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Introduction
Calculation
Limits

Collinear factorization is commonly
used

Some classes of processes require more
general scheme

In high-energy (low x) limit —
high-energy or k) factorization:
factorization in partonic cross-section

and transverse momentum dependent
PDFs (TMDs)
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BFKL equation for low-x evolution
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BFKL:

@ Resums asIn }(
@ Only valid for small x
@ Only gluon-gluon splittings

@ Exact kinematics in k., not in x
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BFKL:

@ Resums asIn )l(

@ Only valid for small x

@ Only gluon-gluon splittings

@ Exact kinematics in k., not in x
DGLAP:

@ No resummation in asIn 2

@ Full set of splittings

@ Exact kinematics in x, not in k.
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Motivation

BFKL:

@ Resums asIn %

@ Only valid for small x

@ Only gluon-gluon splittings

@ Exact kinematics in ki, not in x
DGLAP:

@ No resummation in asln%

@ Full set of splittings

@ Exact kinematics in x, not in k_
Goal of TMD Splitting Functions:

@ Resummation in asIn 2

@ Full set of splitting functions

@ Exact kinematics in both k; and x
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Curci-Furmanski-Petronzio (CFP) methodology

Partonic cross-section can be expanded in 2PI-Kernels that do not contain
collinear logarithms

PEERN | p N 1
7 3 1 - Nl
% . [c® ga"]
C (mr‘ kA Y T
. e N . 7 k rj
! Y Aly (/ G© }
P [0 1
| plE% ] ]
p-Y P
I
2P| Kernel:
% dqzd“%m 2 2 > (0 i !
KU =z WG(MF +q )]P)j,in ® K,E ) ® Pj out @ :
A 1
K,-?: Matrix element including outgoing propagators. kj !
Projection operators Pj in, Piou that match the
kinematics
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TMD Splitting functions

) @ In high energy (small-x) limit,
o [ resummation of asIn1/x needed — 2Gl

@ From collinear to off-shell k: kinematics
ki ' change (k¥ — xp" + k)

— appropriate choice of projection operators needed.
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TMD Splitting functions

@ In high energy (small-x) limit,
' resummation of asIn1/x needed — 2Gl

@ From collinear to off-shell k: kinematics
ki ' change (k¥ — xp" + k)

— appropriate choice of projection operators needed.

Catani-Hautmann calculated Py
After chosing appropriate projection operators and QCD-vertexes, all quark
splittings and finally all splitting functions were calculated.

15,7: TMD splitting functions

. k2 . —€VE d2+2€~ - 52 1— k2
Kij (Li@as) = %52 /7?;/3&@ (u%_—ql+2( 2) L)

—Z
o MZG 7r1+6qi 11—z

4. =9, —zk,
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Collinear limit

15,-j : Angular averaged TMD splitting functions
In limitk, —0

g = TR(22 + (1 - 2)2) - Pag
'ng = CFlJr(lziiz)2 ;:

Paa = Cr 11+—zz2 Ml ;
'Egg =2Cy (1?12 -1+ 1%2 +z(1- z)) Z; L D

z

—— collinear P
Averaged TMD P
TMD P, 8=0
™D P, 0=2

DGLAP limits, but I5qg and I5gg have angular dependence in collinear

limit
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k| -dependence

Paq

—— collinear P

Averaged TMD P
TMD P, 6=0
™D P, g=Z

3

— colinear P
Averaged TMD P
- TMD P, 6=0
----- TMD P, 8=%

o

TMD P, 6=

2
----- TMD P, s!"T"

----- T™MD P, 8=1

KT/
0 1 2 3 4 ek

Introduction
Calculation

Limits

—— collinear P
Averaged TMD P
TMD P, §=0

—— collinear P

1

2

3

4

KT/
5 “

ged TMD P
-~ TMD P, 6=0

z=0.1, p= £~ with p, transverse momentum of the emitted parton

m]

=

Do
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Anti-collinear limit at fixed p, /(1 — 2)

In limit k, — oo at fixed p; /(1 — 2):

1]

Il
o

qag
Pgg
~ 2 ;%9@
sq = Cr— = Pgq + Cr(2 - 2) e\ /
z ) o \\ /
D — . 1 / — collinear
qq — CF 1_ 2 — IPqq + CF(]- + Z) 30 \ / anti-collinear
20
- 2 e
P,,=Cp——— 10
& z(1-2z)
4
0.0 0.2 0.4 0.6 08 1.0

= Pge +2Ca(2 — z(1 — 2))
,‘5qg goes to zero, all other splitting functions rise. There is no angular
dependence.
The high k -tail is important for small-x resummation
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Other limits

For ,E’gg:

examined also the BFKL
and CCFM limit of the TMD splitting functions
The LO BFKL Kernels is recovered in the low x/high-energy limit
The CCFM gluon-gluon splitting functions is reobtained in the
limit where the emitted gluon is soft ()

Remark: I5,-j are positive definite
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Conclusions Rezlis
Evolution equations
DGLAP:
dfa (x, ;L
o Z/ dePap (2, 1)l % 12)
1
Momentum sum rule: Z/ dz z Pay(z,42) =0
7 Jo
DGLAP with real splitting functions:
df, . 1
Al =3 [ sePie i E ) - Bl S [ deplie )

b
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Evolution equations
Results
DGLAP:
df, (x, ;L
dlInp?

/ dzPy(z, p )fb(

dAa(X7 kJ_z M )
dlnpu?

1)

ab(z ki + PL,PL, )
. #* ﬁab(z, ki +pL,pL)
PL

Z/ /TPab(ZykJ_ +PL,PL,p ) Ap(Z kL P, %)
Momentum sum rule

1
Z/ dz z Pap(z, %) =0
2 J0

dfa(x )

DGLAP with real splitting functions:
dIn p?

/ dzPab(z w )fb(

1
RS /0 dzPE (2, 12%)
b

Do
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Evolution equations

DGLAP: R
dfs(x, 1?) 1 Lk f:PDF, | Pa(z, ko +p¢,p¢,)
—a\nr ) dzP _ Pz . .

dln 22 Zb:/x Pav (2, 1) 1) A: TMD # Pap(z,kL +p1,pL)

dAs(x, ko, p? 1 d?p | - x
"’(72“) = Z/ dZ/iPab(z, ki +pL,pL,p?)An(= ko +p1, %)
dln x ™ z

"1
Momentum sum rule: Z / dz z Pap(z, %) =0
Jo

1 d2
Z/ dz/ PL
2 0

DGLAP with real splitting functions:
f . -1
dfalx, “ Z/ dszb (z, e fb(f v ) f(x*,uz)Z/ dzP;;(Z,/F)
0

dlInp? b

z Pap(z,k1,pi,pu?) =0
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Conclusions Rezlis
Evolution equations
DGLAP:
i)~ [ ok F:PDF, | Pu(z.ki+pL.pL.(?))
din 2 *zb:/x 2Pan(z, 1)l 117) A:TMD # Pa(z, ki +pL,pL)
dA.(x, k., 1 d? -
A(Xit’” = Z/ dz/ Pl Pas(z.k i +pL P, i) Ab( S ke + o, i?)
dln 5 JIx ™ z

Momentum sum rule:

DGLAP with real splitting functions:

xp
dzPf ff
dm,, z/ 2P (2, 1) 5 112)

dAa(X kJ.:/'L )
dIn p?

d?
Z/ dz/ ple(Z ki +pL,pi,p
dPL
—AanL,#)Z PR (2 kuspL; 1)

1
z / dz z Pap(z, %) =0
T Jo

1 d2
Z/ dz/ PL
2 0

z Pap(z, ko, pi,p?) =0

(x, /1 Z/ dszq z, /I,

~ X
)Ab(;7kL + Plv/»ﬁ)
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@ Introduce zy: resolvable z < zy and non-resolvable z > zy branchings
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@ Introduce zy: resolvable z < zy and non-resolvable z > zy branchings
@ Introduce ordering condition: p? = a?(z)u'?

A«

i
-

Do
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@ Introduce zy: resolvable z < zy and non-resolvable z > zy branchings
@ Introduce ordering condition: p? = a?(z)u'?

— Pﬁ)(zv kJ.v PJ.:/‘«IZ) = ﬁaRl')(z7 kJ_7 PJ_)(S(Pi - az(z)ulz)
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Evolution equations

@ Introduce zy: resolvable z < zy and non-resolvable z > zy branchings
@ Introduce ordering condition: pl = a%(2)p?
— Pl(z, ki, pu,p®) = Pi(z, ko, pL)d(pl — a°(z)u)

— Angular ordering condition: a(z) =1—z, zy =1 — qo//
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Evolution equations

@ Introduce zy: resolvable z < zy and non-resolvable z > zy branchings
@ Introduce ordering condition: p3 = a*(z)u'?
— Pz ki, p1, p%) = Ph(z, ki, p1)d(pd — a*(2)n)
— Angular ordering condition: a(z) =1—z, zy =1 — qo//
@ Introduce Sudakov form factor:

2 2 z =
Ao k) =exp (= 55, [ls 25 [ dz 2 P(z ko / (a(2)n)))

Interpretation: probability of an evolution without resolvable branchings
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Evolution equations

@ Introduce zy: resolvable z < zy and non-resolvable z > zy branchings
@ Introduce ordering condition: p3 = a*(z)u'?
— Pz ki, p1, p%) = Ph(z, ki, p1)d(pd — a*(2)n)
— Angular ordering condition: a(z) =1—2z, zy =1— qo/u’
@ Introduce Sudakov form factor-
AL 1) = oxp (— 53, [15 5 74 dz 2 Pz o/ (a(2)0))

Interpretation: probability of an evolution without resolvable branchings

U (x, ks 1) = B k1) Aa(x, kl,u0)+Z/ Fory %@(u = )0 — pg)x

X / dzP b(z ki +a(z)p', (z)ull)fl'b(;, ki +a(z)p’, ;4'2)
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Comparison with PB evolution equations

Evolution equations
Results

New equation:

. d? a(p, k
Aa(x, ko, p1?) = Al D) A0 kL, pd) + Z/ 71—:'/; ﬁe(#z — 1O — k2)x

x / dzPR (2, k. + a(z)u/,, a(2)p’ )Ab(;,ki +a(z)p',, 1)

PB equation:

d’ l"‘ As(p
A, ki, 1?) = Da (1) Aa(x, ko, p12) +Z/ W; ~ W?)e(uz —u?)e(u? — ud)x

x / dzPﬁ,(z)Ab(;,kL +a(2)p', 1)
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Comparison with PB evolution equations

Evolution equations
Results

New equation:

. d? a(p, k
Aa(x ko, 1%) = As( ) Aa(x, ko, p13) + Z/ 775/; ﬁe(ﬂz — w)e(u? — u)x

x / dzPR (2, k. + a(z)u/,, a(2)p’ )Ab(;,ki +a(z)p',, 1)

PB equation:

d’ l"‘ As(p
A, ki, 1?) = Da (1) Aa(x, ko, p12) +Z/ W; ~ W?)e(uz —u?)e(u? — ud)x

x / dZPaRb(Z)Ab(;ykL +a(2)p', 1)

Equations differ only in
splitting functions
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Iterative form of the evolution equation:

Aulder i) = B k) Aok i) + Y [
b

d’p Aa(uz,kl)e( 2
' A(p?, k1)

1= p?)e(u? — uh)x
i AR ’ ’ 73 ’ X ’ 2
X dzP.,(z, k1 +a(z)p, a(z)p ) Aa(p™ ke + a(z)l"'J_)-Ab(;7 ki +a(z)uy, ) + -

«0)» «F»

it
i
v
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Ho

Iterative form of the evolution equation:

Auldera ) = B, k) Ak ) + 3 [
b

! a4 k1)

(€]
' A(p?, k1)

«0)» «F»

(T
i AR ’ ’ 73 ’ X ’ 2
X / dzPZ (z, k1 + a(z)p’ , a(z)w' ) Do (n? ko + a(z);LJ_)Ab(? ki +a(z)p , pg) + -
m

1?)e(u — pug)x

Do
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Iterative form of the evolution equation:

Arlrbesa i) = B, k) Aok i) + Y [
b

Pul Dok’ ki) o —
w2 As(p?, k)
Zm ~ ~ X
X / dzPf(z, k1 + a(z)’, a(2)w’ ) Aa(n* kL + a(Z)ul)Ab(; ki + a2, pmg) + -
X
I3

u?)eu — 1g)x
n

Ho

Pl =1 -2
Ho

«0)» «F»

it
i
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Do
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Iterative form of the evolution equation:

Aix ki ud) = A (2 i 2 du AP k) 2 2 2 2

Aa(x, ki, 17) = Da(p®, ki) As(x, ki, jg) + Eb _— Aa(,ulzykJ.)@(# — )" — pg)x
R AR ’ ’ 2 ’ X ’ 2

X dzP,(z, k1 +a(z)p, a(z)p ) Ao ke + Q(Z)NJ_)Ab(;v ki +a(z)py, o) + -

I3 I3 wT
a kg
aky " i , N
Iz Pl pL=01-2)u
aky, + P+ b,k +p’] 11— Pyl
! pﬁ_ P =( 2"y
b,k +p’
’ - ek 40 0
Ko Ko no 4

40> «F»r <

it
-
i

v
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Do
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Results

Iterative evolution equations

Iterative form of the evolution equation:

- - d? k , /
Aalx, ko, 1) = Ao ko) Aalx ko, 1 +Z/ My A ka) o2 e, R

T2 As(p2, k)

"Zm ~ - X
x [T dPl ks o a2 A s+ ) A e+ )
Jx

Pl =1 -2

Pl =@—2")"

Ko Ko

Can be solved with MC methods, similar to the PB method

Current implementation: Collinear Sudakov form factor
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Conclusions ezl
Integrated TMDs
@ Dynamical zp;, go = 1 GeV
o Starting distribution QCDNUM . :g\uun,p:SG‘OGEV‘k‘lmmoupluTGOﬂDDﬂOODDGE\/
Implementation with: ok )
e PB method (LO) ol
o PB with TMD Splitting functions i ]
Reminder: k, -dependent s
Sudakov not yet implemented L
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Conclusions | Fesults
Integrated TMDs
@ Dynamical zy, go = 1 GeV
@ Starting distribution: QCDNUM S e o
Implementation with: $ '°* )
e PB method (LO) m‘é
e PB with TMD Splitting functions i ]
Reminder: k,-dependent o
Sudakov not yet implemented °F
Integrated TMDs: T ]
@ Gluon: Increase for large range of x °fu% B TS
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Conclusions
Integrated TMDs

Evolution equations
Results

@ Dynamical zp;, go = 1 GeV

@ Starting distribution: QCDNUM
Implementation with:

@ PB method (LO)

e PB with TMD Splitting functions

Reminder: k, -dependent
Sudakov not yet implemented

Integrated TMDs: e P

Up, p =500 GeV, k from 0 up to 10000000000 GeV

T
P8 meihad
2

5 with TID P

xf(x,p)

TMDplotter 2.2.0

@ Gluon: Increase for large range of x

10 10° 102 10" X
@ Quarks: Decrease for low and
intermediate x
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TMDs vs k|

Evolution equations
Results

e PB method (LO)

o PB with TMD Splitting functions
Reminder: k,-dependent
Sudakov not yet implemented

Small x:

@ Gluon: increase in large region of
ki

xA(x.k,p)

gluon, x = 0.001, p = 500 GeV
T T T

P8 method
P8 ith TID P

A~ !
10" 1 10 10 10° by [Gevh*
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TMDs vs k|

Evolution equations
Results

e PB method (LO)

o PB with TMD Splitting functions
Reminder: k,-dependent
Sudakov not yet implemented

up, x = 0.001, p = 500 GeV

T T T
P8 method
P8 ith TID P

Small x:

@ Gluon: increase in large region of
ki

@ Quarks: decrease for middle and
high k, drop for very large k|

TMDplotter 22.0
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TMDs vs k|

Evolution equations
Results

gluon, x= 0.1, p = 500 GeV

8 metves
PR ioe

XA(XK;p)

e PB method (LO)

e PB with TMD Splitting functions
Reminder: k,-dependent
Sudakov not yet implemented

TMplotter 220

Small x:
@ Gluon: increase in large region of O e e e
up, x=0.1, p = 500 GeV
kL “ LR

XA(xKP)

@ Quarks: decrease for middle and
high k , drop for very large k.

Large x:

TMDplotier 220

@ Only small effects

10" 1 10 10 10" K [GeVp*
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@ TMD splitting function

o Overview of the calculations
o Correct limits
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@ TMD splitting function
e Overview of the calculations
e Correct limits
@ Implementation of TMD Splitting functions

e Shown that an implementation based on the Parton Branching
method is possible
o First implementation with collinear Sudakov form factor

18/18



TMD Splitting functions
Parton Branching Implementation
Conclusions

@ TMD splitting function
e Overview of the calculations
e Correct limits
@ Implementation of TMD Splitting functions

e Shown that an implementation based on the Parton Branching
method is possible
e First implementation with collinear Sudakov form factor

@ Work in progress

e Further studies on correct splitting function in the

implementation (possible reduction of phase space,...)
e Implementation of k, -dependent Sudakov form factor
e Study of ordering conditions
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