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Abstract

In this talk we present how the clockwork mechanism arouse from work
on the relaxion approach to solve the hierarchy problem. We then wonder
whether Clockwork is a new solution to the hierarchy problem for its own.
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1 Prélude

The clockwork starts from the observation that masses and interaction scales are
not the same. In a unit system where one differentiates length scales from energies,
one gets

[~] = EL, [L] = EL−3, [φ] = [Aµ] = E
1
2L−

1
2 , [ψ] = E

1
2L−

1
2 ,

(1)

[∂] = [m̃] = L−1 [g] = [y] = E−
1
2L

1
2

Not only masses but also couplings are dimensionful quantities. Canonical dimen-
sions ~ = 1 are recovered by identifying E = L−1. We set units of mass and coupling
by

M̃ = L−1 and C ≡ E−
1
2L−

1
2 (2)

Now look at a general operator of canonical dimension d

1

Λd−4∂
nDφnBψnF (3)
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where d = nD + nB + 3
2
nF . Then what Λ does is to define the effective interaction

strength called scale

[Λ] =
M̃

C
n−2
d−4

(4)

where n = nB + nF . Each field carries an inverse power of C, the Lagrangian has
units of [L] = M̃C−2.

Since n−2
d−4 > 0: scales and masses are incommensurable quantities.

• A mass is asscociated with Em = m̃~ at which new degrees of freedom appear.

• A scale is the energy at which the theory becomes strongly coupled if no new
degrees of freedom intervene. It tells you about the interaction strength and
carries no information on new dynamics. This information would be given by
Scale× Coupling.

We will now introduce the Clockwork mechanism which is a tool to explicitly con-
struct concrete examples where extremely small couplings can be generated [without
introducing any exponentially large parameters].

2 The original clockwork scalar

“Although these approaches have been around for a long time, a move
of marketing genius has recently renamed them as clockworkmodels.” –
A. Hook: TASI lectures on the Strong CP Problem and Axions 2018 ,
p.18

The clockwork mechanism was popularized by G. Giudice & M. McCullough in
2016 [1, 2] where the validity of the mechanism was shown for all kind of fields.
However the original idea comes from axion model building where the same idea
has been developed by two groups independent from each other [3, 4]. See also
proceedings from Moriond EW 2017(18) [5, 6]. Also you can find a good blackboard
talk by Sutherland

The set-up: Consider a theory with a spontaneously broken U(1)N+1 symmetry
at high scale f . As usual we parametrize the expected N + 1 Goldstone fields πj by

Uj (x) = eiπj/f j = 0, . . . , N (5)

Further we break U(1)N symmetries explicitly by introducing linking mass terms
mj between neighboring sites. This explicit breaking pattern can be understood by
thinking of mj as spurion field charged under the corresponding U (1) with charge

Qi [mj] = δij − qδij+1 (6)

under U(1)i. We assume q > 1 and the explicit breaking to be small. Then the hier-

archy
m2
j

f2
is technically natural because the

m2
j

f2
→ 0 restores the orginial symmetry
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of the model.

Writing the theory down explicitly

L = −f
2

2

N∑

j=0

∂µU
†
j ∂

µUj +
m2f 2

2

N−1∑

j=0

(
U †j U

q
j+1 + h.c.

)
. (7)

⇤ ⇤N = qN⇤

Figure 1: Picture taken from [1] to convince you the model is appropriately named.

In terms of the fields πj, eq. 7 becomes

L = −1

2

N∑

j=0

∂µπj∂
µπj − V (π) (8)

V (π) =
m2

2

N−1∑

j=0

(πj − q πj+1)
2 +O(π4) =

1

2

N∑

i,j=0

πiM
2
π ij πj +O(π4) . (9)

The mass matrix M2
π is given by

M2
π = m2




1 −q 0 · · · 0
−q 1 + q2 −q · · · 0
0 −q 1 + q2 · · · 0
...

...
...

. . .
...

1 + q2 −q
0 0 0 · · · −q q2



. (10)

To see the clockwork inside (10) we construct the corresponding mass spectrum.
The eigenvalues can be determined analytically to be

ma0 = 0 m2
ak

= m2

[
q2 + 1− 2q cos

kπ

N + 1

]
(11)

where we have

• a0 is the massless Goldstone that we still expect to be there from the nonbroken
U (1) factor

• ak are called “Clockwork gears”.
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The mass eigenvalues are determined by solving following recursion relation

− qak−1 + 1 + q2ak − qak+1 = λkak (12)

by using the Ansatz
ak = sin kθ + A cos kθ (13)

from which λ = 1 + q2 − 2q cos θ. The boundary conditions set by the 0th and nth

site can be written as

A = − sin θ

q − cosθ (14)

and
0 = (1 + q2) sin(N + 1)θ − q sinNθ − q sin (N + 2) θ (15)

The second constraint gives N solutions θi = iπ
N+1

From this the Eigenvalues of the
clockwork gears follow.
For the eigenvectors aj one obtains at nth site

πn =
∑

Onj aj (16)

with

Oj0 =
N0

qj
, Ojk = Nk

[
q sin

jkπ

N+1
− sin

(j + 1)kπ

N+1

]
, j = 0, .., N ; k = 1, .., N

N0 ≡
√

q2 − 1

q2 − q−2N , Nk ≡
√

2

(N+1)λk
. (17)

This exponential suppression at nth site supressed side localization of the zero mode
gives clockwork its name (and possibly also the localization of the “gears”). Note
that the mass gap ∆m and the state density δm in the band are given by

∆m

ma1

= 2 (q − 1) ,
δmk

mak

∼ qπ

Nλ
sin

kπ

N + 1
∼ O (1/N) . (18)

One might guess that the continuum limit N → ∞ is described by the following
“clockwork metric” (or Linear dilaton metric):

ds2 = e
4k|y|

3

(
dx2 + dy2

)
(19)

A massless scalar in this background can be deconstructed to 4D to give the same
spectrum as the clockwork which leads to the conjecture that a 5D clockwork can
be realized in form of a linear dilaton model. The 5D model for KK modes in the
dilaton model gives

m2
n =

√
k2 + n2/R2 (20)

We will come back to 5D Clockwork and show this later.
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Figure 2: Mass spectrum of the clockwork theory. k is called clockwork spring.
Picture taken from [1].

Example of a possible application (relaxion): Originally the Clockwork was
invented to explain large axion constants.

Take for instance the relaxion solution to the hierarchy problem [7] which we
have seen in Philip a couple of sessions ago. The ingredients you need in order to
make the mechanism work are

V (φ,H) =
(
−Λ2 + gφ

)
|H|2 +

(
gΛ2φ+ g2φ2 + . . .

)
+

1

32π

φ

f
GG̃ (21)

where the last term after confinement becomes

Λ4
b (H) cos

φ

f
. (22)

For details describing the relaxion mechanism, see Philips talk. To remind you of
one observation, we had found:

• The relaxion needs to stop, slopes need to be comparable: gM2f ∼ Λ4
b ∼

vf3π
f

. Typical values for the relaxion mechanism are M ∼ 107 GeV and f ∼
109 GeV. Also the scan needs to include all field values from M to −M . Thus
we expect

∆φ ∼ M2

g
∼ 1037 GeV (23)

which should be carefully generated.

To implement a clockwork (see [8] for details) we rewrite the relaxion potential as

V (φ,H) = Λ4
N cos

φ

F
+ Λ4

b cos
φ

f
(24)
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where we interpreted the slope as linear piece expanded from another stronly coupled
sector. Imagine that the relaxion is the zero mode in a clockwork theory and we
have the two strong sectors coupling two the axion located at different end sites of
a clockwork, e.g. ∼ 1

32π2φNHH̃. With this

1

32π2
HµνH

µν

(
a0
F
−
∑

(−1)k
ak
fk

)
(25)

where F = qNf/N0 = ∆φ. With this the hierarchy of scales is

Λb � Λ ∼ ΛN � f � F (26)

Note that so far we did not really do something fundamentally new nor something
fundamentally wrong. People generate hierachies by mass matrix diagonalization
since many years. What is new, we have used a very particular theory with N + 1
axions and a weird pattern of global symmetry breaking. So the question of interest
is whether there is some kind of UV completion of the clockwork. The main interest
in the literature so far has been whether there is a 5D completion which can be
dimensionally deconstructed to 4D. This question has lead to some delicate tensions
in the literature which we also will have a look at.

3 Clockworks exist in all colors

Starting from the ideas in axion context, clockwork did get its own dynamics. The
idea has been generalized to many other branches of BSM physics. Maybe most in-
terestingly, a new solution to the hierarchy problem would be to see whether gravity
can be clockworked itself and the Planck scale might look large because localization
of a zero mode in theory space. Generalizations of the clockwork mechanism are
subject to the next section.

Before we turn to the question on how to clockwork the graviton, we want to
point out that “the clockwork theory” aims to give a very complete picture. The
clockwork cannot only be implemented for scalar fields, but [1] also gives examples
on how to construct a clockworked fermion and clockworked photons.

Fermions Make use of N left-chiral symmetries and N + 1 rightchiral symmetries
with breaking U(1)L × U(1)R → U(1)R. One ends up with a slightly different mass
matrix ψ̄LMψψR + h.c.

m

N−1∑

j=0

(
ψ̄L jψRj − q ψ̄L jψRj+1 + h.c.

)
≡
(
ψ̄LMψψR + h.c.

)
(27)
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Mψ = m




1 −q 0 · · · 0
0 1 −q · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

−q 0
0 0 0 · · · 1 −q



, (28)

but there will still be an underlying clockwork mechanism because of M2
ψ = M2

φ.
This then relates to observed hierarchies related to small fermion masses (for instance
there is clockwork neutrinos [9], clockworked flavor physics [10], WIMP Dark matter
[11] . . . list goes on)

Photons For the photon field U(1)N+1 gauge symmetries are broken to U(1)

L = −
N∑

j=0

1

4
F j
µνF

j µν −
N−1∑

j=0

[
|Dµφj|2 + λ(|φj|2 − f 2/2)2

]
(29)

Dµφj ≡
[
∂µ + ig

(
Ajµ − qAj+1µ

)]
φj. (30)

Below the scale f , working in unitary gauge, we find the effective Lagrangian for
the gauge fields

L = −
N∑

j=0

1

4
F j
µνF

j µν +
N−1∑

j=0

g2f 2

2
(Ajµ − qAj+1

µ )2 . (31)

This theory gives rise to gauge millicharges.

Gravitons (EW hierarchy problem): Finally, we apply the clockwork mecha-
nism to gravity itself by considering N + 1 copies of GR. On would of course start
with N + 1 gravitons and N + 1 diffeomorphism invariances (i, 0 . . . N).

giµν → giµν +∇(µA
i
ν) (32)

Again introducing nearest neighbor interactions breaks these symmetries down to

giµν → giµν +
1

qi
∇(µÃν) (33)

where Ã acts on all sides. Working in linearized gravity giµν = ηiµν +
2hiµν
Mi

the inter-
action lagrangian is given by Pauli-Fierz terms which may arise in a deconstruction
from 5D gravity:

L = −m
2

2

N−1∑

j=0

([
hµνj − qhµνj+1

]2 −
[
ηµν(h

µν
j − qhµνj+1)

]2)
. (34)
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which is indeed invariant under the clockwork gauge symmetry and respected by the
clockwork structure of mass terms. The combination of Eigenstates is the same as
in the scalar case. Now couple the SM sector T µνSM to the last site of the clockwork.
Then

− 1

MN

hµνN Tµν → −
1

MPl

h̃µν0 Tµν (35)

This suggests that there is a clockwork solution to the hierarchy problem. In [1]
one can find the statement that multigravity theories are plagued from theoretical
subtleties which they claim can be solved by constructing a N → ∞ Clockwork
theory in 5D which is well behaved. This solution the authors identify with linear
dilaton theories which originates as a holographic dual from Little string theory [12].

Concerning the question whether Clockwork can be thought of as solution to
the EW hierarchy problem there exists a critical paper by N. Craig, I. Garcia &
D. Sutherland [13]. They disagree strongly to two points, namely

• On the question whether there are 5D counterparts to clockwork.

• On the kind of theories that can be clockworked in 4D. To them Clockwork is
a strictly abelian phenomenon. A 4D clockworked gravity cannot not work.

The criticism has been addressed again [14, 15]. It seems that by now all people
technically agree with each others arguments but would like to stick to their defini-
tion of what is meant by a successful “clockwork theory”.
Let us try to wonder about these statements a bit in the next section while we
discuss the linear dilaton.

4 Linear dilaton and phenomenology

In addition to maybe solving the hierarchy problem, the ultimate aftermath of Clock-
work might be the rich pheno, which was discovered as site effect of trying to solve
the hierarchy problem. The clockwork mechanism has been acknowledged for raising
more attention to previously less thought of signatures for collider experiments like
displaced vertices and in particlular compressed KK spectra1. We will shorten the
derivation of the clockwork metric from the Linear dilaton by a lot. For details, see
[1]. After changing to Einstein frame gMN → e−

2S
3 gMN , the dilaton action reads

S =

∫
d4x dy

√−g
{
M3

5

2

(
R− 1

3
gMN∂MS ∂NS + e−

2S
3 4k2

)

− e−
S
3

√
g55

[δ(y − y0)Λ0 + δ(y − yπ)Λπ]

}
(36)

where S is the dilaton field and k some (negative) Bulk vacuum energy. Λ0 and Λπ

denote 4D vacuum energies. Parametrizing the metric as ds2 = e2σ(y) (dx2 + dy2)

1Although there are some that did this in the past [12]
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one finds by solving Einstein equations, the dilaton equation of motion, and the four
junction conditions that

σ =
2k|y|

3
e(σ0−

S0
3 )+σ0 , S = 2k|y|e(σ0−

S0
3 ) + S0 (37)

under the condition −Λ0 = Λπ = 4kM3
5 . S0 and σ0 are integration constants that

can be neglected without any consequence. Then one finds

3σ = S = 2k|y| → ds2 = e
4k|y|

3

(
dx2 + dy2

)
(38)

Often one generally writes

ds2 = X(|y|)dx2 + Y (|y|)dy2, y =∈ (0, πR) (39)

so we in our special case have X = Y = e
4k|y|

3 . Randall-Sundrum has X = Y ∼ e2k|y|

and Y = 1. We will now deconstruct the linear dilaton to recover 4D clockwork. By
putting a massless scalar in the theory one finds

S = 2

∫ πR

0

dy

∫
d4x
√−g

(
−1

2
gMN ∂Mφ ∂Nφ

)

= −
∫ πR

0

dy

∫
d4xX2Y 1/2

[
(∂µφ)2

X
+

(∂yφ)2

Y

]

= −
∫ πR

0

dy

∫
d4x

[
(∂µφ)2 +

X2

Y 1/2

(
∂y

φ

X1/2Y 1/4

)2
]
→

y → ja, Na = πR,

∫
dy →

∑
, ∂yφ→

1

a
(φj+1 − φj) , X(ja)→ Fj

→ S = −1

2

∫
d4x

[
N∑

j=0

(∂µφj)
2 +

N−1∑

j=0

m2
j (φj − qjφj+1)

2

]
(40)

with

m2
j ≡

N2Xj

π2R2 Yj
=

N2

π2R2
, qj ≡

X
1/2
j+1Y

1/4
j+1

X
1/2
j Y

1/4
j

= e
kπR
N (41)

and using

X(ja) = Y (ja) = e+
4kjN
R (sign flip k → −k). (42)

So we got the clockwork in case of a massless scalar in a dilaton background (putting
graviton instead of the scalar works the same).2

2According to N. Craig et al. the reason that this works has nothing to do with geometry.
They provide an example of flat extradimension, where they obtain the same matrix in the end
also using a dilaton.
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Figure 3: Comparison between RS (red, scaled down by a factor of 30) and CW/LD
(blue). Picture taken from [2].

From the metric one also gets the following relation between fundamental scale
M5 (cutoff of the theory at scale somewhat larger than v) and Mpl

M2
P =

M3
5

k

(
e2πkR − 1

)
. (43)

which resembles the relation you get in the traditional Randall-Sundrum set-up.
However the interpretation of k is different in the Clockwork as well as the question
what the size of the of the extradimension is. See details also in [1]. For comparison
the values of the KK spectrum, the KK mode interaction scale, the Planck mass,
and length of extradimension.

m2
n Λ2

n M2
P L5

RS ≈ [(n+ 1
4
)πk̂]2 ≈ M3

5

k̂

M3
5

k̂
(e2k̂πR − 1) 2πR

CK k2 +
n2

R2
M3

5πR
(

1 + k2R2

n2

) M3
5

k
(e2kπR − 1) 3

k

(
e

2
3
kπR − 1

)

The required electroweak/gravity hierarchy is generated by

kR ' 1

π
ln

(
MP

M5

√
k

M5

)
≈ 10 +

1

2π
ln

(
k

TeV

)
− 3

2π
ln

(
M5

10 TeV

)
. (44)

In principle of course the general LHC search strategy is the same for CW and
RS. The higher mode gravitons couple to the SM, so bump hunt in dimass spectra
is possible (in particular mγγ, mee). However the compressed spectrum of CW/LD
makes alternative search strategies possible. In particular the periodic structure
allows to search for a peak in the power spectrum of LHC data. This gives
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Figure 4: CW/LD estimated sensitivity. Picture taken from [2]. See also [12].
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