2

(
S1(2; n)

2(n + 1)
+

2n(n2 + 2n + 1)

(n + 1)4

))
+ O

(
ε3
)
.
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Using the Package MultiIntegrate

In[12]:= << EvaluateMultiSums.m

EvaluateMultiSums by Carsten Schneider - c©RISC- V 2.62 (December 18, 2019)

In[13]:= mAZExpandedIntegrate[
(1 + x1 ∗ x2)n

(1 + x1)ε
, n, {ε, 0, 2}, {{x1, 0, 1}, {x2, 0, 1}}]

Out[13]=

{{
S[1, {2}, n]

n + 1
−

S[1, n]

n + 1
+

2n+1 − 1

(n + 1)2
,−

log(2)S[1, {2}, n]

n + 1
+

S[2, {2}, n]

n + 1
−

S[2, n]

n + 1
+

log(2)
(
−2n+1

)
(n + 1) + 2n+1 − 1

(n + 1)3
,

log(2)2S[1, {2}, n]

2n + 2
−

log(2)S[2, {2}, n]

n + 1
+

S[3, {2}, n]

n + 1
−

S[3, n]

n + 1
+

log(2)22n(n + 1)2 − log(2)2n+1(n + 1) + 2n+1 − 1

(n + 1)4

}
, 0, 2

}
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Using the Package MultiIntegrate

In[12]:= << EvaluateMultiSums.m

EvaluateMultiSums by Carsten Schneider - c©RISC- V 2.62 (December 18, 2019)

In[14]:= mAZExpandedIntegrate[
(1 + x1 + x2 + x1 ∗ x2)n

(1 + x1)ε
, n, {ε, 0, 1}, {{x1, 0, 1}, {x2, 0, 1}}]

Out[14]=



(

2n+1 − 1
)2

(n + 1)2
,−

(
2n+1 − 1

) (
−2n+1 + 2n+1n log(2) + 2n+1 log(2) + 1

)
(n + 1)3

 , 0, 1
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Using the Package MultiIntegrate

In[12]:= << EvaluateMultiSums.m

EvaluateMultiSums by Carsten Schneider - c©RISC- V 2.62 (December 18, 2019)

In[15]:= mAZExpandedIntegrate[
(1 + x1 + x2 + x1 ∗ x2)n

(1 + x1)ε
, n, {ε, 0, 1}, {{x1, 0,

1

2
}, {x2, 0, 2}}]

Out[15]=



(

3n+1 − 2n+1
) (

3n+1 − 1
)

2n+1(n + 1)2
,

(
3n+1 − 1

) (
2n+1 − 3n+1 + 3n+1 log

(
3
2

)
(n + 1)

)
2n+1(n + 1)3

 , 0, 1
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A bigger example: b56729a [A. et al., 2014]

∫ 1

0

∫ 1

0

∫ 1

0

(xyz(1− xz)(1− yz))
ε
2 (x + y − 1)NzN+1Γ

(−ε
2

)2
Γ(1 + N)

(1− z)2+ 3ε
2 Γ
(
2 + ε

2
+ N

) dz dy dx

Initial values:

ε−3 ε−2 ε−1 ε0 ε1 ε2 ε3

n=2 20
27
− 40

27
5ζ(2)

18
+ 1393

486
− 5ζ(2)

9
+ 49ζ(3)

54
− 9601

1944
· · ·

n=3 1
6
− 11

48
ζ(2)
16

+ 703
3456

− 11ζ(2)
128

+ 41ζ(3)
48
− 9773

9216
· · ·

n=4 64
225
− 1748

3375
8ζ(2)

75
+ 102181

101250
− 437ζ(2)

2250
+ 196ζ(3)

225
− 5738207

2430000
· · ·

n=5 2
27
− 17

162
ζ(2)
36

+ 7583
97200

− 17ζ(2)
432

+ 113ζ(3)
108

− 1666837
1296000

· · ·

n=6 22
147
− 535

2058
11ζ(2)

196
+ 630043

1234800
− 535ζ(2)

5488
+ 775ζ(3)

588
− 1949958721

871274880
· · ·

n=7 1
24
− 23

384
ζ(2)
64

+ 2699659
67737600

− 23ζ(2)
1024

+ 115ζ(3)
64

− 49626263807
22759833600

· · ·

n=8 112
1215
− 2836

18225
14ζ(2)

405
+ 74074613

241116750
− 709ζ(2)

12150
+ 3082ζ(3)

1215
− 1392921564301

405076140000
· · ·
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A bigger example: b56729a
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A bigger example: Recurrence for b56729a
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A bigger example: b56729a
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Detour to Mellin Transforms and Holonomic Functions.
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Holonomic Functions and Sequences

A sequence (fn)n≥0 is called holonomic if there exist polynomials pi (n) (not all
pi = 0) such that

pd (n)fn+d + · · ·+ p1(n)fn+1 + p0(n)fn = 0.

A function f = f (x) is called holonomic if there exist polynomials pi (x) (not all
pi = 0) such that

pd (x)f (d)(x) + · · ·+ p1(x)f ′(x) + p0(x)f (x) = 0.

Let (fn)n≥0 be a holonomic sequence, then the generating function

f (x) =
∞∑
n=0

fnx
n

is a holonomic function.

Let f (x) be a holonomic function such that the Mellin transform

M[f (x)](n) :=

∫ 1

0
xnf (x)dx

exists, then M[f(x)](n) is a holonomic sequence.
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Holonomic Sequences to Holonomic Functions

Given a holonomic sequence (fn)n≥0.
Find a function f (x) given as a linear combination of iterated integrals such that we
have

f (x) =
∞∑
n=0

xnfn.

Method:

1 Compute a holonomic recurrence equation for (fn)n≥0.

2 Use the recurrence to derive a holonomic differential equation for f (x).

3 Compute initial values.

4 Solve the differential equation to get a closed form representation for f (x).

Note: This is implemented in HarmonicSums.
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Example

Given

g(i) :=
1

i2
(2i
i

) ,
we want to compute a closed form for

f (x) =
∞∑
i=1

x ig(i).

recurrence satisfied by g(i):

(1 + i)2g(i)− 2(2 + i)(3 + 2i)g(1 + i) = 0

from the recurrence we can derive a differential equation for f (x)

f (x) + (−12 + 7x)f ′(x) + 6x(−3 + x)f ′′(x) + x2(−4 + x)f ′′′(x) = 0

initial values

f (0) = 0, f ′(0) =
1

2
, f ′′(0) =

1

12
.

solving the differential equation and combing with initial values we find:

f (x) =
(16x − 20x2 + 8x3 − x4)

32
+

(x − 2)
√

(4− x)x

8

∫ x

0

√
4− τ

√
τdτ

+
1

8

(∫ x

0

√
4− τ

√
τdτ

)2
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Holonomic Functions to Holonomic Sequences

Given a holonomic function f (x).
Find a sequence fn given as a linear combination of indefinite nested sums such that
we have

f (x) =
∞∑
n=0

xnfn.

Method:

1 Compute a holonomic differential equation for f (x).

2 Use the differential equation to derive a holonomic recurrence for (fn)n≥0.

3 Compute initial values f0, f1, . . ..

4 Solve the recurrence to get a closed form representation for (fn)n≥0.

Note: This is implemented in HarmonicSums using the recurrence solver of Sigma.
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Mellin transform

Given a holonomic function f (x).
Find an expression F (n) given as a linear combination of indefinite nested sums such
that for all n ∈ N (from a certain point on) we have

M[f (x)](n) :=

∫ 1

0
xnf (x)dx = F (n).

Method:

1 Compute a holonomic differential equation for f (x).

2 Use the differential equation to derive a holonomic recurrence for M[f (x)](n).

3 Compute initial values M[f (x)](0), M[f (x)](1), . . .

4 Solve the recurrence to get a closed form representation for M[f (x)](n).

Note: This is implemented in HarmonicSums using the recurrence solver of Sigma.
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Inverse Mellin transform

Given a holonomic sequence F (n).
Find an expression f (x) given as a linear combination of indefinite iterated integrals
such that for all n ∈ N (from a certain point on) we have

M[f (x)](n) = F (n).

Method:

1 Compute a holonomic recurrence for F (n).

2 Use the recurrence to derive a differential equation for f (x).

3 Compute a linear independent set of solutions of the differential equation.

4 Compute initial values F (0),F (1), . . .

5 Combine the initial values and the solutions to get a closed form representation
for f (x).

Note: This is implemented in HarmonicSums.
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Solving differential eqs.: Hyperexponential solutions
[Petkovšek, 1992]

Consider the linear differential equation (pi (x) ∈ K[x])

pd (x)f (d)(x) + · · ·+ p1(x)f ′(x) + p0(x)f (x) = 0. (2)

Recall: u(x) is hyperexponential if there is a g(x) ∈ K(x) s.t. u′(x)
u(x)

= g(x).

There is an algorithm that finds all hyperexponential solutions u(x) of (2).

This algorithm is implemented in HarmonicSums.
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Solving differential eqs.: d’Alembert solutions

Consider the linear differential equation (pi ∈ K[x]; d > 1)(
pd (x)Dd

x + · · ·+ p1(x)Dx + p0(x)
)
f (x) = 0. (3)

compute a hyperexponential solution r(x) of (3)

r(x) is a solution of v ′(x)− r′(x)
r(x)

v(x) = 0

compute (by division) qd−1(x)Dd−1
x + · · ·+ q1(x)Dx + q0(x), such that

(qd−1(x)Dd−1
x + · · ·+ q1(x)Dx + q0(x))

(
Dx −

r ′(x)

r(x)

)
= pd (x)Dd

x + · · ·+ p1(x)Dx + p0(x)

compute d’Alembert solutions u1(x), . . . , uk (x) of(
qd−1(x)Dd−1

x + · · ·+ q1(x)Dx + q0(x)
)
f (x) = 0

r(x)

∫
u1(x)

r(x)
dx , . . . , r(x)

∫
uk (x)

r(x)
dx , r(x) are solutions of (3)
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Solving differential equations: Kovacic’s algorithm
[Kovacic, 1986]

Consider the linear differential equation (pi (x) ∈ C[x])

p2(x)f ′′(x) + p1(x)f ′(x) + p0(x)f (x) = 0. (4)

Kovacic’s algorithm decides whether (4)

has a solution of the form e
∫
ω where ω ∈ C(x);

has a solution of the form e
∫
ω where ω is algebraic over C(x) of degree 2 and

the previous case does not hold;

all solutions are algebraic over C(x) and the previous cases do not hold;

has no Liouvillian solution

and finds the solutions if they exist.

Kovacic’s algorithm is implemented in HarmonicSums.
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Continuous multivariate AZ-algorithm.
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Continuous multivariate AZ-algorithm
[Apagodu and Zeilberger, 2006]

We use the continuous Almkvist Zeilberger algorithm to evaluate integrals of the form∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd ,

where F (x ; y1, . . . , yd ) is of the form

F (x ; x1, . . . , xd ) = q(x ; x1, . . . , xd ) · e
a(x,x1,...,xd )

b(x,x1,...,xd ) ·
P∏

p=1

Sp(x , x1, . . . , xd )αp ,

with

a(x , x1, . . . , xd ), q(x ; x1, . . . , xd ) ∈ K[x , x1, . . . , xd ];

b(x , x1, . . . , xd ) ∈ K[x , x1, . . . , xd ] \ {0};
Sp(x , x1, . . . , xd ) ∈ K[x , x1, . . . , xd ] for 1 ≤ p ≤ P;

αp commuting indeterminates for 1 ≤ p ≤ P;

With e.g., K = Q(ε).
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Continuous multivariate AZ-algorithm
[Apagodu and Zeilberger, 2006]

Our strategy to evaluate integrals of the form∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd ,

where F (x ; x1, . . . , xd ) is a hyperexponential function is:

compute a linear differential equation for the integrand F (x ; x1, . . . , xd )

use the differential equation for the integrand to derive a differential equation for
the integral

compute initial values for the integral

solve the differential equation
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Differential equation for the Integrand

F (x ; x1, . . . , xd ) = q(x ; x1, . . . , xd )H(x ; x1, . . . , xd ),

where

H(x ; x1, . . . , xd ) = e
a(x,x1,...,xd )

b(x,x1,...,xd ) ·
P∏

p=1

Sp(x , x1, . . . , xd )αp

a(x , x1, . . . , xd ), b(x , x1, . . . , xd ), q(x ; x1, . . . , xd ) ∈ K[x , x1, . . . , xd ];

Sp(x , x1, . . . , xd ) ∈ K[x , x1, . . . , xd ] for 1 ≤ p ≤ P;

αp commuting indeterminates for 1 ≤ p ≤ P;
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Differential equation for the Integrand

F (x ; x1, . . . , xd ) = q(x ; x1, . . . , xd )H(x ; x1, . . . , xd ),

where

H(x ; x1, . . . , xd ) = e
a(x,x1,...,xd )

b(x,x1,...,xd ) ·
P∏

p=1

Sp(x , x1, . . . , xd )αp

Then there exist

L ∈ N,
e0(x), e1(x), . . . , eL(x) ∈ K[x], not all zero,

Ri (x ; x1, . . . , xd ) ∈ K(x , x1, . . . , xd ),

such that
Gi (x ; x1, . . . , xd ) := Ri (x ; x1, . . . , xd )F (x ; x1, . . . , xd )

satisfy

L∑
i=0

ei (x)D i
xF (x ; x1, . . . , xd ) =

d∑
i=1

DxiGi (x ; x1, . . . , xd ).
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Differential equation for the Integrand

H(x ; x1, . . . , xd ) =
e

a(x,x1,...,xd )

b(x,x1,...,xd )

b(x , x1, . . . , xd )2L
·

P∏
p=1

Sp(x , x1, . . . , xd )αp , 0 ≤ L ∈ N

Then we have

L∑
i=0

ei (x)Dx
iF (x ; x1, . . . , xd ) = h(x , x1, . . . , xd )H(x ; x1, . . . , xd ).

for some polynomial h(x , x1, . . . , xd ), that can be determined.
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Differential equation for the Integrand

H(x ; x1, . . . , xd ) =
e

a(x,x1,...,xd )

b(x,x1,...,xd )

b(x , x1, . . . , xd )2L
·

P∏
p=1

Sp(x , x1, . . . , xd )αp , 0 ≤ L ∈ N

From the logarithmic derivatives

DxiH(x ; x1, . . . , xd )

H(x ; x1, . . . , xd )
=

qi (x , x1, . . . , xd )

ri (x , x1, . . . , xd )

we build the ansatz (where Xi (x1, . . . , xd ) are polynomials to be determined)

Gi (x ; x1, . . . , xd ) = H(x ; x1, . . . , xd ) · ri (x , x1, . . . , xd ) · Xi (x1, . . . , xd ).

L∑
i=0

ei (x)D i
xF (x ; x1, . . . , xd ) =

d∑
i=1

DxiGi (x ; x1, . . . , xd )

is equivalent to

d∑
i=1

[Dxi ri (x , x1, . . . , xd ) + qi (x , x1, . . . , xd )] · Xi (x1, . . . , xd )

+ri (x , x1, . . . , xd ) · DxiXi (x1, . . . , xd ) = h(x , x1, . . . , xd ).
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Differential equation for the Integrand

Ansatz:
d∑

i=1

[Dxi ri (x1, . . . , xd ) + qi (x1, . . . , xd )] · Xi (x1, . . . , xd )

+ri (x1, . . . , xd ) · DxiXi (x1, . . . , xd ) = h(x1, . . . , xd ) (5)

Algorithm:

set L = 0

1 look for degree bounds for Xi (x1, . . . , xd )

2 try to find a solution of (5) by coefficient comparison

3 if there is no solution with not all ei (x)’s equal to zero:
increase L by one and go to 1

else:

return
L∑

i=0
ei (x)D i

x and H(x ; x1, . . . , xd )ri (x1, . . . , xd )Xi (x1, . . . , xd )︸ ︷︷ ︸
Gi (x ;x1,...,xd )

Since according to [Apagodu and Zeilberger, 2006] the existence of a solution of (5)
with not all the ei (x)’s equal to zero is guaranteed for sufficiently large L, this process
will eventually terminate.
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Differential equation for the Integral 1

We now consider the integral

I(x) :=

∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd ,

Where for F (n; x1, . . . , xd ) we have

L∑
i=0

ei (x)D i
xF (x ; x1, . . . , xd ) =

d∑
i=1

DxiGi (x ; x1, . . . , xd ).

If

F (x ; . . . , xi−1, ui , xi+1, . . . ) = F (x ; . . . , xi−1, oi , xi+1, . . . ) = 0,

we also have

Gi (x ; . . . , xi−1, ui , xi+1, . . . ) = Gi (x ; . . . , xi−1, oi , xi+1, . . . ) = 0

and hence I(x) satisfies the homogenous linear differential equation

L∑
i=0

ei (x)D i
xI(x) = 0.
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Example

Consider the integral

I(x) :=

∫ 1

−1

∫ 1

−1
e−x x1x2

(
x2

1 − 1
) (

x2
2 − 1

)
dx2dx1.

We find that the integrand satisfies the following differential equation

−x f (x) +
(
16− x2

)
f ′(x) + 9x f ′′(x) + x2 f ′′′(x) =

Dx1

(
e−xx1x2

(
x2

1 − 1
)2

x2(xx1x2 − 4)
(
+x2

2 − 1
))

Dx2

(
e−xx1x2x

(
x2

1 − 1
)
x2

(
x2

2 − 1
)

2
)

Since the integrand vanishes at the integration bounds I(x) satisfies

−x I(x) +
(
16− x2

)
I′(x) + 9x I′′(x) + x2 I′′′(x) = 0.

Solving and comparing initial values leads to

I(x) =
2 + x2

x3
−

e−x
(
−2 + 2ex + 2e2x + 2x + 2e2xx + exx2

)
x3

−
2
(
2 + x2

)
G
(

e−τ

τ
, x
)

x3
+

2
(
2 + x2

)
G
(

eτ

τ
, x
)

x3
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Using the Package MultiIntegrate

In[16]:= cmAZIntegrate[e−xx1x2 (x21 − 1)(x22 − 1), x, {{x1, -1, 1}, {x2, -1, 1}}]

Out[16]=
2 + x2

x3
−

e−x
(
−2 + 2ex + 2e2x + 2x + 2e2x x + ex x2

)
x3

−
2
(

2 + x2
)

G

(
e−τ
τ
, x

)
x3

+

2
(

2 + x2
)

G
(

eτ

τ
, x
)

x3
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Differential equation for the Integral 2

We again consider the integral

I(x) :=

∫ od

ud

· · ·
∫ o1

u1

F (n; x1, . . . , xd )dx1 . . . dxd ,

suppose F (x ; x1, . . . , xd ) does not vanish at the bounds

Gi (x ; x1, . . . , xd ) does not have to vanish at the bounds

then force the Gi to vanish at the integration bounds by modifying the ansatz,
and look for Gi of the form

Gi (x ; x1, . . . , xd ) = G i (x ; x1, . . . , xd )(xi − ui )(xi − oi ),

hence I(x) satisfies again a homogenous linear differential equation of the form

L∑
i=0

ei (x)D i
xI(x) = 0.
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Example

Consider the integral

I(x) :=

∫ 1

−1

∫ 1

−1
e−x x1x2dx2dx1.

We find that the integrand satisfies the following differential equation

−x f (x)−
(
−4 + x2

)
f ′(x) + 5x f ′′(x) + x2 f ′′′(x) =

Dx1

(
e−xx1x2 (−1 + x1) (1 + x1) x2 (−2 + xx1x2)

)
+ Dx2

(
e−xx1x2x (−1 + x2) x2 (1 + x2)

)
After integrating we find

−x I(x)−
(
−4 + x2

)
I′(x) + 5x I′′(x) + x2 I′′′(x) = 0.

Solving and comparing initial values leads to

I(x) = −
2
(

G
(

e−τ

τ
; x
)
− G

(
eτ

τ
; x
))

x
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Using the Package MultiIntegrate

In[17]:= cmAZDirectIntegrate[e−xx1x2 , x, {{x1, -1, 1}, {x2, -1, 1}}]

Out[17]= −
2

(
G

(
e−τ
τ

; x

)
− G

(
eτ

τ
; x
))

x
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Differential equation for the Integral 3

We look again at the integral

I(x) :=

∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd .

Suppose that we found

L∑
i=0

ei (x)D i
xF (x ; x1, . . . , xd ) =

d∑
i=1

DxiGi (x ; x1, . . . , xd )

By integration with respect to x1, . . . , xd we get

L∑
i=0

ei (x)D i
xI(x) =

d∑
i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Oi (x)dx1 . . . dxi−1dxi+1 . . . dxd

−
d∑

i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Ui (x)dx1 . . . dxi−1dxi+1 . . . dxd

with

Oi (x) := Gi (x ; x1, . . . , xi−1, oi , xi+1 . . . , xd )

Ui (x) := Gi (x ; x1, . . . , xi−1, ui , xi+1 . . . , xd ).

Note that there are 2 · d integrals of dimension d − 1, to compute.

51



Differential equation for the Integral 3

We look again at the integral

I(x) :=

∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd .

Suppose that we found

L∑
i=0

ei (x)D i
xF (x ; x1, . . . , xd ) =

d∑
i=1

DxiGi (x ; x1, . . . , xd )

By integration with respect to x1, . . . , xd we get

L∑
i=0

ei (x)D i
xI(x) =

d∑
i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Oi (x)dx1 . . . dxi−1dxi+1 . . . dxd

−
d∑

i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Ui (x)dx1 . . . dxi−1dxi+1 . . . dxd

with

Oi (x) := Gi (x ; x1, . . . , xi−1, oi , xi+1 . . . , xd )

Ui (x) := Gi (x ; x1, . . . , xi−1, ui , xi+1 . . . , xd ).

Note that there are 2 · d integrals of dimension d − 1, to compute.

51



Differential equation for the Integral 3

We look again at the integral

I(x) :=

∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd .

Suppose that we found

L∑
i=0

ei (x)D i
xF (x ; x1, . . . , xd ) =

d∑
i=1

DxiGi (x ; x1, . . . , xd )

By integration with respect to x1, . . . , xd we get

L∑
i=0

ei (x)D i
xI(x) =

d∑
i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Oi (x)dx1 . . . dxi−1dxi+1 . . . dxd

−
d∑

i=1

∫ od

ud

· · ·
∫ oi−1

ui−1

∫ oi+1

ui+1

· · ·
∫ o1

u1

Ui (x)dx1 . . . dxi−1dxi+1 . . . dxd

with

Oi (x) := Gi (x ; x1, . . . , xi−1, oi , xi+1 . . . , xd )

Ui (x) := Gi (x ; x1, . . . , xi−1, ui , xi+1 . . . , xd ).

Note that there are 2 · d integrals of dimension d − 1, to compute.

51



Using the Package MultiIntegrate

In[18]:= cmAZIntegrate[e−x(w1∗w2+w3∗w4), x, {{w1, -1, 1}, {w2, -1, 1},{w3, -1, 1}, {w4, -1, 1}}]

Out[18]=

8

(
G

(
e−τ
τ
, e−τ
τ

; x

)
− G

(
e−τ
τ
, eτ

τ
; x

)
− G

(
eτ

τ
, e−τ
τ

; x

)
+ G

(
eτ

τ
, eτ

τ
; x
))

x2
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Laurent Series Expansion of the Integral

we look again at the integral

I(ε, x) :=

∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd .

assume that we can write it in the form

I(ε, x) =
∞∑

k=−K

εk Ik (x).

find I−K (x), I−K+1(x), . . . , Iu(x) in terms of iterated integral expressions.

compute a differential equation for I(ε, x) in the form

a0(ε, x)T (ε, x) + · · ·+ ad (ε, x)Dd
x T (ε, x) = h0(x) + · · ·+ hu(x)εu + O(εu+1);

by using one of the methods presented above

compute initial values

use the following algorithm to compute a Laurent series expansion of the solution
of the differential equation
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I (ε, x)

]
+ a1(ε, x)

[
Dx I (ε, x)

]
+

...

+ ad (ε, x)

[
Dd

x I (ε, x)

]
= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I (ε, x)

]
+

...

+ ad (ε, x)

[
Dd

x I (ε, x)

]
= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I−2(x)ε−2 + Dx I−1(x)ε−1 + Dx I0(x)ε0 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I (ε, x)

]
= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I−2(x)ε−2 + Dx I−1(x)ε−1 + Dx I0(x)ε0 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−2(x)ε−2 + Dd
x I−1(x)ε−1 + Dd

x I0(x)ε0 + · · ·
]

= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I−2(x)ε−2 + Dx I−1(x)ε−1 + Dx I0(x)ε0 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−2(x)ε−2 + Dd
x I−1(x)ε−1 + Dd

x I0(x)ε0 + · · ·
]

= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·

www�lowest order terms must agree

a0(0, x)I−2(x) + a1(0, x)Dx I−2(x) + · · ·+ ad (0, x)Dd
x I−2(x) = h−2(x)
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I−2(x)ε−2 + Dx I−1(x)ε−1 + Dx I0(x)ε0 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−2(x)ε−2 + Dd
x I−1(x)ε−1 + Dd

x I0(x)ε0 + · · ·
]

= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·

www�lowest order terms must agree

a0(0, x)I−2(x) + a1(0, x)Dx I−2(x) + · · ·+ ad (0, x)Dd
x I−2(x) = h−2(x)

Use the differential equation solver to determine I−2(x).
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I−2(x)ε−2 + Dx I−1(x)ε−1 + Dx I0(x)ε0 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−2(x)ε−2 + Dd
x I−1(x)ε−1 + Dd

x I0(x)ε0 + · · ·
]

= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·

Plugging in I−2(x) in

a0(ε, x)I−2(x) + a1(ε, x)Dx I−2(x) + · · ·+ ad (ε, x)Dd
x I−2(x)

yields

h−2(x)ε−2 + g−1(x)ε−2 + g0(x)ε0 + g1(x)ε1 + · · · .
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−2(x)ε−2 + I−1(x)ε−1 + I0(x)ε0 + · · ·

]
+ a1(ε, x)

[
Dx I−2(x)ε−2 + Dx I−1(x)ε−1 + Dx I0(x)ε0 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−2(x)ε−2 + Dd
x I−1(x)ε−1 + Dd

x I0(x)ε0 + · · ·
]

= h−2(x)ε−2 + h−1(x)ε−1 + h0(x)ε0 + h1(x)ε1 + · · ·

Plugging in I−2(x) in

a0(ε, x)I−2(x) + a1(ε, x)Dx I−2(x) + · · ·+ ad (ε, x)Dd
x I−2(x)

yields

h−2(x)ε−2 + g−1(x)ε−2 + g0(x)ε0 + g1(x)ε1 + · · · .

Now we can update the equation!
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−1(x)ε−1 + I0(x)ε0 + I1(x)ε1 + · · ·

]
+ a1(ε, x)

[
Dx I−1(x)ε−1 + Dx I0(x)ε0 + Dx I1(x)ε1 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−1(x)ε−1 + Dd
x I0(x)ε0 + Dd

x I1(x)ε1 + · · ·
]

= h̄−1(x)ε−1 + h̄0(x)ε0 + h̄1(x)ε1 + h̄2(x)ε2 + · · · 1

Where h̄i (x) = hi (x)− gi (x).

54



Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−1(x)ε−1 + I0(x)ε0 + I1(x)ε1 + · · ·

]
+ a1(ε, x)

[
Dx I−1(x)ε−1 + Dx I0(x)ε0 + Dx I1(x)ε1 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−1(x)ε−1 + Dd
x I0(x)ε0 + Dd

x I1(x)ε1 + · · ·
]

= h̄−1(x)ε−1 + h̄0(x)ε0 + h̄1(x)ε1 + h̄2(x)ε2 + · · · 1

Where h̄i (x) = hi (x)− gi (x).

Repeat the process to compute I−1(x).
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−1(x)ε−1 + I0(x)ε0 + I1(x)ε1 + · · ·

]
+ a1(ε, x)

[
Dx I−1(x)ε−1 + Dx I0(x)ε0 + Dx I1(x)ε1 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−1(x)ε−1 + Dd
x I0(x)ε0 + Dd

x I1(x)ε1 + · · ·
]

= h̄−1(x)ε−1 + h̄0(x)ε0 + h̄1(x)ε1 + h̄2(x)ε2 + · · · 1

www�lowest order terms must agree

a0(0, x)I−1(x) + a1(0, x)Dx I−1(x) + · · ·+ ad (0, x)Dd
x I−1(x) = h̄−1(x)
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−1(x)ε−1 + I0(x)ε0 + I1(x)ε1 + · · ·

]
+ a1(ε, x)

[
Dx I−1(x)ε−1 + Dx I0(x)ε0 + Dx I1(x)ε1 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−1(x)ε−1 + Dd
x I0(x)ε0 + Dd

x I1(x)ε1 + · · ·
]

= h̄−1(x)ε−1 + h̄0(x)ε0 + h̄1(x)ε1 + h̄2(x)ε2 + · · · 1

www�lowest order terms must agree

a0(0, x)I−1(x) + a1(0, x)Dx I−1(x) + · · ·+ ad (0, x)Dd
x I−1(x) = h̄−1(x)

Use the differential equation solver to determine I−1(x).
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−1(x)ε−1 + I0(x)ε0 + I1(x)ε1 + · · ·

]
+ a1(ε, x)

[
Dx I−1(x)ε−1 + Dx I0(x)ε0 + Dx I1(x)ε1 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−1(x)ε−1 + Dd
x I0(x)ε0 + Dd

x I1(x)ε1 + · · ·
]

= h̄−1(x)ε−1 + h̄0(x)ε0 + h̄1(x)ε1 + h̄2(x)ε2 + · · · 1

Plugging in I−1(x) in

a0(ε, x)I−1(x) + a1(ε, x)Dx I−1(x) + · · ·+ ad (ε, x)Dd
x I−1(x)

yields

h̄−1(x)ε−1 + ḡ0(x)ε0 + ḡ1(x)ε1 + ḡ2(x)ε2 + · · · .

54



Computing the ε−expansion from a differential equation

a0(ε, x)

[
I−1(x)ε−1 + I0(x)ε0 + I1(x)ε1 + · · ·

]
+ a1(ε, x)

[
Dx I−1(x)ε−1 + Dx I0(x)ε0 + Dx I1(x)ε1 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I−1(x)ε−1 + Dd
x I0(x)ε0 + Dd

x I1(x)ε1 + · · ·
]

= h̄−1(x)ε−1 + h̄0(x)ε0 + h̄1(x)ε1 + h̄2(x)ε2 + · · · 1

Plugging in I−1(x) in

a0(ε, x)I−1(x) + a1(ε, x)Dx I−1(x) + · · ·+ ad (ε, x)Dd
x I−1(x)

yields

h̄−1(x)ε−1 + ḡ0(x)ε0 + ḡ1(x)ε1 + ḡ2(x)ε2 + · · · .

Now we can update the equation!
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I0(x)ε0 + I1(x)ε1 + I2(x)ε2 · · ·

]
+ a1(ε, x)Dx I0(x)ε0 + Dx I1(x)ε1 + Dx I2(x)ε2 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I0(x)ε0 + Dd
x I1(x)ε1 + Dd

x I2(x)ε2 + · · ·
]

= ¯̄h0(x)ε0 + ¯̄h1(x)ε1 + ¯̄h2(x)ε2 + ¯̄h3(x)ε3 + · · · 1

Where ¯̄hi (x) = h̄i (x)− ḡi (x).
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Computing the ε−expansion from a differential equation

a0(ε, x)

[
I0(x)ε0 + I1(x)ε1 + I2(x)ε2 · · ·

]
+ a1(ε, x)Dx I0(x)ε0 + Dx I1(x)ε1 + Dx I2(x)ε2 + · · ·

]
+

...

+ ad (ε, x)

[
Dd

x I0(x)ε0 + Dd
x I1(x)ε1 + Dd

x I2(x)ε2 + · · ·
]

= ¯̄h0(x)ε0 + ¯̄h1(x)ε1 + ¯̄h2(x)ε2 + ¯̄h3(x)ε3 + · · · 1

Where ¯̄hi (x) = h̄i (x)− ḡi (x).

Repeat the process to compute I0(x).
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Laurent Series Expansion of the Integral

we look at the integral

I(ε, x) :=

∫ od

ud

· · ·
∫ o1

u1

F (x ; x1, . . . , xd )dx1 . . . dxd .

compute a differential equation for I(ε, x) in the form

a0(ε, x)T (ε, x) + · · ·+ ad (ε, x)Dd
x T (ε, x) = h0(x) + · · ·+ hu(x)εu + O(εu+1);

by using one of the methods presented above

compute initial values

use the method presented before to compute a Laurent series s.t.

I(ε, x) =
m∑

k=−K

εk Ik (x) + O(εm+1).
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Example

Do you have integrals to try?
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Using the Package MultiIntegrate

In[19]:= f = exyw ((1− w)x(1− y))
ε
2 ((1− w)y(1− x)z(1− z));

In[20]:= init =

8

3(2 + ε)2(4 + ε)2
−

4w(28 + ε(12 + ε))

3(2 + ε)(4 + ε)2(6 + ε)2
+

w2(−1664 + ε(12 + ε(12 + ε))(72 + ε(16 + ε)))

3(2 + ε)(4 + ε)2(6 + ε)2(8 + ε)2
;

Looking for one homogenous differential equation:

In[21]:= cmAZExpandedDirectIntegrate[f , w,{ε, 0, 1}, {{x , 0, 1}, {y , 0, 1}, {z , 0, 1}},InitValues→ init]

Out[21]=

{{
1

6
−

1

6w
−

G
(

1−ετ
τ

; w
)

6w2
+

G
(

1−ετ
τ

; w
)

6w
,−

1

12w2
+

εw

12w2
+

1

12w
−

εw

12w
−

1

12
G

(
1

1− τ
; w

)
+

G
(

1
1−τ ; w

)
12w

−
1

12
G

(
1− ετ

τ
; w

)
−

G
(

1−ετ
τ

; w
)

12w2
+

G
(

1−ετ
τ

; w
)

6w
+

G
(

1
1−τ ,

1−ετ
τ

; w
)

12w2
−

G
(

1
1−τ ,

1−ετ
τ

; w
)

12w
+

G

(
1
τ
,− 1−ε−τ

τ
; w

)
12w2

−
G

(
1
τ
,− 1−ε−τ

τ
; w

)
12w

+

G
(

1
τ
, 1−ετ

τ
; w
)

12w2
−

G
(

1
τ
, 1−ετ

τ
; w
)

12w
+

G
(

1−ετ
τ

, 1
1−τ ; w

)
12w2

−
G
(

1−ετ
τ

, 1
1−τ ; w

)
12w

−

G

(
1−ετ
τ

,− 1−ε−τ
τ

; w

)
12w2

+

G

(
1−ετ
τ

,− 1−ε−τ
τ

; w

)
12w

}
, {0, 1}

}
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Using the Package MultiIntegrate

Using the recursive method:

In[22]:= cmAZExpandedIntegrate[f , w,{ε, 0, 1}, {{x , 0, 1}, {y , 0, 1}, {z , 0, 1}},Assumptions→ 0 < ε < 1]

Out[22]=

{{
1

6
−

1

6w
−

G
(

1−ετ
τ

; w
)

6w2
+

G
(

1−ετ
τ

; w
)

6w
,−

1

12w2
+

εw

12w2
+

1

12w
−

εw

12w
−

1

12
G

(
1

1− τ
; w

)
+

G
(

1
1−τ ; w

)
12w

−
1

12
G

(
1− ετ

τ
; w

)
−

G
(

1−ετ
τ

; w
)

12w2
+

G
(

1−ετ
τ

; w
)

6w
+

G
(

1
1−τ ,

1−ετ
τ

; w
)

12w2
−

G
(

1
1−τ ,

1−ετ
τ

; w
)

12w
+

G

(
1
τ
,− 1−ε−τ

τ
; w

)
12w2

−
G

(
1
τ
,− 1−ε−τ

τ
; w

)
12w

+

G
(

1
τ
, 1−ετ

τ
; w
)

12w2
−

G
(

1
τ
, 1−ετ

τ
; w
)

12w
+

G
(

1−ετ
τ

, 1
1−τ ; w

)
12w2

−
G
(

1−ετ
τ

, 1
1−τ ; w

)
12w

−

G

(
1−ετ
τ

,− 1−ε−τ
τ

; w

)
12w2

+

G

(
1−ετ
τ

,− 1−ε−τ
τ

; w

)
12w

}
, {0, 1}

}
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