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Introduction: Feynman integrals

Feynman rules:
lots of physics parameters, mathematically diffuse structure

= complicated integral, formalize, replace D-dimensional integration
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Introduction: Feynman integrals

Feynman parametrization:

standard solution techniques:

= identify master integrals (IBP, partial fraction and more), write differential equa-
tion
solve order by order in dimensional regularization parameter ¢

= most Feynman integrals evaluate to (poly-)logarithms.
some diagrams lead to periods beyond polylogarithms.

» beauty/brevity depends on choice of letters, basis
» (dimensional) regularization is a feature in solving the system
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Introduction: (formal) Feynman integrals

n

5(1— Zx])(ﬁ dz:j) Z(x1,. .., Tn, D)
> =1 j=1

J]=

This talk: structural/formalized approach

= integration over simplex: rewrite as iterated integral.
(algebraic tools: shuffle, coproduct, functional relations)

= consider singularity structure of integrand
(algebraic curve / Riemann surface (with boundaries) of suitable genus)
(bounded orientable surface: keep notion of planar/non-planar)

= recursive structure inherent: employ canonical differential equations (KZ, KZB)
to obtain solutions for generating functions at genus zero and one

= depart from actual integral, rather identify classes of integrals suitable for a
particular singularity surface

= ,surface part” of string theory as a laboratory for quantum field theory.
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Outline

» introduction: from Feynman diagrams to period integrals

= genus zero: polylogs, multiple zeta values and the KZ equation

= genus one: elliptic iterated integrals, elliptic multiple zeta values and the KZB
equation

= more (toric) geometry: multiple banana loops and the GKZ system

= bonus: geometrical interpretation of double-copy/single-valued projection?

= outlook
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enus zero ' ' enus one
g s =
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lterated integrals -

Integrate rational functions on the Riemann sphere. Obstruction: [ % =logz

Multiple polylogarithms [] [ Goncharov

dt
t—a1

G(a17a27"'7a/7‘;$):/ G(a27"‘7a7';t)? G(Pr):l
0

= multivalued functions: represent structure of unitary cuts.
» graded algebra, shuffle product/coproduct (Hopf algebra)
— functional identities

Multiple zeta values: [][Brown]

Cnyma.my = (—1)"G(0,..,1,0,0,..,1,...,0,..,1;1)
—— ——
Ny ni

fast and stable numerical evaluation [Zogier ot al. ][ Wsinzien]
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Selberg integrals -]
...generalize multiple polylogarithms:
= allow for more unintegrated values (fix symmetries) (M,.,,)

= include Selberg seed in the empty integral
= expansion in s;; = o/(pi+pj)2: multiple polylogarithms, polynomial coefficients

Selberg seed: logz;; = G(0, ;)
S =S[|(x1,...,21) = H exp (si;log xj;), Tj; = Tj — T
0<z;<z;<1
Selberg integral: [setberg]

) ) Tk drpyq . )
S[Zk+1,...72L](-’171,...,l’k) :/ 7+S[Zk+2,...,l[/](l‘l,...,$k+1),
0 Thkt1lipt
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Recursion with extra marked point =
take Selberg integrals (fixed SL(2, C)-symmetry)

TL4+1 =00

Sligy...,ig](z1 =0,20 = 1,23) =

3 dxy . .
/ S[Z5,...,ZL]($1:0,x2:1,$3,$4)
0 T4y

with extra marked point z3.

Consider derivative of a (basis) vector of Selberg integrals (length L).
Apply partial fraction/integration by parts to find: Aomoto |

Terasoma

1 gy = (

€0 €1
— +
T3 r3 — 1

ep,e1: representations of generators of a (free) Lie algebra, matrices linear in parameters s;;.
= Knizhnik—Zamolodchikov equation Koz o)

Zamolodchikov
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Knizhnik—Zamolodchikov equation and Drinfeld associator [Drinfetd]

Cy = xlslglo xg—eo S($3) C, = xlgigll(l — $3)*61 S(.rg)
Trp41 = 0 Tp4+1=00

contains contains
(N — 1)-point amplitude N-point amplitude

‘(13(60,61) CO = Cl.
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Drinfeld associator: [ Mursami| [ Drinfetd]
generating series of multiple zeta values parametrized by algebra generators eg, e1.

Deg,e1) = Y. wlw=1-(alen, e1] — C3leo + €1, [eo, e1]]
we{eg,e1 }*

+ Ga(lex, ler, er, eoll] + §lex, [eo, [e1, co]]]

- [60, [60, [60, 61]]] + %[60, 61]2> +...

= all-order o’ -expansion of open-string tree-level amplitudes
,,Parke—Taylor”-formula for open strings

Drummond] [ Broedel, Schlotterer
Ragoucy Stieberger, Terasoma

= ,surface” implementation of Berends-Giele recursion,
BG-combinatorics hidden in matrix representation
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genus zero @

iterated integrals:
G(ala"yah ) f()ztdqu(a%"’ar;t)
multiple zeta values: ((),¢%()

Selberg integrals:

S[i4,... iL](azl = O o =1 x3) —

/ Hdl‘l H Hexp Sij log'r]l)
$3

k=4 Liy,

formal recursion on My r:

St

dzs x3  wg—1

S, Sr

S1

Cy1 = ®(ep,e1) Co
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Elliptic iterated integrals ="

Im(z)
T T+1
&
\‘/ / Re(z)
0 1
Canonical generating series for differential forms (nverse prime form): [Enriquez | [§rown] [ Levin]

F(z,n,7) dz = Z "
Elliptic iterated integrals: Brown]
~ Z -~
F(menr. o 7 :/ At g (t — ay, 1) (12t 7Y, T(2,7) = 1
0

Elliptic multiple zeta values:

Wy .o oyny;T) = f("&:::%’";l,ﬂ
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genus-one Selberg integrals

repeat generalization:

= add genus-one Selberg seed in ,,empty” integral

genus-one Selberg seed:

SE(r) =SE |(o1, o avr) = T exp (sul(4527)).

0=21<z; <zj <zo

Zji = Zj — Z;

genus-one Selberg integral:

%k
E| "k+1; --s L _ (nk+1) E| k42, ---
S |:ik+1, vy UL :|(Z17 ctty Zk) - /0 dzk+1 gk;+1,ik+1 S ik+2,

)

Broedel
[ Kaderli

:?LL}(zla"'aszrl):
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Recursion with an extra marked point =y

start with Selberg integrals (fixed torus symmetry)

13y ooy

= [ gl S [T i e = 0,20,

SE[’?& e HL}(Zl =0, 2)

Z4

23

with extra marked point 2z

ZL

zZ1 = 0=1
consider derivative of an (infinite) vector of generalized Selberg integrals :

d
SE E (n) (n) SE
dzs (22) >0 2 (z2),

x("): representations of generators of a (free) Lie algebra, matrices linear in parameters Sij.

= elliptic KZB equation Bernard, Knizhnik

Zamolodchikov
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Elliptic KZB equation and the KZB associator

E_ 1. . —2(1) E
Ci = 11310(2mz2) S5(z2)

22

contains
(N+2)-point open-string
genus-zero integral

CE = lim (2mi(1—22))*" SE(zy).
zo—1

S
24
23
\22\’,21 21
contains

N-point open-string
genus-one integral

dE (2 M ) CE =CE
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KZB associator:
generating function for elliptic multiple zeta values

CDE(ac("),T) = Z ww(w'; )

weX
=14+ 1‘(0) - 2C2$(2)
n %:U(%(m ~ 29, 20]w(0, 1;7) — Gofa®, 2}

+ [z, 2@](w(0,3; 7) — 2¢w(0,1; 7)) + 5¢azPaz® 4 ...

= all-order in o/ open-string one-loop scattering amplitudes

[ Broedel
Kaderli

= surface implementation of
»cutting a one-loop graph in all possible ways”

complements/explains empiric recursion for one-loop open strings [schiafra ]
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Geometric interpretation C—>

Tr4+1

1 =Tr41 — 21

23 29 21 21, AL—1

Il rr

» fundamental domain of torus is squeezed (7 — i0c0) in the limit zo — 0

= red cycle appears to be infinitely long,
red cycle is cut open to create two points: 0 and co on Riemann sphere

= representation of torus degeneration in terms of Selberg integrals
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enus zero 1 ’ enus one
. s

iterated integrals: elliptic iterated integrals:
Glar, o ari@) = [ 795 Glag, yapst) | T (887) = Jgdtg®t—anl (22:267)
multiple zeta values: ((),¢%() elliptic multiple zeta values: w(),ws"()
Selberg integrals: genus-one Selberg integrals:

S[i4, y iL](xl — 0,29 =1,23) = 35[7;; " nL}(zl —0,2) =

1
/ Hd% kl_[ — [ exp(si; log =) / H dz; H g\ il Hexp sij T
4 v ) i= 3

formal recursion on My 1,: formal recursion on My ,:
St S1 St St
d (60 el ) d <
— ==+ : ] = Zg(n) (29)z™ :
dx : T 3 — 1 : d : :
5 \s, o S, =\t " SE
C1 = ®(ep,e1) Co CE = oF(2™) CF
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Geometric interpretation of the
single-valued projection?

= degeneration of surfaces leads to recursive structure for iterated integrals on sur-
faces with boundary. What about sewing?

genus-zero KLT relations: combinatorical sum over (N—3)! terms:
# of ways to traverse N—3 points on the Riemann sphere.

single-valued projection at genus zero

open

[Kawai,_rlgswe"e"] [Stieberger] [Brown] [[?Jg‘gr?t

closed

ﬂ(sat) =

genus zero

fol dr 2z t(1—x)~!
_ L)@

(s+t)

(25G35C4,C5,62C35 - - -

1C5,35 -+

Bels,t) = 52 Jopr dzAdz]z[26-D |12 20D

()P (1—s—t)
= TGHOT(1—s)T(1=1)

5 =0, Gl = 2Ck+1,G5 =143 G5
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Generalization to genus one?

open closed
o N !
5]
N 3
n 1 3
S 1
=
5]
bn -
multiple zeta values single-valued zeta values
)
=
o
@ ——
s N—>=_—
a0 . . .
elliptic multiple zeta values modular graph functions ?
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GKZ system for multiloop banana graphs

= Analytic structure of all loop banana amplitudes” [Pty Sen

. The [-loop banana amp. from GKZ system and relative CY periods" K2 Nes?]

» Gelfand, Kapranov, Zelevinsky: many integrals in QFT are residue integrals of
rational functions on toric variety.

» for [-loop banana graphs:

can write down the particular toric variety,

use associated GKZ system,

identify Picard-Fuchs differential ideal (possible in this simple case)

and solve: obtain contribution to the maximal cut

Recommendation: Albrecht Klemms talk at Elliptics and Beyond 2020
https://www.youtube.com/watch?v=0aoYkUS1lfoMfeature=youtu.be
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Summary

= generalized iterated integrals and associated periods from genus zero to genus

one: elliptic polylogarithms and elliptic multiple zeta values. [Lewin] [ Brown]
H . Broedel, Mafi

string laboratory: Matthes Schiotrarer || Rosas!

elliptic language for Feynman diagrams: [Broeder, Dupr. Dujat

H . B Broedel, Duhr, Dul
Feynman diagrams: - «— <} <] [uBmner, ] [warBioceb Dute, Dot ]

» Selberg integrals: generating functions for period integrals/scattering amps.
S-matrix theory for open-string tree-level and one-loop amplitudes available
H . izhni , S
through KZ and KZB equation. [orinfeid|[B5acl i | [ £erssoiea] [Staserzer, Terasoma) | Kader
= any connection to topological recursion? [Boret,

. . . Broedel,S , s
= recursion for multi-Regge amplitudes [Srocdel ][ Proee onrenger ][4 uca: Dpues Duhr]

= geometric interpretation of double-copy/single-valued relation at genus zero and
genus one [Wogkda]

Structure to be investigated in capable setup / string laboratory
To be applied in field theory context for phenomenologically interesting problems.
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Thanks!
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