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Outline of the talk:

Part 1: A warm-up example

Part 2: The underlying framework: difference ring theory

Part 3: The simplification of Feynman integrals



A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+Ee+DIG+n+1)Nk+n+1)!

f@)

k=05=0

where

Sitn) =25 (= Ho)

Arose in the context of

|. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006



A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+HE+DIG+n+D)I(k+n+1)!

f@)

k=05=0

FIND ¢(j):

fG) =90 +1)—g(j)

anti-differenciation (discrete version of antidifferentiation)
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A warm-up example: simplify
ii( (2] +k+n+2)jkG +k+n)!
k=0j=0 G+E+DG+n+1)0G+E+ DG +n+ DIk +n+ 1)

+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+ek+DG+n+ 1)1 k+n+1)!
f(G)
FIND ¢(j):

fG) =90 +1)—g(j)

1 summation package Sigma

\ GARD)GntD) R G k) (S1.(5) = S1 (k) — 81 (G+n) 1 (j+k+n))
9(j) = G DI Gnt DI (D!
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A warm-up example: simplify

ZZ (27 +k+n+ 27!+ k +n)!
= Uk D0 +n+ DG+ R+ DG +n+ DIk +n+1)
'k'(]—Hchn)(

(')+S1(j+k)+51(j+n)—Sl(j—i—k—i-n)))
G+E+DG+n+DNk+n+1)

f@)
FIND ¢(j):

fG) =90 +1)—g(j)

Summing the telescoping equation over j from 0 to a gives

Zf gla+1)—g(0)



A warm-up example: simplify
ZZ (25 + k+n+2)5k!(j + k +n)!
G+HE+D)G+n+ ) G+E+DG+n+)(E+n+1)!

k=05=0
W(]"”“‘*‘”)( ()+S1(J+k)+51(3+n)—51<j+k+n)))
G+E+DIG+n+ DN k+n+1)!
f(G)
FIND ¢(j):

fG) =90 +1)—g(j)

Summing the telescoping equation over j from 0 to a gives

Zf gla+1) —g(0)

_(a+1) (k—1)!(a+k+n+1)!(S1(a)—S1(a+k)—S1(a+n)+S1(a+k+n))
- n(at+k+1)!(a+n+1)I(k+n+1)!
+Sl(k)+51(n)751(k+n) + (2a+k+n+2)alk!(a+k+n)!
R kn(k+n+1)n! (a+k+1)(a+n+1)(a+k+1)! (a+n+1)!(k+n+1)!

~"
a— o0




A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+HE+DIG+n+D)I(k+n+1)!

k=05=0

f(5)
o S1(k) + S1(n) — S1(k + n)
2 f6)= kn(k +n+ 1)

Jj=0
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)= << Sigma.m

| Sigma - A summation package by Carsten Schneider (©) RISC-Linz |

a

-~ mySum = (2 + k + n 4 2)jik!(j + k + n)!
In[2:= mySu —Jz:((j+k+1)(.i+n+1)(j+k_|_1)|(j Fo+)!I(k+n+1)!
JK!'G+k+n)! (— Sl[']]+S1L]+k]+SlL]+n]_SlL]+k+n]))
(G+k+1)!G+n+1)!(k+n+ 1)

+




Part 1: A warm-up example 4

n[1]:= << Sigma.m

| Sigma - A summation package by Carsten Schneider (©) RISC-Linz |

a

~ mySum = (2) + k+n+2)jik!( + k + n)!
In[2]:= mySu —Z((j+k+1)(j+n+1)(j+k+ DNG+n+Dik+n+D)!
JK!'G+k+n)! (— Sl[,]]+SlL]+k]+S1L]+n]_Slb+k+n]))
G+k+1)!Gi+n+1)(k+n+1)!

+

In[3]:= res = SigmaReduce[mySum)]
S (a+1)!(k—1)!(a+k+n+1)! (Si[a] —Si[a+ k] —Si[a+n]+Si[a+k+n]) i
n(at+k+1)!(at+n+1)(k+n+1)!
S1[k] + S1[n] — S1[k +n] (2a 4k +n+2)alk!(a+k+n)!

kn(k +n 4+ 1)n! (a+k+1)(a+n+1)(a+k+1)!(a+n+1)!(k+n+1)




Part 1: A warm-up example 4

n[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

C vSum = S (2j + k+ n + 2)j'’k!(j + k + n)!
et mySu _JZ((j+k+1)(j+n+1)(j+k+ 0!G+t DiGkFn
G kot )t S S04+ S n] = Sili k)
(G+k+1)!G+n+1)(k+n+1)!
In[3]:= res = SigmaReduce[mySum)]
(a+1)!(k—1)!(a+k+n+1)! (Si[a] —Si[a+ k] —Si[a+n]+Si[a+k+n])
Out[3]= +
n(a+k+1)(a+n+1)(k+n+1)!
S1[k] + S1[n] — S1[k +n] (2a + k4 n + 2)alk!(a + k +n)!
kn(k +n + 1)n! (a+k+1)(a+n+1)(a+k+1)(a+n+1)!(k+n+1)

In[4]:= SigmaLimit[res, {n}, a]

Outft— l Sy [k] + S1[n] — S1[k —+ n]
~ ! kn(k +n+1)




A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+HE+DIG+n+D)I(k+n+1)!

k=05=0

f(5)
o S1(k) + S1(n) — S1(k + n)
2 f6)= kn(k +n+ 1)

Jj=0
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A warm-up example: simplify
ZZ (2j+k+n+2)jk(+k+n)
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)

L JEIG+Ek+n) (=S ()+5’1(]+k)+51(j+n)—Sl(j—i—k—i-n)))
G+ek+DG+n+ 1)1 k+n+1)!

f@)

k=05=0

= Sl -I-Sl Sl(k-l-n)
sz( n'z kn( k+n—|—1)

k=1;j=0
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Telescoping

GIVEN Z Sy (k) + Si(n) — Si(k + n)

il knk+n+1)

FIND g(k) :

L9k +1)— g(k) | =| (k) |

forall0 <k <mnandalln>0.




Telescoping

GIVEN Z Sy (k) + Si(n) — Sy (k +n)
kn(k + n+1) '

-~

= f(k)

k=1

FIND g(k) :

L9k +1)— g(k) | =| (k) |

forall0 <k <mnandalln>0.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

— kn(k+n+1)
= f(n7 k)

FIND g(n, k)

[g(n,k+1) — g(n. k)| =| f(n, k) |

forall0 <k <mnandalln>0.

no solution @



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

— kn(k+n+1)
=: f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.



Part 1: A warm-up example 6

Zeilberger's creative telescoping paradigm

GIVEN S 1(n) — S n
A(n)::ZS(k)-I—S() Sy (k+ )‘

— kn(k+n+1)
=: f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

|Sigma computes: | co(n) = —n, c1(n) = (n+2) and

_ kSi1(k) + (=n—1)S1(n) — kS1(k+n) -2
gln, k) = Gtn+ DTl




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

[9n.a+1) = g0 1) |=| 3" [eo(n) £, k) + 1 (n) f+ 1,8)]

k=1




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

lg(n,a+1) = g(n, 1) |=| " co(n) f(n, k) + Y er(n) f(n +1,k)
k=1

k=1




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

a

[g(n,a+1) = g(n, 1) |=|co(n) Y f(n, k) +c1(n) D f(n+1,k)
k=1 k

=1




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

lg(n,a+1) — g(n,1) | =[co(n) A(n) + 1 (n) A(n + 1)




Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

lg(n,a+1) = g(n,1)|=|co(n) A(n) + c1(n) A(n + 1) |
| |

a S1(a)4+S1(n)—S1(a+n
e —nAm) + 2+ mAR )

+ a(a+1)
(n+1)3(a+n+1)(a+n+2)




Part 1: A warm-up example 7

(n 4+ 1)Sy(n) + 1
(n+1)>3

(n+2)A(n+1) —nA(n) =

recurrence finder

kn(k +n+1)

k=1




Part 1: A warm-up example 7

(n+2)A(n+1) —nA(n) = (n+1)Si(n) +1

(n+1)3
recurrence solver
| 50 1 l
Ay = S SR) +Sim) =Skt | | {ex om
k=1 kn(k +n+1) S1(n)? + Sa(n) ceR)
2n(n + 1)
where

n



Part 1: A warm-up example 7

(n 4+ 1)Sy(n) + 1
(n+1)>3

(n+2)A(n+1) —nA(n) =

Summation package Sigma
(based on difference field/ring algorithms/theory
see, e.g., Abramov, Karr 1981, Bronstein 2000, Schneider 2001/2004 /2005a—c/2007 /2008 /201pa—c)

1 +
o) = o~ S1(k) + Si(n) = Si(k+n) | _ 0%
An) 2 kn(k+n+1) N ((n)ji)sg(n)
2n(n + 1)
where § -
S=Y:  Sm=)

i=1 i=1



Part 1: A warm-up example 8

a

In5]:= mySum = Z
k=1

S[1,k] + S[1,n] — S[1,k + n] .
kn(k +n+1) ’
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a

In5]:= mySum = Z
k=1

Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

S[1,k] + S[1,n] — S[1,k + n] .
kn(k +n+1) ’

a+1)(S[1,a]+S[1,n]—S[1,at+n a(a+1
Out{6]=nSUMIn] + (14n)(2+n)SUMIn+1] == )((7[1+1])_§(a[+n-]i—2)r£! b + (n+1)3(a+r(b+1)za+n+2)n!




Part 1: A warm-up example 8

2. S[1,k] + S[1,n] — S[1,k + n]
In5]:= mySum = E H
= knk+n+1)
Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

Outf6]=nSUM[n] +(14n) (2+n)SUM[n + 1] == (EDELALS Ll —Slatnl) | alatl)

(n+1)3(atn+1)(atnt2)n!
In[7:= rec = LimitRec[rec, SUM|[n], {n}, a]

outl7= —nSUM(n] + (1 +n)(2 +n)SUM[n + 1] == %



Part 1: A warm-up example 8

a
In[5]:= mySum = Z S[l’k] * S[l’n] — S[l,k + n] 5
= knk+n+1)
Compute a recurrence
Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

a+1)(S[1l,a S[1,n]—S[l,a+n a(a+1
Outfe]=nSUM(n] +(14n)(2-+n)SUMn+1] == (HDELL L -Sletnl) 4 o —alato

In[7:= rec = LimitRec[rec, SUM|[n], {n}, a]
oulfl= —nSUM] + (1 + n)(2 + n)SUMa + 1] == BFDSLal+1
(n+1)°

Solve a recurrence
Infgl:= recSol = SolveRecurrence[rec, SUM][n]]

1
S[17n]2 + Z §
i=1

mm={mm@+nhﬂ7 on(at 1) I3




Part 1: A warm-up example 8

a

s[]-?k] + S[l,n] - S[]-)k + n]
In[s]:= mySum = Z H
= knk+n+1)

Compute a recurrence

Infe]:= rec = GenerateRecurrence[mySum, n][[1]]

a+1)(S[1l,a S[1,n]—S[l,a+n a(a+1
Outfe]=nSUM(n] +(14n)(2-+n)SUMn+1] == (HDELL L -Sletnl) 4 o —alato

In[7:= rec = LimitRec[rec, SUM|[n], {n}, a]

o= —nSUMIa] + (1 +n)(2 + n)SUM[n + 1] == (BF DS al+1
(n+1)?
SOIVe a recurrence

Infgl:= recSol = SolveRecurrence[rec, SUM][n]]

21
2 2

1 st _1_:1—1§
ut[8]= 0 1 —
outfgl= {{ ,n(n+1)}7{ @t D

Combine the solutions

in[9]:= FindLinearCombination[recSol, {1, {1/2}, n, 2]
s[1,n]2+ 3%, &
2n(n+1)

i3

Out[9]=
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A warm-up example: simplify
ZZ (2j+k+n+2)jk(+k+n)
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)

L JEIG+Ek+n) (=S ()+Sl(j+k)+51(]+n)—Sl(j—i—/c-i-n)))
G+ek+DG+n+ 1)1 k+n+1)!

f@)

k=05=0

= Sl -I-Sl Sl(k-l-n)
;]Z:%f( n'z kn( k;+n—|—1)
_ 1.51(n)* + Sz(n)

n!  2n(n+1)

where



A warm-up example: simplify
ZZ (25 + k+n+2)5k!(j + k +n)!
JHE+D)G+n+D)E+E+DIG+Hn+DI(k+n+1)!

k=05=0
'k'(]—l—k—i—n) (=S1(5 )+S1(]+k)+51(]+n)—Sl(j—i—k—l-n)))
G+E+DG+n+DNk+n+1)
f(n,k,j)
e Sl( ) +3Sz(n)
kzzojgof(n k) = 2n(n +1)!
where



Part 1: Crucial summation paradigms 11

1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n: extra parameter

n
A(n) = Z f(n7 k); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)




Part 1: Crucial summation paradigms 11

1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aaq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek/CS, [arXiv:2005.04944])




Part 1: Crucial summation paradigms 11

1. Creative teleSCODInE (for the special case of hypergeometric terms see Zeilberger's algorithm (1991)
GIVEN a definite sum

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), ..., aaq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ -+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein/Petkoviek/CS, [arXiv:2005.04944])

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.




Part 1: Crucial summation paradigms

n—2 j+1 n—j+r—2 1)r+s (J+1) (—j+"+T_2) (—=j+n—2)r!

ZZ Z —$)(s+1)(=j+n+r)!

j=0r=0 s=0

Simple sum



Part 1: Crucial summation paradigms

n—2 j+1 n—j+r— 2 )r—l—s (J-H) (—j+n+r—2)(_j +n—2)r!

ZZ Z )(s+1$)(—j+n+r)!

j=0r=0 s=0 H

n—=2j+1|n—jt+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j in— 2)!7.!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0 r=0 s=0




Part 1: Crucial summation paradigms

n—2j+1n—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7,!
r s

ZZ Z (n—=s)(s+1)(—j+n+r)!

j=0r=0 s=0 H

—2j+1|n—j+r—2 ] —j — .
n—27 n—j+r (_1)r+s(Jj:1)( J+n+r 2)(_j+n_2)!7.!

ZZ Z (n—s)(s+1s)(—j+n+r)!

7=0r=0 s=0
I

j+1 (—=1)"(—j +n — 2)lr!

( r )((n—l-l)(—j—i-n—i—r—1)(—j+n+r)!+
()" G+ DN (=F+n—2)(—j+n—1)7! )
(n = Dn(n+ 1)(—j + 7+ (=) = Dr@ )




Part 1: Crucial summation paradigms

n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7.!

j;; ; (n—rs)(s—i-ls)(—j+n+r)!
I
J+1 . .
Jj+1 (=) (=j +n—2)r!
- ;0( r ><(n+1)( Jrntr—D(—j+n+nl
(=)™ + DU —j +n—2)(- J+n—1)r7"!>
(n=Dnn+1)(=j+n+r)(=j—1)r(2-n);

[ing




Part 1: Crucial summation paradigms

n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7,!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0r=0 s=0 H
J+1 . .
j+1 (=1)"(=j +n —2)!r!
;( r )((n+1)(—j+n+r—1)(—j+n+r)!+

(=) (G + D (=F+n—2)(—j +n—1)7! )
(= Dntn + D= + 0+ =)~ D@

[\

n—

j
—n);
n2—n4+1 ; z+n—1 )2(i+1)!

<(n—1)2n2(n+1)(2—n)j+ D2 —n),

(1) (=j = 2)(=j+n—2)!\ . 1

GontDn+ 1) >(‘7+1)!_(n+1)2(—j+n—1)

+
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n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7.!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0r=0 s=0 H

4 —n);
n—2 n2—mn+1 ; z-l—n—l )2(i 4 1)!
2 <<<n SR DE-n), | (D n);

(=17 (= = 2)(=j +n—2)!\ . 1
(j—n+1)(n+1)2n! >(‘7+1)!_ (n+1)2(—j+n—1))

+




Part 1: Crucial summation paradigms

n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7,!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0r=0 s=0 H

J —n);
n—2 n2—mn+1 ; z-l—n—l )2(i 4 1)!
(Qn—n%%n+n@—n»+ (nrhE-n);

j=0
(=1)7*7(—j — 2)(—j +n —2)!\, . 1
G—nt D+ 12 >“+”“%n+n%ﬁ+n—n>

—n?2-n-1 n (=)™ (n®+n+1) _ 255(n) S1(n) Sa(n)
n?(n+1)3 n?(n+1)3 n+1 (n+1)?2 -n-1

Note: S,(n) = SN, &l ¢ 7\ {0}.

i=1 " glal
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3= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider (©) RISC-Linz |
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In[1]:=

In[2]:=

In[3]:=

In[4]:=

In[5]:=

Out[5]=

<< Sigma.m

‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

<< HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

<< EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (©) RISC-Linz ‘

n—2j+1n—j+r—2 (_1)1'—‘,-5 (.H;l) (-j+“s+r—2)(_j +n— 2)!1.!

mySum = Z Z Z

j=0r=0 s=0 (n—s)(s+1)(=j+n+r)!

5

EvaluateMultiSum[mySum, {}, {n}, {1}]

—n’—n—1 (-1)"(@+n+1) 25[-2,n]  S[i,0] S[2,1]
n?(n+1)3 n?(n+1)3 n+1 (n+1)2 -—-n-—1
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0 otherwise
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Simplify a

1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q

ev': Q(z) xN - Q
(k)
(M k) % if g(k) #0
q(z)’ 0 otherwise

ev: Qx)[s]xN —

d
(Zfi sk) >
=0

ev'(f;, k)S1(k)* ev(s, k) = Sy (k)

I R:

@
Il
o

Definition: (A, ev) is called an eval-ring
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Simplify a

> Si(k) =?

k=0
1. a formal ring A = Q(z)[s]
2. an evaluation functionev: A x N — Q
3. a ring automorphism

o Qx) — Q(x)
r(z — r(rx+1)
o: Q)[s] — Q(z)[s] s s+ z+1
d d ,
S his o Z"’(fz)( x—li-l) Si(k+1) = Si(k) + £
i=0 1=0

Definition: (A, o) with a ring A and automorphism o is called a
difference ring; the set of constants is

consteA = {c € A|o(c) =c}
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> Si(k) =?
k=0

1. a formal ring A = Q(z)[s]

2. an evaluation function ev: A x N — Q
3. a ring automorphism ¢ : A — A

Simplify

ev and o interact:
ev(o(s),k) =ev(s+ ﬁ, k) = Si(k) + k—il =ev(s,k+1)
)
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T is an injective difference ring homomorphism:
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T = T
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Simplify a

> Si(k) =?

k=0
1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q
3. a ring automorphism ¢ : A — A

ev and o interact:

ev(o(s),k) =ev(s+ ﬁ, k) = Si(k) + k—il =ev(s,k+1)
)

T(O‘(S)):(1,1+%,1+%+%,...>:S(<0,1,1+%,...>):S(T(S))

T is an injective difference ring homomorphism:

2~

(7(Q@)) [(S1(k)r=0), S) | < (KY/ ~, )
rat. seq.

(K(z)[s], 0)
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> with an automorphism where o(c) = ¢ for all ¢ € K and where

hypergeometric
products

~y is a primitive Ath k
root of unity v
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olx)y=xz+1

o(p1) = a1y
o(p2) = azpz
U(pe) = QePe
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CONSTRUCT a RIIX*-ring (A, o) with ev for F(k)
> a ring (containing Q)

(Karr81,CS16,CS17)

A :=K(x)[p1,p; p2,p3 '] - -

[pe, p3 ][2][s1][s2][53] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

hypergeometric
products

~y is a primitive Ath k
root of unity v

(nested) sum

olx)y=xz+1
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o(p2) = azp2
U(pe = QePe

a; € K(z)*
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J..
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[pe—lﬂpe_—ll]*
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CONSTRUCT a RIIX*-ring (A, o) with ev for F(]C) (Karr81,CS16,CS17)
> a ring (containing Q)
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> with an automorphism where o(c) = ¢ for all ¢ € K and where

olx)=x+1

hypergeometric > o(p1) = a1 p1 a1 € K(z)*
products o(p2) = azp2 az € K() [P1>P1_1]*

a(pe) = GePe Qe € K(z)[plapl_l] s [pe—lape__ll]*
7y is a primitive Ath

root of unity GIVEN f & A with eV(f, k) = F(k),
FIND, in case of existence, a g € A such that

omE

o9 —9=1 vz ][5
U(S;}_‘zss +fs fs € K@)lprpr']- - pe, pe NIl [s1][s2]
such that const,A = {c € Alo(c) = ¢} = K,

(nested) su
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Represent sums (extension of Karr's result, 1981)

> Let (A, o) be a difference ring with constant set
const,A = {k € Alo(k) = k}.

Note 1: const A is a ring that contains Q

Note 2: We always take care that const,A is a field
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Part 2: The underlying framework: some difference ring theory

Represent sums (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
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Part 2: The underlying framework: some difference ring theory

Represent sums (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field

const,A = {k € Alo(k) = k}.

> Adjoin a new variable ¢ to A (i.e., A[t] is a polynomial ring).
> Extend the shift operator s.t.

ot)=t+f for some f € A.

Then const,A[t] = const,A iff

Bgeh: |olg)=g+f

There are 2 cases:
1L |PgeA: o(g) =g+ f| (Alt],0) is a T*-extension of (A, o)

2. 13g€A:0(g9) =g+ f| No need for a ¥*-extension!




Part 2: The underlying framework: some difference ring theory

CONSTRUCT a RIIX*-ring (A, o) with ev for F(]C) (Karr81,CS16,CS17)
> a ring (containing Q)

A = K(@)lp1, o7 )lp2,p7 "] - [pe.p2 et sllsa) ..

> with an automorphism where o(c) = ¢ for all ¢ € K and where

olx)=x+1

hypergeometric > o(p1) = a1 p1 a1 € K(z)*
products o(p2) = azp2 az € K() [P1>P1_1]*

a(pe) = GePe Qe € K(z)[plapl_l] s [pe—lape__ll]*
7y is a primitive Ath

root of unity GIVEN f & A with eV(f, k) = F(k),
FIND, in case of existence, a g € A such that

omE

o9 —9=1 vz ][5
U(S;}_‘zss +fs fs € K@)lprpr']- - pe, pe NIl [s1][s2]
such that const,A = {c € Alo(c) = ¢} = K,

(nested) su
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Represent products (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A := {k € Alo(k) = k}.
> Take the ring of Laurent polynomials A[¢, %]
> Extend the shift operator s.t.

o(t)=at for some a € A™.
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Represent products (extension of Karr's result, 1981)

> Let (A, o) be a difference

const,

ring with constant field
A= {k € Alo(k) = k}.

> Take the ring of Laurent polynomials A[¢, %]
> Extend the shift operator s.t.

o(t)=at for some a € A™.

Then const,A[t,t~!] = const, A iff
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Represent products (extension of Karr's result, 1981)
> Let (A, o) be a difference ring with constant field
const,A := {k € Alo(k) = k}.
> Take the ring of Laurent polynomials A[¢, %]
> Extend the shift operator s.t.

o(t)=at for some a € A™.

Then const,A[t,t~!] = const, A iff

B9 € A\{0} In € Z\ {0} : |o(g) =a"g

There are 3 cases:

1. ‘ Bg € A\{0}Fn € Z\{0} : 0(g9) = a" g ‘: (Alt, 1]),0) is a Il-ext. of (A, o)

2. |dg € A\{0} : 0(g) = ag| No need for a II-extension!

3. |39 € A\{0}:0(g9) =a"g only forn € Z\{0,1}|
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Part 2: The underlying framework: some difference ring theory

The hypergeometric case

> Take the difference field (K(z), o) with o|x =id and o(z) = = + 1.
> Let ai,...,q, € K(2)*
> Then there is a difference ring

E =K(x)[t, 17 .. [te, t2 1] [2
~~ o~~~

tower of Il-ext. R-ext.

with
> %EK(x)*forlgige
> 0(z) =~z and 2* = 1 for some primitive Ath root of unity v € K*
> const,E =K

such that for 1 <4 < r there are g; € E* with
o(9i) = i gi

Note: There are similar results for the g-rational, multi-basic and mixed case



Part 2: The underlying framework: some difference ring theory

CONSTRUCT a RIIX*-ring (A, o) with ev for F(k)
> a ring (containing Q)

(Karr81,CS16,CS17)

A :=K(x)[p1,p; p2,p3 '] - -

[pe, p3 ][2][s1][s2][53] - - -

> with an automorphism where o(c) = ¢ for all ¢ € K and where

hypergeometric
products

~y is a primitive Ath k
root of unity v

(nested) sum

olx)y=xz+1
o(p1) = aip
o(p2) = azp2
U(pe = QePe

a; € K(z)*

az € K(x)[phpl_l]*

ae € K(z)[p1,p7]. -

=1

fl GK(x)[plapl 1]
f € K(z)[p1,p7 "
f3 € K(z)[p1,py

J..
J..
such that const,A = {c € Alo(c) = ¢} = K,

[pe—lﬂpe_—ll]*

- [pe, v '] [2]
[pe; e [ [51]

- [pe, 2 ' [e][s1][52]
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CONSTRUCT a RIIX*-ring (A, o) with ev for F(]C) (Karr81,CS16,CS17)
> a ring (containing Q)

A = K(@)lp1, o7 )lp2,p7 "] - [pe.p2 et sllsa) ..

> with an automorphism where o(c) = ¢ for all ¢ € K and where

olx)=x+1

hypergeometric > o(p1) = a1 p1 a1 € K(z)*
products o(p2) = azp2 az € K() [P1>P1_1]*

a(pe) = GePe Qe € K(z)[plapl_l] s [pe—lape__ll]*
7y is a primitive Ath

root of unity GIVEN f & A with eV(f, k) = F(k),
FIND, in case of existence, a g € A such that

omE

o9 —9=1 vz ][5
U(S;}_‘zss +fs fs € K@)lprpr']- - pe, pe NIl [s1][s2]
such that const,A = {c € Alo(c) = ¢} = K,

(nested) su




Part 2: The underlying framework: some difference ring theory

Simplification of nested product-sum expressions

A(k): nested product-sum expression (sums/products not in the denominator)

J} SigmaReduce[A,k]

B(k): nested product-sum expression (sums/products not in the denominator)

» such that

A(\) = B(\) for all A € N with A > 6
(6 can be computed explicitly)
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J} SigmaReduce[A,k]

B(k): nested product-sum expression (sums/products not in the denominator)

» such that

A(N) = B(\) forall A € N with A >§
(6 can be computed explicitly)
» and such that
the arising sums and products in B(k) (except 7" with (y")* = 1)
are algebraically independent
(i.e., they do not satisfy any polynomial relation)
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CONSTRUCT a difference ring (A, o) with ev for A(]C)
> a ring (containing Q)

A = K(@)lp1, o7 )lp2,p7 "] - [pe.p2 et sllss) .

> with an automorphism where o(c) = ¢ for all ¢ € K and where

hypergeometric
products

~y is a primitive Ath k
root of unity v

(nested) sum

olx)y=xz+1
o(p1) = aip
o(p2) = azp2
U(pe = QePe

a; € K(z)*
az € K(x)[phpl_l]*

ae € K(z)[p1,p7]. -

=1

fi € K(@)[pr,p1'] ..
fa € K(a:)[pl,pl_l] .
f3 S K(.’L‘)[pl,pfl] .

[pe—lﬂpe_—ll]*

[pe, p2 ][]
[pe, pz 112 [s1]

[pe, p2 1[2]Is1][s2]
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Part 2: The underlying framework: some difference ring theory

Simplify a

> Si(k) =?

k=0
1. a formal ring A = Q(z)[s]
2. an evaluation function ev: A x N — Q
3. a ring automorphism ¢ : A — A

ev and o interact:

ev(o(s),k) =ev(s+ ﬁ, k) = Si(k) + k—il =ev(s,k+1)
)

T(O‘(S)):(1,1+%,1+%+%,...>:S(<0,1,1+%,...>):S(T(S))

T is an injective difference ring homomorphism:

2~

(7(Q@)) [(S1(k)r=0), S) | < (KY/ ~, )
rat. seq.

(K(z)[s], 0)
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> a ring (containing Q)

A = K(@)p1, 7 Np2py ] [pesp el lls2) . [s)]

> with an automorphism as given in the previous slide.
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Part 2: The underlying framework: some difference ring theory

CONSTRUCT a difference ring (A, o) for A(k)
> a ring (containing Q)

A = K(@)[p1, py lp2.py ] .. [pes v elsills] .. [s,]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an [embedding 7| from (A, o) into the ring of sequences.

4. There are idempotent elements e1,...,ey € A* and
[1¥-extensions (Ej,0),...(Ex,0) of (K(x),0) such that
A=ecE & - De\E).

CS, A Difference Ring Theory for Symbolic Summation. J. Symb. Comput. 72, pp. 82-127. 2016.
CS, Summation Theory II: Characterizations of RIIX-extensions. J. Symb. Comput. 80, pp. 616-664. 2017.



Part 2: The underlying framework: some difference ring theory

CONSTRUCT a difference ring (A, o) for A(k)
> a ring (containing Q)

A = K(@)[p1, py lp2.py ] .. [pes v elsills] .. [s,]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an [embedding 7| from (A, o) into the ring of sequences.

4. There are idempotent elements e1,...,ey € A* and
[1¥-extensions (Ej,0),...(Ex,0) of (K(x),0) such that
A= E & - -de\E,.
Note 1: Similar results have been worked out in the Galois theory of
difference equations (van der Put/Singer, 1997)
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CONSTRUCT a difference ring (A, o) for A(k)
> a ring (containing Q)

A = K(@)[p1, py lp2.py ] .. [pes v elsills] .. [s,]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an [embedding 7| from (A, o) into the ring of sequences.

4. There are idempotent elements e1,...,ey € A* and
[1¥-extensions (Ej,0),...(Ex,0) of (K(x),0) such that
A=ecE & - De\E).

Note 2: Works also for the g-rational, multi-basic and mixed case.



Part 2: The underlying framework: some difference ring theory

CONSTRUCT a difference ring (A, o) for A(k)
> a ring (containing Q)

A = K(@)[p1, py lp2.py ] .. [pes v elsills] .. [s,]

> with an automorphism as given in the previous slide.

Theorem. The following statements are equivalent:
1. const,A = K.
(i.e., (A, o) is an RIIX-ring)
2. (A, o) is simple.

(i.e., there is no ideal in A which is closed under o except {0} and A)

3. There is an [embedding 7| from (A, o) into the ring of sequences.

4. There are idempotent elements e1,...,ey € A* and
[1¥-extensions (Ej,0),...(Ex,0) of (K(x),0) such that
A= E & - -de\E,.
Note: Quasi-shuffle relations produce such difference rings for cyclo-
tomic su MS; SE€E [arXiv:1510.03692, Ablinger/CS] inspired by [arXiv:hep-ph/0311046, Bliimlein].
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CONSTRUCT a difference ring (A, o) with ev for A(]C)
> a ring (containing Q)

A = K(@)lp1, o7 )lp2,p7 "] - [pe.p2 et sllss) .

> with an automorphism where o(c) = ¢ for all ¢ € K and where

hypergeometric
products

~y is a primitive Ath k
root of unity v

(nested) sum

olx)y=xz+1
o(p1) = aip
o(p2) = azp2
U(pe = QePe

a; € K(z)*
az € K(x)[phpl_l]*

ae € K(z)[p1,p7]. -

=1

fi € K(@)[pr,p1'] ..
fa € K(a:)[pl,pl_l] .
f3 S K(.’L‘)[pl,pfl] .

[pe—lﬂpe_—ll]*

[pe, p2 ][]
[pe, pz 112 [s1]
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Part 2: The underlying framework: some difference ring theory

CONSTRUCT a RITS*-ring (A,?Kh ev for A(k):  (Karr81,C516,C517)

> a ring (containing Q)

A = K(@)[p1, oy Yoo 03] [pe.p; V[ sa][s2] 5]

> with an automorphism phere o(c) = ¢ for all ¢ € K and where

hypergeometric < offp1) = a1 p1 a1 € K(z)*
products = agp2 as € K(z)[p1,p; )

j(pe = QePe Qe € K(x)[plapl_l] s [pe—lape__ll]*

vy isa prirr.1itive Ath ,yk AN O'(Z =z Z}\ =1

root of unity

)
)
(nested) sum < p(s1)=s1+fi f1 €K(@)[p1,p7']. .. [pe.p. '][2]
(s2) = s2+ fo fo € K(@)[pr, 1] [pe, pc ][] [s1]
) s

- [pe, 2 ' [e][s1][52]

.
dQpss) = s+ fs fs € K(@)[pr,py ]
such that const,A = {c € Alo(c) = ¢} = K,
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CONSTRUCT a RIIX*ring (Ayﬁh ev for A(k): (Kar81,cS16,C517)

> a ring (containing Q)

A = K(@)[p1, oy Yoo 03] [pe.p; V[ sa][s2] 5]
> with an automorphismﬁere o(c) = ¢ for all ¢ € K and where

We get a € A plus h
an embedding 7 from (A, o) into the ring of sequences s.t.

7(a) = (A(¥))v>0

AN /
&ﬂz s+ fs fs € K@)y, pr '] [pe, v 2] [s1][52]

such that const,A = {c € Alo(c) = ¢} = K,




Part 2: The underlying framework: some difference ring theory

CONSTRUCT a RIIS*-ring (A, 7‘h ev for A(k): (Kar81,cS16,C517)

> a ring (containing Q)

@einterpreting a in terms of these nested sums and products yields B(k)>

[ y A |

> with an automorphismﬁere a($= c for all ¢ € K and where

(We get a € A plus
an embedding 7 from (A, o) into the ring of sequences s.t.

T(afl= (A(V))v>0

\l J
&%Z s+ fa fs € K@)[pr,pr '] [pe o (2] (1] [s2]

such that const, A = {c € Alo(c) = ¢} = K,
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CONSTRUCT a RIIX*-ring (A

> a ring (containing Q)

30

,yﬁh ev for A(k): (Kar81,cS16,C517)

@einterpreting a in terms of these nested sums and products yields B(k)>

—~

[

T

> with an automorphismﬁere ol

?z ¢ for all ¢ € K and where

(We get a € A plus N
an embedding 7 from (A, o) into the ring of sequences s.t.
T(afl= (A(¥))v20
Mm
(&) = 7(K(@)) [(V)rzol [r(01), 701 )] .- [r(pe), T(02 D] [7(51)] .. [7(5,)]
rational seq. nested products nested sums
- J
Y =5t o freK@lpror]- fpeps elfsalse

such that const, A = {c € Alo(c) =

c} =K.
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CONSTRUCT a RIIS*-ring (A, yﬁh ev for A(k): (Kar81,cS16,C517)

> a ring (containing Q)

@einterpreting a in terms of these nested sums and products yields B(k)>

[ y A I

> with an automorphismﬁere a(?z c for all ¢ € K and where

(We get a € A plus )

an embedding 7 from (A, o) into the ring of sequences s.t.
T(al= (A(¥))v>0
M
| (&) = 7(K@)) [(")rzol [r(01), 701 )] - [7(pe), T(02 D] [7(51)] - - - [7(s0)]
——
| rational seq. nested products nested sums
\ algebraic ?|1r<iependent /

Y =5t o freK@lprpr] fpeps elfsalse
such that const, A = {c € Alo(c) = ¢} = K,



Part 2: The underlying framework: some difference ring theory

Simplification of nested product-sum expressions

A(k): nested product-sum expression (sums/products not in the denominator)

J} SigmaReduce[A,k]

B(k): nested product-sum expression (sums/products not in the denominator)

» such that

A(N) = B(\) forall A € N with A >§
(6 can be computed explicitly)
» and such that
the arising sums and products in B(k) (except 7" with (y")* = 1)
are algebraically independent
(i.e., they do not satisfy any polynomial relation)
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Part 2: The underlying framework: some difference ring theory

Simplification of nested product-sum expressions

A(k): nested product-sum expression (sums/products not in the denominator)

l SigmaReduce[A,k]

B(k): nested product-sum expression (sums/products not in the denominator)

Application 1: the expression B(k) is usually much smaller
Application 2: We solve the zero-recognition problem.

A(k) evaluates to 0 from a certain pointon < B(k)=0
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Application: The simplification of
Feynman integrals

— a successful story of the RISC-DESY cooperation
(Johannes Bliimlein and Peter Marquard)
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Feynman integrals m@

a 3-loop massive ladder di-
N-3 Jj

agram [arXiv:1509.08324]
L2\ G+ 2 k+1

0 /0 /0 /01/01/019(1—965—xﬁ)(l—xg)(l_m)xz—e

(1-— 332)_6$i/2_1(1 — 934)6/2_193?1336_6”/2

<

X

[—1‘3(1 — .’1}4) — .’L‘4(1 — T5 — Te + TsT1 + l’ﬁ.%'g)]k

+ [563(1 - $4) - (1 - 1‘4)(1 — X5 — Tg + 501 + I6£C3)]k

X (1 —ax5 — 26+ x521 + $63§'3)j_k(1 — :UQ)N_?’_j

X w1 — (1 — 25 — 26) — T5T1 — wewg]N_3_j dxq dxo dxs dxy drs dag
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Part 3: The simplification of Feynman integrals

Evaluation of Feynman Integrals

m@ﬂ / O(N, e, z)dx

Behavior of particles

Feynman integrals

DESY
(J. Bliimlein)

> F(N.ek)

complicated
multi-sums

expression in RISC
special functions (Sigma-package)
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massive 3-loop ladder integrals
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Feynman integrals m@

a 3-loop massive ladder di-
N-3 Jj

agram [arXiv:1509.08324]
L2\ G+ 2 k+1

0 /0 /0 /01/01/019(1—965—xﬁ)(l—xg)(l_m)xz—e

(1-— 332)_6$i/2_1(1 — 934)6/2_193?1336_6”/2

<

X

[—1‘3(1 — .’1}4) — .’L‘4(1 — T5 — Te + TsT1 + l’ﬁ.%'g)]k

+ [563(1 - $4) - (1 - 1‘4)(1 — X5 — Tg + 501 + I6£C3)]k

X (1 —ax5 — 26+ x521 + $63§'3)j_k(1 — :UQ)N_?’_j

X w1 — (1 — 25 — 26) — T5T1 — wewg]N_3_j dxq dxo dxs dxy drs dag
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j’s’ LR

Fo(N)

N-3 j k —j+N-3 —l+N—q-3 —l+N—q—s-3
222 2 X (1) RN

01 r=0
A% (’?)(?‘5)( NN YT )R (e N =g r—s=3) (s 1))
X N == EN=T) (N=q=r—5=2)(qFs+1)

4S1(—j + N —1) — 48y (—j + N — 2) — 28, (k)

—(S1(=l4+N—-q—2)+S1(-l+N—-q—r—s—3)—251(r+9))

+2S51(s —1) —251(r + s) | + 3 further 6-fold sums
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Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

PRl 3N(N +1) (2N2(N+1)2 Tt oz VS
_1\N

(= e + (e = 18 + (5 = ()Y ssv)

_1\N
M) S+ (§ (DY) a2
4(-1)N

+ (26 +4-DN) SN + )

8(—1)N(2N + 1)
N(N +1)

+ (=224 6(-1)N)S2(N) —

+ (24 2(=1)N)Sa,1(N) — 285 _2,1(N) +

A=)V S o (V)2 + S_a() (2B =D)

N(N +1)
—1)N(5—-3N 5
(% — 53)S2(N) + S_2(N) (1081(N)? + (

4(3N — 1) 8(—1)N (3N +1) 16
N TN NN+
_1\N
+ (a2 = 208 + (5 = A=) Sa() + (= 6+ 5(-DN)S_a()
_1\N
+ (- % - %)32,1(N) + (20 4+ 2(=1)N) Sz, —2(N) + ( = 17+ 13(=1)V) 53,1 (N)
8(—1)N(2N 4+ 1) +4(9N + 1)
B N(N +1)

3
+325_21,1(N) + <2

S-21(N) = (24 +4(=1)N)S-5,1(N) + (3 = 5(=1)") S2,1,1(N)

. 351(1\7)

s - 2 +§<—1>Ns_z<N)><<z>



Part 3: massive 3-loop ladder integrals

Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

o5 Gl 3N(N +1) ( NN+ 12 T 2 oz VS
N HN@eN+1) 13 29

+( N+ D —W)S2(N)+(§—(—1)N)S3(N)

Si(N) =) =

i hss o) + 2D 6 4 (G (c)M) s

N2(N +1) 4

(= 1)NS_a(NY? + S,g,(N)(%?JJ\\;; f)) + (26 +4(—1)N)SL(N) + 41(v_41r)iv)
(G2 2 s + s 08 (7 + (BN LD
iﬁ’j\\: 1)) )S1(N) + —8(;22(?17; D) + (=224 6(-1)N)S2(N) — 1\7(1\];711))
+ (EDENED 2500 + (5 = 2-DM)Si) + (=64 51N Sa(N)
+ (- % - %)smw) + (20 4+ 2(=1)N) Sz, —2(N) + (= 17+ 13(-1)V) S5 1 (N)
- 8(_1)N(2]]:’,(J;V13:1”)4(9N +1) S_21(N)— (24 +4(-1)M)S_3,1(N) + (3 = 5(=1)N)S2,1,1(V)

+32572,1,1(N) + (251(1\02 - 353\(,]\[) + 2(—1)N5—2(N)>C(2)



Part 3: massive 3-loop ladder integrals

Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

o5 Gl 3N(N +1) ( NN+ 12 T 2 oz VS
HN@eN+1) 13 29

+( N+ D —W)S2(N)+(§—(—1)N)S3(N)

+(2 i=1 " 28521 (N) + 2 ‘ M) Sa2(N)?

2(3N — 5)
N(N +1)

)S2(N) + S—2(N)(10S1(N)? + (=

—2(-1)VS_a(N)? + S_s(N)(

(=N (5 - 3N) 5
( 2N2(N +1)  2N2

N(N +1)

L]l\gz()’]]\\: 1)) )S1(N) + —S(;zg(i]\ll; D) + (=224 6(-1)N)S2(N) — 1\7(1\1/711))
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2-mass 3-loop Feynman integrals
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element Aqq o)

All diagrams are produced with axodraw (J. Vermaseren).
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fy-technologies
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

Typical triple sum:

N j i —k 3.
DD (4+€)(_2+N)(51§N)N"(_1>2 x 2m2te = STk
j=0i=0k=0
F(1— £ —itj+k)(—1-§)F(2+ 5)T(1+N)T(1e+i—k)T (= 32 +K)F(1—c+k)T(3—c+k)T (-1 - £ +k)
(=3 —5)I(3+5)r @+ (1+K) T (2—i+))T(2—e+k)T(F —e+k) T (= 5+K)T(+5+N)
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(N o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

Typical triple sum:

N j i —k 3.
DD (4+€)(_2+N)(51§N)N"(_1)2 x 2m2te = STk
j=0i=0k=0
F(1— £ —itj+k)(—1-§)F(2+ 5)T(1+N)T(1e+i—k)T (= 32 +K)F(1—c+k)T(3—c+k)T (-1 - £ +k)
(=3 —5)I(3+5)r @+ (1+K) T (2—i+))T(2—e+k)T(F —e+k) T (= 5+K)T(+5+N)

6 hours for this sum

~ 10 years of calculation time for full expression
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AQQ)Q)

i1=3

sum | size of sum | summand size of time of number of
(with €) constant term | calculation indef. sums
N_3i12-2 i3 oo
33 3 17.7 MB 266.3 MB 177529 s (2.1 days) 1188
i4=21i3=0i5=0i1=0
N-4iz—1 oo
S>3 232 MB 1646.4 MB 980756 s (11.4 days) 747
i3=31i5=01i1=0
N-4 oo
3 67.7 MB 458 MB 524485 s (6.1 days) 557
in=31i1=0
> 38.2 MB 90.5 MB 689100 s (8.0 days) 44
i1=0
N_3i4-2 i3 i
3 >3 1.3 MB 6.5 MB 305718 s (3.5 days) 1933
ig=21i3=0ip=0141=0
N—4iz—1 ip
S>3 11.6 MB 32.4 MB 710576 s (8.2 days) 621
i3=31i9=0i1=0
N—4 ig
3 4.5 MB 5.5 MB 435640 s (5.0 days) 536
in=31i1=0
N—4
> 0.7 MB 1.3 MB 9017s (2.5 hours) 68
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(N o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
(3 month)

expression (154 MB)
consisting of 4110 indefinite sums
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element Ayg)Q)

Most complicated objects: generalized binomial sums, like

i=1

(20

i
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(N o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
(3 month)

expression (8.3 MB)
consisting of
74 indefinite sums

Sigma.m (32 days) | expression (154 MB)
consisting of 4110 indefinite sums
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Evaluation of Feynman Integrals

D / B(N, ¢, 2)dx

Behavior of particles

Feynman integrals

DESY
(J. Blimlein,
P. Marquard’

Dy= Ay
coupled systems of
linear DE

expression in advanced difference ring theory
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Taylored algorithms/packages for coupled systems coming from IBPs
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Conclusion (used techniques within our RISC-DESY cooperation)
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symbolic integration
(method of hyperlogarithms, Almkvist-Zeilberger algorithm)

generalized hypergeometric functions (and extensions)
Mellin-Barnes techniques

symbolic summation (WZ-, holonomic, difference ring methods)
recurrence solving (so far up to order 50)

integration by parts technique

differential equation solving

coupled system solving

method of large moments and guessing (so far up to 10K moments)

special function algorithms



