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Light bosonic (ALP) dark matter

Fits into the galaxy:

(mv)−1 . R ⇒ m & 10−22 eV
� in kinetic regime

Can be only bosonic:

f ∼ ρ/m

(mv)3
& 1 ⇒ m . 102 eV

� for classical �eld

Forms BE condensate:

(mv)−1 > n−1/3 ⇒ m . 102 eV

Fornax dwarf galaxy

parameters are known!

ρ ∼ 0.1M�/pc3

R ∼ kpc
v ∼ 10 km/s

m
102 eV

(Fuzzy DM)

10−22 eV

︸ ︷︷ ︸
Interaction ⇒ Bose condensation!

Do they interact strongly
enough?

Answer: YES,
gravitationally!
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Describing light DM

1 f � 1 ⇒ classical �eld a(t, x)

2a + m2a−m2 a3/6f 2a + . . . = 0

self-interaction

2 v � 1 ⇒ nonrelativistic axions Ea ≈ m

a = faψ(t, x) e−imt/
√

2 + h.c. ∂t,xψ � mψ

⇓
i∂tψ = −∆ψ/2m + mUψ−����

���XXXXXXXmg2
4 |ψ|2ψ/8

3 Newtonian gravity: U(t, x)� 1

∆U = 4πGm2f 2a |ψ|2

Scr�odinger-Poisson system: ψ(t, x), U(t, x)
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Bose stars

Stationary solutions of SP system

ψ = ψs(r) e−iωs t

↑
Ground state of U

U = Us(r) � potential of ψs

ωs < 0 � binding energy

M = M(ωs) � only parameter

Ru�ni, Bonazolla '69; Tkachev '86

Properties:

1 Bose star = BE condensate in state ψs(r)

2 Attractive self-interaction: −g2
4 < 0

Large mass: M > Mcr =10 faMpl/mg4

}
⇒ collapse
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Brute-force simulation

t = 0 : Virialized initial state:

ψp ∝ e−p
2/2(mv0)2︸ ︷︷ ︸

momentum
distribution

× eiAp︸︷︷︸
random
phases

Kinetic regime:

lcoh ∼ (mv0)−1 � R

Numerical evolution ⇒
|ψ|

y

x

t = 1.3 · 106

y

0
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Virialized halo

|ψ|t = 0

y

x
0

.02
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.2

DL, Panin, Tkachev '18
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Unsatisfactory description?

Many simulations:

Fuzzy DM in dwarf galaxies, m ∼ 10−22 eV
Schive et al '14; Veltmaat et al '18

QCD axions in miniclusters, m ∼ 10−5 eV
Eggemeier, Niemeyer '19

What is wrong?

1 Hard to simulate: mvR � 1

2 No analytic estimates!

3 No prediction for fp(x)

Solution: Kinetic description at mvR � 1
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Kinetic equation: Derivation

Levkov, Panin, Tkachev '18
1 Occupation numbers ↔ Wigner distribution

fp(t, x) =
∫
d3y e−ipy〈ψ(x + y/2)ψ∗(x− y/2)〉

2 Bogolyubov chain of equations

SP system: i∂tψ = −��∆ψ/��HH2m + Uψ︸︷︷︸
Gψ��

�∆−1 |ψ|2
← short notations

3 Perturbative approximation

4 Expand in (px)−1 � 1 ⇒ Local equation for f ∝ 〈ψ∗ψ〉
5 Interaction at p−1 � |x − x ′| � R � Landau approximation
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d3y e−ipy〈ψ(x + y/2)ψ∗(x− y/2)〉

2 Bogolyubov chain of equations

SP system: i∂tψ = ψ + Gψψ∗ψ ← short notations
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Kinetic equation: Derivation

Levkov, Panin, Tkachev '18
1 Occupation numbers ↔ Wigner distribution

fp(t, x) =
∫
d3y e−ipy〈ψ(x + y/2)ψ∗(x− y/2)〉

2 Bogolyubov chain of equations + perturbative expansion

SP system: i∂tψ = ψ + Gψψ∗ψ ← short notations

���
�XXXXIn�nite chain:

∂t〈ψ∗ψ〉 = 〈ψ∗ψ〉+ G 〈ψ∗ψ〉〈ψ∗ψ〉+ G 〈ψ∗ψψ∗ψ〉conn
∂t〈ψ∗ψψ∗ψ〉conn = 〈ψ∗ψψ∗ψ〉conn + G 〈ψ∗ψ〉〈ψ∗ψ〉〈ψ∗ψ〉+ O(G 2)

��HH. . .

3 Perturbative approximation
〈ψ∗ψψ∗ψ〉 = 〈ψ∗ψ〉〈ψ∗ψ〉︸ ︷︷ ︸

Free �eld

+ 〈ψ∗ψψ∗ψ〉conn︸ ︷︷ ︸
Interaction: O(G )

4 Expand in (px)−1 � 1 ⇒ Local equation for f ∝ 〈ψ∗ψ〉
5 Interaction at p−1 � |x − x ′| � R � Landau approximation
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Landau kinetic equation

∂t fp +
p

m
∇x fp −m∇x Ū∇pfp + terms

(t-reversal)
= St fp︸︷︷︸

f 3p

∼ fp
τgr

relaxation time
Bose ampli�cation

cf. Landau, Lifshitz, XTime to Bose star formation:

τgr =
b
√

2

12π3
m3v6

G 2Λ ρ2
=

4
√

2

σgr fpvn︸ ︷︷ ︸
kinetic

' R

v
(Rmv)3

↑

Λ = log(mvR) � Coulomb logarithm

In minicluster/galaxy:

τgr � R/v ← free-fall time

Rmv ∼ 1 � condense immediately!
correct for Fuzzy DM & QCD axions
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Distribution function in simulation

F (ω, t)︸ ︷︷ ︸
pfp

≡ dN

dω
=
∫
d3x dt1 ψ∗(t, x)ψ(t + t1, x) eiωt1−t

2
1/τ

2
1

∼ p2/2m
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Testing kinetic equation

Solve Landau Eq. numerically!

distribution time

0

2

0 0.5 1

Landau

SP

t ∼ τgrF
(ω

)
'
p
f p

ω = p2/2m

106

106 108

m2v8/G2n2Λ

106

106 108

τ g
r
·m

v
2

τ g
r
·m

v
2

One parameter to �t: Λ = log(mvL) + a ← correction a ≈ 5

D. Levkov (INR RAS & ITMP MSU) Bose stars FDM, 20/07/2020 10 / 22



Conclusions-1

We understand kinetic mechanism well

Fuzzy DM in Dwarf galaxies
QCD axions in miniclusters

}
τgr ∼ R/v ← fast formation

Still, prediction: m & 10−20 eV ⇒ τgr > 1010 yr
in dwarf galaxies

Q: How do Bose stars grow?
Eggemeier, Niemeyer '20

Veltmaat, Schwabe, Niemeyer '20

Q: Other kinetic processes?
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ALP: Interaction with photons

Lint =
gaγγ

4
aFµν F̃µν

pseudoscalar

or
gaγγ

4
aFµνFµν

scalar

a

γ

γ

For QCD axions

�Simple� models:
gaγγ ∼ α/2πfa

KSVZ, DFSZ

. f −1a

unitarity

�Clockwork�: gaγγ � f −1a

a

Spontaneous decay

a

Stimulated decay
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Parametric resonance: a→ γγ avalanche

a

a a
a

a

a

a

γ

2R
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Parametric resonance: a→ γγ avalanche
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a

a
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Parametric resonance: a→ γγ avalanche

a

a a
a

a

a

a

2R

Condition: at least one axion decay due to γ

Tkachev '87; Riotto, Tkachev '00; Hertzberg, Schiappacasse '18
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Simple equations for photons

z

c−y

c+x

∂µ(Fµν + gaγγ a F̃µν) = 0

1 Nonrelativistic axions:

a γ : Eγ ∼ pγ ∼ m/2

Ea ≈ m

Ai = c+i (t, x) eim(z+t)/2

︸ ︷︷ ︸
left-moving

+ c−i (t, x) eim(z−t)/2
︸ ︷︷ ︸

right-moving

+h.c.

∂tc
+
x = ∂zc

+
x + igaγγfam ψ∗c−y /23/2

∂tc
−
y = −∂zc−y − igaγγfam ψc+x /23/2

left ↔ right

← ∂t,xc
±
i � mc±i

2 Quasi-stationary approximation:
3 Boundary conditions:
4 Restoring the solution:
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Simple equations for photons

z

c−y

c+x

∂µ(Fµν + gaγγ a F̃µν) = 0

1 Nonrelativistic axions:

µ��∂tc
+
x = ∂zc

+
x + igaγγfam ψ∗c−y /23/2

µ��∂tc
−
y = −∂zc−y − igaγγfam ψc+x /23/2

2 Quasi-stationary approximation:

tγ � ta

∼ ∼

R R/v

⇒





c±i ∝ e
∫ t µ(t′) dt′

vR−1 � µ� R−1

(start of resonance)

3 Boundary conditions:
4 Restoring the solution:
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Simple equations for photons

z

c−y

c+x

∂µ(Fµν + gaγγ a F̃µν) = 0

1 Nonrelativistic axions:

µc+x = ∂zc
+
x + igaγγfam ψ∗c−y /23/2

µc−y = −∂zc−y − igaγγfam ψc+x /23/2

2 Quasi-stationary approximation: vR−1 � µ� R−1

3 Boundary conditions: c±i → 0 as z → ±∞
(see the �gure)

4 Restoring the solution:
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Simple equations for photons

z

c−y

c+x

∂µ(Fµν + gaγγ a F̃µν) = 0

1 Nonrelativistic axions:

µc+x = ∂zc
+
x + igaγγfam ψ∗c−y /23/2

µc−y = −∂zc−y − igaγγfam ψc+x /23/2

2 Quasi-stationary approximation: vR−1 � µ� R−1

3 Boundary conditions: c±i → 0 as z → ±∞
4 Restoring the solution:

Ai =
∫
dnz c

(nz )
i (x) e

∫ t µ dt′+im(nzx+t)/2 + h.c.

Welcome to Quantum Mechanics!
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Static coherent axions (Bose stars)

z

c−y

c+x

v = 0, µ� R−1

1 Analytic solution for any ψ!

c+x = A eµz cosD(z)
c−y = −iA e−µz sinD(z)

}
× e

∫ t µ dt

D(z) = gaγγfam 2−3/2

∫ z

−∞
ψ dz ′

2 Growth exponent: µ =
D(+∞)− π/2∫
dz sin[2D(z)]

3 Condition for resonance: D(+∞) ≥ π/2

Need massive Bose stars! M ≥ M0 = 7.66Mpl/(mgaγγ)

4 QCD axions: M ≤ Mcr ⇒ gaγγ ≥ 0.31 /fa
or collapse
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Exclusion plot for QCD axions

gaγγ ≥ 0.31 /fa
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Hertzberg, Schiappacasse '18; DL, Panin, Tkachev '18
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Resonance in Bose star: numerical simulation

Solve eqs. for a(t, r), Aµ(t, x)
↑ ↑

sph-symmetric general

Compare with analytics

10-8

10-4

1

104

0 0.05 0.1 0.15 0.2

backreaction

lu
m
in
o
ci
ty

time

simulation

exp(µt)

µ =
D(+∞)− π/2∫
dz sin[2D(z)]

= 0.197
m2

M2
pl

(M −M0)
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Collapsing stars: M > Mcr

Attractive ψ4 self-interaction ⇒ self-similar collapse (Bosenova)

1

105

1010

1015

10−6 10−3 1

Critical star

Critical star

|ψ
|2

r

tj = −3.3 · 10−4

−1.9 · 10−7

−8.2 · 10−11

|ψ(r, t)| = χ∗(r
√
−m/t︸ ︷︷ ︸
ζ

)/(mrg4)

↑
universal

1 Compute c±(ζ) for ψ ∝ χ∗

−20 −10 0 10

r
√
−m/t

|c+x | |c−y |

Two modes!

2 Reµ > 0 ⇒ gaγγ ≥ 0.15 /fa
QCD axions (×2)
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Resonance in collapsing star: numerical simulation

µ = µ̃
√
−m/t

10−5

1

105

−4 −3 −2

10−5
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lu
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time
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time
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theory

backreaction
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Simulation of collapsing star

DL, Panin, Tkachev '20
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Conclusions-2

We described:

Simple equations for photons & axions @ v � 1

eikonal
+

quasi-stationary



 approximations ⇒





Spectral problem
[
Ĥ − µ

](c+x
c−y

)
= 0

Like in QM!

Analytic solutions ⇒ exact results for Bose stars

Applications: (see DL, Panin, Tkachev '20)
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Conclusions-2

We described:

Simple equations for photons & axions @ v � 1
Analytic solutions ⇒ exact results for Bose stars

Applications: (see DL, Panin, Tkachev '20)
1 Two stars z

z ≈ 0 z ≈ L

v −v

Resonance is easier: 2D(∞) ≥ π/2
But: v . (mR)−1, L > R

2 Di�use axions

z

∆z

Coarse-graining ⇒ kinetic eq. for nγ

Ddiff ≡ g2
aγγ

8

∫
ρ(z)lcoh(z)dz ≥ 1

3 Radio ampli�cation, ωγ ≈ m/2:
Fγ, out = Fγ, in/ cos2D � Bose star
(dominant if ρstars/ρdiffuse > 10−4)

Fγ, out = Fγ, in/(1− Ddiff) � di�use axions z

Fγ, outFγ, in

Q: 3D numerical simulations with backreaction?D. Levkov (INR RAS & ITMP MSU) Bose stars FDM, 20/07/2020 21 / 22



Thank you!
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