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Simulations of the x-ray free-electron laser (FEL) oscillator are presented that include the frequency-

dependent Bragg crystal reflectivity and the transverse diffraction and focusing using the two-dimensional

FEL code GINGER. A review of the physics of Bragg crystal reflectors and the x-ray FEL oscillator is

made, followed by a discussion of its numerical implementation in GINGER. The simulation results for a

two-crystal cavity and realistic FEL parameters indicate �109 photons in a nearly Fourier-limited, ps

pulse. Compressing the electron beam to 100 A and 100 fs results in comparable x-ray characteristics for

relaxed beam emittance, energy spread, and/or undulator parameters, albeit in a larger radiation

bandwidth. Finally, preliminary simulation results indicate that the four-crystal FEL cavity can be tuned

in energy over a range of a few percent.
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I. INTRODUCTION

With the success of the Linear Coherent Light Source
(LCLS) [1], we are entering the era of x-ray free-electron
lasers (FELs) that realize an enormous improvement in
brightness and coherence over that possible with third-
generation synchrotron x-ray sources. Similar devices
that are also based on self-amplified spontaneous emission
(SASE) are under construction in Japan [2] and Europe [3],
while several others have been proposed. Typical charac-
teristics of SASE pulses include high transverse coherence,
short temporal durations& 100 fs, high peak intensity, and
photon number per pulse (� 1012), but a temporally
chaotic structure whose normalized spectral bandwidth is
�0:1%.

Recently, an x-ray FEL oscillator [4] was proposed in
the 5–20 keV energy range that can potentially offer com-
plementary performance to sources based on SASE, with
�103 lower peak powers, �103 narrower spectral band-
width, and �103 higher repetition rate. The peak spectral
brightness is comparable to a SASE device, while the
repetition rate and the corresponding average spectral
brightness is increased by �103. An FEL oscillator cavity
can be made for x rays using near-normal-incidence Bragg
mirrors to trap the radiation (as was first recognized by
Colella and Luccio [5]), and grazing incidence mirrors to
provide the x-ray focusing.

Designing an x-ray FEL oscillator requires the synthesis
of several components operating near the present edge of
technological capabilities, including the production and
acceleration of high-brightness electron beams, the opti-
mization of radiation generation in the undulator, and the
reflection and manipulation of the x-ray pulses so as to
overlap the subsequent electron bunch and yield FEL gain.

This paper begins to address the latter two areas, i.e., the
physics of the x-ray FEL cavity, by incorporating Bragg
diffraction of x rays from crystals into the well-known
axisymmetric FEL code GINGER [6]. In this manner, vari-
ous FEL parameter and design studies can be done that
model both the relevant electron beam physics (such as
energy spread, emittance, and longitudinal current profile)
and the radiation propagation (including reflection, filter-
ing, and focusing by crystals and mirrors).
We devote the following two sections to discussing the

physics relevant to our x-ray FEL oscillator simulations.
We first review dynamical Bragg diffraction theory of
x rays from crystals in Sec. II, showing that the reflected
radiation from a crystal will be attenuated by a few percent,
filtered in frequency, and delayed in time. Consideration of
the FEL oscillator physics in Sec. III demonstrates that
these crystal properties put certain requirements on the
single-pass FEL gain and electron beam duration, while
also implying that the oscillator cavity length must
be slightly shortened from normal synchronism to ensure
appropriate electron beam-radiation overlap. Additionally,
we discuss incorporating arbitrary Bragg crystal reflectiv-
ities (which are typically calculated theoretically, but could
be determined experimentally) into the 2D FEL code
GINGER. The present work takes advantage of the decou-

pling between transverse and temporal dimensions that
occurs for Bragg reflections near backscattering; future
work will include the angular dependence of the crystal
reflectivity. Finally, in Sec. IV we use the modified GINGER

code to perform a number of simulations of the x-ray FEL
oscillator including the spectral reflectivity of the Bragg
crystals and transverse diffraction and focusing. Using a
low-charge (� 25–50 pC), low normalized emittance
("x � 0:2 mmmrad) electron beam in near direct backscat-
tering, we show that tens of MWof longitudinally coherent
radiation in the energy range from 5 to 20 keV can be*lindberg@aps.anl.gov
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produced in a �1 ps pulse. Additionally, we show that by
compressing the low-charge beam by a factor of 10 (i.e., to
100 fs width and peak current of 100 A), we can relax the
requirements on total cavity reflectivity, beam parameters,
and/or undulator length, while still achieving MWs of
coherent output power. Finally, via a four-mirror geometry,
preliminary simulations show that tens of MW of 14 keV
x rays can be produced and varied over a photon energy
range �6%.

II. BRAGG CRYSTAL MIRRORS

In this section, we briefly review those results of the
dynamical theory of x-ray Bragg diffraction from crystals
that are most relevant to understanding the physics of x-ray
FEL oscillator Bragg crystal mirrors. We adopt the nota-
tion of Ref. [7], quoting the main formulas detailing the
crystal response, while subsequent discussion focuses on
how the crystal properties affect FEL performance.

We consider a Bragg reflector whose reflecting atomic
planes are oriented at an angle � (the asymmetry angle)
from the crystal surface as shown in Fig. 1(a); symmetric
scattering is defined by� ¼ 0. The incident x rays make an
angle � from the crystal plane normal, and have a wave-
length � and energy E ¼ hc=� (where h is Planck’s con-
stant and c is the speed of light). Coherent reflection from
the mirror surface occurs when the wavelength of the
incident radiation nearly satisfies Bragg’s law for reflec-
tion: � ¼ 2dH cos� � �H cos�, where dH is the spacing
between crystal planes, which in turn defines the Bragg
wavelength via �H ¼ 2dH. We schematically represent
the band of large coherent Bragg reflectivity when � �
�H cos� in Fig. 1(b). Note how near backscattering, i.e.,
for � � 1, the shaded region of high reflectivity is nearly

� independent as depicted in box (b1), while at a generic
angle the local reflectivity can be approximated by a band
in the�-� plane whose slope� ��H sin� as indicated by
the box (b2) in Fig. 1(b).
The interaction between the incident radiation and the

crystal medium is given by the electric susceptibility �ðrÞ,
which can be expanded in a Fourier series by virtue of the
crystalline periodicity. Denoting the reciprocal lattice
vectors of the crystal by Hn, we have

�ðrÞ ¼ X
Hn

�Hn
eiHn�r: (1)

We assume that the crystal and its orientation have been
chosen to support a single Bragg reflection, meaning that
the resonant excitation condition is only satisfied for the
two waves whose reciprocal lattice vectors areH0 ¼ 0 and
�H1 (in the x-ray optics literature this is referred to as
two-beam Bragg diffraction). To simplify notation, we
denote the corresponding Fourier coefficients as �0, �H,
and � �H, respectively. In the general case �H are complex;
however, for a nonabsorbing, centrosymmetric crystal
lattice we have �H ¼ � �H. To account for the narrow
bandwidth of strongly reflected radiation, we introduce
the parameter of deviation from the Bragg reflection con-
dition �, which can be written as [7]

� ¼ 4�

�H

�
�

�H

þ cos�

�
¼ 4EH

E

�
EH

E
þ cos�

�
; (2)

where EH � hc=�H is the Bragg energy. Using the dy-
namical theory of Bragg diffraction, the complex ampli-
tude reflection and transmission coefficients can be
determined as a function of the deviation parameter �;
we merely quote the results here. The complex reflection
coefficient is given by

r ¼ R1R2

1� eidðß1�ß2Þ

R2 � R1e
idðß1�ß2Þ ; (3)

while the transmission coefficient is

t ¼ eiß1d
R2 � R1

R2 � R1e
iDðß1�ß2Þ ; (4)

where d is the crystal thickness, while R1;2 and ß1;2 depend
on the deviation parameter �, the Fourier coefficients of
the susceptibility �, and the reflection geometry. At
present, it will suffice to give R1;2 and ß1;2 in symmetric

scattering (� ¼ 0) for the polarization component parallel
to the crystal surface:

R1;2 � 1

2� �H

fð�� 2�0Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�� 2�0Þ2 � �H� �H

q
g (5)

ß1;2 � �

� cos�
ð� �HR1;2 þ �0Þ: (6)

Note that the polarization component chosen requires that
we orient the planar undulator such that the electric field

FIG. 1. (a) General Bragg diffraction geometry of x rays from
a crystal. The incident radiation makes an angle � from the
normal to the reflecting atomic planes, which differs from the
surface normal by the asymmetry angle �. (b) Bragg diffraction
occurs in a small band in � and � near the Bragg condition � ¼
�H cos�. Near backscattering (� � 1), the reflectivity is nearly
independent of � as shown by the shaded area in box (b1). For
generic incidence angles, the reflectivity range is given by the
box (b2).
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vector is perpendicular to the page of Figs. 1 and 4
(� polarization); choosing the orthogonal electric field
polarization (in the page=� polarization) results in a nar-
rower spectral and angular acceptance of the crystal by a
factor� cosð2�Þ with no reduction in the peak reflectivity.

We present the basic characteristics of the complex
reflectivity curve in the next subsection by analyzing
rð�Þ for � � 1 assuming a semi-infinite crystal that has
no photoabsorption. Although idealized, this is a good first
approximation to crystals such as diamond that will yield
valuable insight into the reflection physics from a crystal
mirror. We then briefly discuss the effects of absorption
and finite crystal thickness, while saving the generalization
to ��Oð1Þ and � � 0 for our discussion of the tunable,
four-mirror geometry in Sec. IVC. In this case, the narrow
angular acceptance of the Bragg crystal will, in general,
require a radial Hankel transform of the electric field; we
discuss this extension further in Sec. III D.

A. Backscattering from an idealized symmetric crystal
that is semi-infinite and absorption free

To understand the essential properties of Bragg crystal
mirrors, we first simplify the reflection coefficient (3) by
assuming that the crystal is semi-infinite, has no absorptive
losses, and the reflecting atomic planes are parallel to the
surface (� ¼ 0). In this case, eidß1 ! 0 and the Fourier
coefficients �0 and �H are purely real. Furthermore, we
choose a near-backscattering geometry where � � 1,
� � �4ðE� EHÞ=EH, and define

y � ��þ 2�0

2j�Hj � 1

j�Hj
�
2ðE� EHÞ

EH

þ �0

�
: (7)

By choosing the appropriate branch of the square root, the
reflection coefficient (3) can be written in the following
simple form:

rðyÞ ¼

8>><
>>:
y� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 � 1
p

if y � 1

y� i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
if jyj 	 1

yþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � 1

p
if y 	 �1:

(8)

Writing r � jrjei�, we plot the intensity reflectivity jrj2 as
a green dashed line and the complex phase� using a dotted
blue line in Fig. 2. This graph indicates that the crystal
reflectivity is unity for jyj 	 1, which defines the crystal
Darwin width, while dropping rapidly outside of this win-
dow. Using the definitions (7) and (2) for � � 1, the peak
reflectivity is centered at an energy slightly different from
the Bragg energy,

Ec ¼ EHð1� �0=2Þ � EH½1þOð10�4 to 10�6Þ
;

while the normalized bandpass/Darwin width of the reflec-
tivity curve is

�E

EH

��������jrj2¼1
¼ 4j�Hj � 10�4 to 10�8:

Besides the narrow bandwidth of the reflectivity curve,
(8) and Fig. 2 also indicate that the crystal imposes a
frequency-dependent phase shift on the incident radiation.
Near the central wavelength where jyj & 1, the phase shift
� is a nearly linear function of wavelength, which serves to
predominantly delay the incident pulse in time. Expanding
(8) for jyj � 1, the reflectivity is

rðyÞ � �i½1þ iy� 1
2y

2 þOðy3Þ
 � �ieiy: (9)

The factor of �i accounts for the specular reflection phase
shift of ��=2, while the part dependent on y predomi-
nantly [i.e., to Oðy3Þ] gives rise to a delay in the radiation.
To explicitly demonstrate this, we recall that y is linearly
related to the deviation parameter, and write y ¼ !�þ y0
for � ¼ 2@=EHj�Hj, y0 ¼ �0=j�Hj, and @ ¼ h=2�. In this
case, the action of the Bragg crystal in the region of high
reflectivity on the radiation electric field EðtÞ is approxi-
mately given by

E ðtÞ ! � ieiy0

2�

Z
d!e�i!ðt��Þ~Eð!Þ / Eðt� �Þ; (10)

where ~E is the Fourier transform of E. Thus, the radiation
observed at time t after Bragg reflection is that which was
incident on the mirror at time t-� (modulo a constant
phase), so that near the central wavelength the mirror
predominantly delays the radiation in time [through
Oðjyj2Þ]. Because the Bragg crystal mirror operates via
the coherent superposition of radiation reflected from
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FIG. 2. Reflectivity curve for a semi-infinite, absorption-free
crystal. The idealized intensity reflectivity jrj2 is the dashed
(green) line, showing the Darwin width of peak reflectivity for
jyj 	 1, and the sharp decrease outside this window. The com-
plex phase of r (blue dotted line) varies such that �� 	 � 	 0
within this window, and the mirror acts as a dispersive element.
To compensate for the linear part of the dispersion, we slightly
decrease the cavity length, and plot the complex phase �� of the
effective reflection plus cavity length reduction given in (12) as
the solid red line. About y ¼ 0, the phase �� is nearly constant,
so that the radiation delay has been compensated and the
reflected pulse is minimally distorted.
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many layers of the crystal, this effective delay can be
attributed to the time required for the radiation to penetrate
the layers of the lattice; this penetration distance
c� ¼ 2hc=EHj�Hj is twice the crystal extinction length,
defined to be the distance at which the field intensity
decreases by 1=e.

Because the FEL gain requires precise timing between
the radiation and electron bunches on each successive pass,
the delay in the radiation due to mirror reflection must be
compensated by slightly decreasing the optical cavity
length. For each mirror, the optimal adjustment decreases
the cavity length by an amount �z ¼ c�=2, given by

�z ¼ �H

2�j�Hj : (11)

Typically, �z is of order 103 to 105 radiation wavelengths,
or �1–100 	m. To illustrate how both the reflection and
detuning impact the incident radiation, we combine these
two elements via the effective reflectivity r�. We multiply
the reflectivity (8) by the ideal phase shift e�iy associated
with the length decrease in (11), and obtain the following
effective reflection coefficient:

r�ðyÞ ¼ e�iy

8>>><
>>>:
y� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 � 1
p

if y � 1

y� i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
if jyj 	 1

yþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � 1

p
if y 	 �1:

(12)

We plot the complex phase�� of r�ðyÞ as the red solid line
in Fig. 2. Note how the cavity length reduction has com-
pensated for the linear increase in � within the Darwin
width, so that the complex phase is now nearly constant for
jyj & 1=2. As we will see, the spectrum of the amplifying
radiation is typically sufficiently narrow so as to overlap
only with this nearly constant in phase region of the reflec-
tivity cure. In this case, the pulse will remain appropriately
timed so as to overlap with the next electron beam, while
experiencing minimal distortion. In the following subsec-
tion we qualitatively discuss the effect of finite thickness
and nonzero absorption in the crystal reflectivity, and dis-
cuss how these parameters impact FEL performance.

B. Real crystals: Reflection and transmission
including absorption and finite thickness

In the previous subsection, we detailed the basic reflec-
tive properties of an idealized symmetric crystal that is
semi-infinite and absorption free. Real Bragg crystals suit-
able for an x-ray FEL oscillator differ in two important
respects: the Fourier coefficients of � are complex, and the
thickness of the crystal is finite. The former manifests itself
in photoabsorption that reduces the peak reflectivity and
puts a thermal load on the mirror. Finite crystal thickness
gives rise to oscillations in R seen in Fig. 3 and can lead to
nonzero transmission, which in turn can be exploited by
tailoring the mirror thickness to couple some fraction of the
radiation out of the cavity.

Beyond these differences leading to absorption and
transmission, the general reflection characteristics of
physically realizable Bragg crystals are very similar to
those discussed in the previous section: namely, suitably
oriented crystals exhibit a very high reflectivity in a narrow
frequency range (the Darwin width), and, within this band-
pass, the crystal imparts a complex phase shift to the
radiation whose lowest-order effect is to delay the reflected
pulse in time. In terms of FEL performance, the photo-
absorptive losses place limits on the minimal FEL gain
required for net amplification, while the complex phase
shift and its corresponding delay requires a precise,
micron-scale shift in the resonant cavity length.
Crystals that are sufficiently thick (typically d *

100 	m for E & 15 keV) exhibit vanishingly small trans-
mission within the Darwin width. The absorption in the
Darwin width is typically a few percent for diamond, and is
a slightly asymmetric function of photon energy, which
creates a slightly asymmetric reflectivity curve.
Nevertheless, the qualitative features of the complex re-
flectivity remain quite similar to those presented in the
previous section. As an illustration, we plot the response
of a thick (d ¼ 150 	m) diamond [C(4, 4, 4)] crystal in
Fig. 3(a), which illustrates the decrease in peak reflectivity,
as well as an asymmetric response in jrj2 and jtj2 due to (in
this case) higher absorption for 
E < 0. For photon ener-
gies outside the Darwin width, the phase factors in (3) give
rise to oscillations in the complex reflectivity r and trans-
mittance t, evidence of which can also be seen in Fig. 3(a).
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FIG. 3. Intensity reflectivity and transmittance for the diamond
crystal C(4 4 4) in exact backscattering. The Bragg energy is
near 12.4 keV. Part (a) plots the reflection (solid, red) and
transmission (blue dotted) curves for a ‘‘thick’’ crystal with d ¼
150 	m, demonstrating no transmission with a slightly asym-
metric reflection curve within the crystal bandpass. Outside the
bandpass, the reflection curve oscillates about the absorption-
free, d ! 1 curve (green, dashed line). Graph (b) plots the same
curves for a ‘‘thin’’ crystal with d ¼ 42 	m. The thin crystal
reflectivity curve is rounded and decreased from the semi-infinite
case, while the transmission jtj2 � 4:5% at 
E ¼ 0. The com-
plex phase of (a) and (b) is nearly identical to the ideal case (8)
near the origin 
E ¼ 0.
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Finally, we note that the complex phase of r is nearly
indistinguishable from its ideal (i.e., semi-infinite,
absorption-free) counterpart near 
E ¼ 0. In this way, an
incident pulse whose bandwidth is well contained within
the Darwin width is reflected with a slight loss of intensity,
a delay in time, and with minimal distortion. Thus, we can
again use an appropriate optical cavity length decrease to
compensate for most of the crystal-induced dispersion.

Thin crystals can be employed for partial transmission
of the cavity radiation. We plot jrj2 and jtj2 in Fig. 3(b),
where we use the diamond parameters of Fig. 3(a), but with
a decreased thickness d ¼ 42 	m that is chosen to couple
�4:5% of the radiation out of the cavity. We see that the
thin crystal response is smoothed within the Darwin width,
while the oscillations outside this region have a decreased
frequency in 
E. Nevertheless, near 
E ¼ 0, the absorp-
tion for the thick and thin crystals are nearly identical, as is
the complex phase of r. Thus, the thin crystal behaves
much like the thick crystal described above but with a
lower reflectivity due to the nonzero transmission.

III. FEL THEORYAND SIMULATION
TECHNIQUES

In this section, we review a few basic theoretical results
and describe the additions to the GINGER code that have
been done to simulate the x-ray FEL oscillator. We note
how the Bragg crystals affect the single-pass gain of the
FEL in III A, while explaining the basic transverse profile
of the radiation in III C. These two pieces of physics will be
useful to interpret the simulation results to be presented in
Sec. IV. While the 2D code GINGER used for these simula-
tions is fairly well known and solves the FEL equations
within a numerical framework that has a long history, the
inclusion of the Bragg crystal elements is somewhat new,
and we summarize our method for implementing this
portion of the oscillator in Sec. III D.

A. Single-pass gain in the x-ray FEL oscillator

In order for the radiation in the FEL oscillator to grow,
we require that the net gain in any pass exceeds the losses,
i.e., that

Rð1þGÞ> 1; (13)

where R is the total reflectivity of the crystals and mirrors,
andG is the net gain per pass. In general,G can be reduced
from its ideal FEL value G0 by many effects including
slippage, finite electron beam length, cavity length/timing
errors, etc. For the x-ray FEL oscillator, however, the
dominant gain reduction is typically due to the small
spectral acceptance of the Bragg crystal. For a crystal
with rms spectral bandpass given by �!, the reduction in
net gain from G0 ! G due to the finite crystal acceptance
can be analytically calculated in both the low-gain [4] and
high-gain [8] limit:

G ¼
8><
>:
G0 �

ffiffiffiffiffi
G0

p
2�t�!

if G0 � 1

G0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ8�2

t �
2
!

p
�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ8�2
t �

2
!

p
þ1

if G0 � 1;
(14)

where �t is the rms length of the electron beam. Both of
these formulas have G ! G0 in the limit of �t�! ! 1,
and show that the gain decreases from its nominal valueG0

as the electron beam becomes shorter. Physically, this
arises because only the fraction of the current whose
spectral content lies within the crystal bandpass effectively
contributes to the gain. This gain reduction is significant
when the electron beam length becomes less than the
inverse bandwidth of the crystal, i.e., when �t�! & 1.
For a diamond crystal at 12 keV, the rms bandwidth �! �
12� 1012 rad=s ¼ 12 ps�1. Thus, we expect this gain
reduction effect should become an important consideration
for sub-ps electron beams.
As discussed in Sec. II A, the complex reflectivity also

induces a phase shift on the radiation that is approximately
linear in the energy (or frequency) in the Darwin width. We
can model this affect in the low-gain regime by using
supermode theory [4,9,10], approximating the phase shift
by � ¼ !‘=c, where ‘ is proportional to the crystal pene-
tration length. As shown in Sec. II A, each crystal contri-
butes approximately twice its penetration length to ‘.
Including both this crystal dispersion and a cavity length
change �z, we find that

G ¼ G0 � 2�2
!ð‘þ �zÞ2=c2 �

ffiffiffiffiffiffi
G0

p
2�t�!

: (15)

The final term is the gain reduction due to the finite crystal
bandpass, while the second term shows that we should
reduce the cavity length by setting �z ¼ �‘ to within a
few percent of the inverse bandpass 1=�! so as to not
adversely reduce the gain.

B. X-ray cavity configurations

To trap the radiation and maximize the FEL gain, the
x-ray cavity must provide appropriate transverse focusing
of the radiation. This can be done with presently available
technology by using Bragg crystals to reflect the radiation
and grazing incidence mirrors to provide the x-ray focus-
ing, as shown in Fig. 4(a). Crystal A would be chosen to be
sufficiently thin so as to couple�5% of the radiation out of
the cavity, while the grazing incidence mirrors M1 and M2

would provide the x-ray focusing and angular collimation.
To have a reflectivity near unity, the grazing incidence

angle must be less than the critical angle�1 mrad, limiting
� & 1 mrad in the two-crystal cavity. From Bragg’s law
� ¼ �H cos�, we see that the limits imposed on � by the
two-crystal cavity severely restrict the range of radiation
wavelength. To circumvent this problem, Kim and
Shvyd’ko [11] proposed the four-crystal FEL oscillator
cavity of Fig. 4(b), for which the incidence angle can be
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adjusted to tune the photon energy over a fairly wide range.
We will present results of the performance of both cavity
configurations in Sec. IV.

C. Transverse resonator physics

Since the gain G0 & 2, the transverse mode is typically
well described by the gain-free, vacuum resonator mode of
the cavity. In order to understand the transverse x-ray
profile, we consider the symmetric two-mirror resonator
cavity shown in Fig. 5. This cavity is a simple model of the
two-crystal configuration in Fig. 4(a). The two-mirror
resonator cavity has stable, trapped vacuum modes when
(see, e.g., [12])

f ¼ Lc

4
þ Z2

R

Lc

; (16)

where f is the mirror focal length, Lc is the length of the
cavity, and ZR ¼ 4��2

x=� is the Rayleigh range for a
radiation beam with rms transverse size �x. Although the
relationship (16) is only strictly valid in the low-gain limit,
G0 � 1, we have found that the transverse waist and
Rayleigh range of the growing mode closely follow
Eq. (16) for all the cases presented in this paper, some of
which have nominal FEL gains G0 � 2.
To set the parameters of (16), we require that the cavity

length be chosen so that the round-trip time of the photons
matches the spacing between electron bunches, which for a
repetition rate between 1–2 MHz implies that Lc �
75–150 m. We choose the x-ray Rayleigh range so as to
maximize the FEL gain, which occurs when ZR matches
the vacuum focusing of the electron beam and is of order
Lu=2�, i.e., when ZR � �2

x="x � Lu=2�, with �x the
electron beam waist, "x its emittance, and Lu the length
of the undulator [13]. Using expression (16) yields the
mirror focal length.
To study more general cavity configurations like the

four-crystal cavity of Fig. 4(b), we use the paraxial ap-
proximation to study the transverse x-ray cavity modes. A
convenient way to do this is to introduce a distribution of
fictitious rays in the position (x) and angle (x0) phase space
[14]. Since the rays transform in the same way as in
geometric optics, we can make use of the familiar matrix
formalism in particle optics [15,16]. Although the distri-
bution is not a genuine probability distribution of physical
rays (it is a Wigner distribution; see, e.g., [17]), physically
measurable quantities, such as the density or angular pro-
file, can be obtained by integrating over the variables not
measured. In this approach, a transversely coherent mode
has a Gaussian profile with rms emittance given by the
radiation wavelength � via "r ¼ �=4�. At the mode waist,
the x-x0 correlation vanishes, hxx0i ¼ 0, where the angular
brackets indicate averaging over the ray distribution. The
Rayleigh length ZR at a waist is related to the rms size and
angular divergence as follows:

hx2i ¼ "rZR; hx02i ¼ "r=ZR; (17)

and the Rayleigh length is equivalent to the Courant-
Snyder beta function in the terminology of particle optics
[15]. Although we have made reference to rays in our
description, it can be shown that the matrix formulation
is equivalent to Fresnel wave propagation for Gaussian
waves (see, e.g., Siegman [12]). In the laser community
this approach is usually referred to as the ABCD-matrix
method, and the matrix transformations we list can be used
to derive the stable Rayleigh range and wave front curva-
ture for Gaussian waves.
To study the four-crystal cavity of Fig. 4(b), we note that

this configuration is equivalent to the linear periodic sys-
tem shown in Fig. 6 assuming that the role of crystals is
solely to deflect the ray. In Fig. 6, the focusing mirrors M1

and M2 have focal length f, we denote the consecutive

FIG. 4. X-ray cavity schemes. Part (a) uses two crystals to trap
the radiation and two grazing incidence mirrors to provide
focusing and angular collimation. The x-ray FEL oscillator can
be made tunable by using four crystals as shown in (b). The
angle of incidence � can be varied while simultaneously adjust-
ing the cavity length to change the photon energy while keeping
the round-trip time fixed.

FIG. 5. Schematic of a simple two-mirror resonator cavity. The
transverse properties of the stable vacuum mode are nearly
identical to that of the growing FEL radiation simulated in this
paper.
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crystals A, B, C, and D as we did in Fig. 4(b), and we have
additionally labeled the relevant cavity distances. Note that
W1 is the position of the waist at the middle of the undu-
lator, while the other waist is located atW2. Introducing the
notation

Lð‘Þ¼ 1 ‘

0 1

" #
F¼ 1 0

�1=f 1

" #
Xi�1�‘i

f
; (18)

the criteria for stability can be determined by evaluating
the matrix for one full period. The system is stable pro-
vided that 0<X1X2 < 1; consequently, X1 and X2 should
have the same sign.

The tolerance in the orientation of the crystals can be
determined using a standard method from accelerator
physics. Suppose the crystal A is oriented at an angle ��
from the ideal angle, so that an on-axis ray is deflected by
an angle 2��. The coordinates of the displaced optical axis
at W1 can be found by requiring that the displaced refer-
ence trajectory is periodic with the period of the lens
system:

�x

�x0

" #
¼ Lð‘1ÞFLð2‘2ÞFLð‘1Þ

�x

�x0

" #

þ Lð‘1ÞFLð2‘2 � d1Þ
0

2��

" #
: (19)

The first line has the full round-trip transformation from
the waist W1 at the undulator center, while the second line
includes the angular error due to crystal A.

Let us now consider the physical parameters of the x-ray
FEL oscillator described in Ref. [4] but employing the
four-crystal cavity of Fig. 6. We choose the Rayleigh range
inside the undulator Z1 ¼ 10 m to maximize the gain of
the FEL centered at W1. Choosing a large value of the
Rayleigh range Z2 after the focusing elements is desirable
so that the angular divergence seen by the crystals is small.
We choose Z2 ¼ 250 m so that the angular divergence
around W2 including the two lenses is 5 times smaller
than the value at W1. We also choose X1X2 ¼ 0:01 so
that the cavity is sufficiently far from the region of insta-
bility, while the cavity geometry sets the final relationship:

d1 þ d2 ¼ ‘22 � ‘21 �H2

2ð‘1 þ ‘2Þ ; (20)

where H is the (typically small) vertical distance between
the undulator and the line joining crystals B and C and in
Fig. 4(b). If we assume that H ¼ d2 ¼ 1 m, then the
coordinates of the displaced waist are

�x
�x0

� �
¼ 51:257

1:273

� �
��: (21)

We require the displacements in position and angle to be
less than one-tenth of the mode size and angular diver-
gence, which are 10 	m and 1 	rad, respectively. Using
the positional requirement �x < 1 	m, we find that
�� < 20 nrad; the tolerance obtained using the angular
requirement (i.e., �x0 < 0:1 	rad) is much less stringent.
To improve and extend this theory, we are in the process
of performing a more detailed tolerance study using more
general cavity configurations including multiple misalign-
ments, variation of the radiation wavelength, and the
effects of asymmetric Bragg crystals [18,19].

D. GINGER implementation of the
Bragg crystal reflectivity

As mentioned earlier, GINGER is an axisymmetric (r-z),
polychromatic FEL simulation code that has been used
previously on many single-pass amplifier and multipass
oscillator problems of interest. The oscillator physics pack-
age was originally formulated in the mid-1990s (see, e.g.,
[20]) and supplements the standard single-pass FEL am-
plifier formulation with a Huygens integral method (see
Eq. 16.94 in [12]) to transport the outgoing FEL radiation
from the undulator exit to the various mirror surfaces and
back to the undulator entrance. This linear evolution out-
side the undulator is represented numerically in GINGER

with the complex propagation matrix T . The matrix ele-
ments T ij are calculated once at the beginning of the

simulation, after which the electric field at the start of
any pass is related to that at the end of the previous pass
by the relationship

EnewðriÞ ¼
X
j

T ijEexitðrjÞ; (22)

where index i refers to undulator entrance and j to undu-
lator exit. The matrix T includes effects due to mirror
curvature, mirror holes, and free space propagation.
Imperfect reflectivity (i.e., R< 1) is currently presumed
to have a constant value over the mirror surfaces. GINGER

FIG. 6. A schematic of the optical cavity equivalent to that of Fig. 4(b), but unfolded to straighten the optical axis. A, B, C, and D
label the crystal positions, while W1 (W2) indicate the position of the radiation waist inside (outside) the undulator.
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uses a radially nonuniform grid for the FEL radiation
calculations; the intermediate gridding on the mirror sur-
faces is also typically nonuniform in order to maximize
computational efficiency and accuracy. GINGER also uses
the eikonal approximation (also known as either the slowly
varying envelope approximation or the paraxial approxi-
mation) and presumes that diffraction and, before the
changes listed below, the cavity reflectivity are indepen-
dent of wavelength over the narrow spectral bandpass
modeled.

For the x-ray FEL oscillator simulations presented here,
a number of changes and improvements were needed in
GINGER. First, because typical Fresnel numbers are so large

when considering propagation of Angstrom-wavelength
radiation, we found that the original Huygens-Fesnel in-
tegral algorithm was on occasion numerically too inaccu-
rate, especially for very low-gain systems. We corrected

this problem by using the identity J0ðxÞ � ½Hð1Þ
0 ðxÞ þ

Hð2Þ
0 ðxÞ
=2 in the Fresnel integration kernel for x � 3,

where H0 is the Hankel function. For large x, this change
isolates the fast oscillation term of J0, simplifying the
numerical integration while improving its accuracy for a
given radial gridding. This approach was suggested pre-
viously in [21].

The second change was made necessary by the
�-dependent complex reflectivity of the Bragg crystals
because normally the GINGER code operates completely
in the time domain, with all spectral decomposition done
only after completion of the simulation by a separate
postprocessor code. Implementation of the �-dependent
crystal reflectivity requires a Fourier transform of EðtÞ to

be done at each radial grid zone after each oscillator pass,
followed by a multiplication of Eð�Þ by the complex
reflectivity Rð�Þ for each crystal surface, after which the
result is transformed back to the time domain. Since this is
done only once per pass, the computational cost is fairly
negligible. The complex Rð�Þ is read in as a simple lookup
table at the beginning of the simulation with linear inter-
polation done between table values. For the simulation
results presented here, we also presumed that the radiation
divergence is much smaller than the angular acceptance of
the Bragg crystal; this permits the use of a single reflec-
tivity function Rð�Þ.

IV. X-RAY FEL OSCILLATOR SIMULATIONS

In this section we discuss possible electron beam, un-
dulator, and Bragg crystal properties suitable for x-ray
production at several different photon energies, and present
simulation results from the 2D code GINGER indicating that
such devices can produce�109 coherent photons in a 0.1–
1.0 ps pulse whose peak power is of order a few MW.
Typical beam and undulator parameters are listed in the top
portion of Table I, where we have fixed the transverse
emittance "x ¼ 0:2 mmmrad, the energy spread �E ¼
1:4 MeV, and the electron bunch length �t ¼ 1 ps. The
remaining parameters were adjusted to ensure that the
single-pass net gain G moderately overcame the losses,
i.e., ð1þGÞR> 1. Note that for these cases we have
1=�t�! � 1 so the decrease in the ideal single-pass
FEL gain G0 from (14) is small; when the beam length
approaches that associated with the inverse bandwidth of
the Bragg mirror the decrease in G must be compensated

TABLE I. Possible undulator, beam, and optical cavity parameters. For all cases the transverse
emittance "x ¼ 0:2 mmmrad, energy spread �E ¼ 1:4 MeV, the rms beam length �t ¼ 1 ps,
while the undulator gap is 5 mm. The characteristics in the lower box are from x-ray pulses that
have been coupled out of the cavity through the thin crystal; for a Gaussian ���!ðrmsÞ ¼ 1=2.

Parameter 4.9156 keV 5.591 keV 12.04 keV 14.326 keV 19.936 keV

�u (cm) 2.244 1.96 1.76 1.656 1.50

Nu 1000 1500 3000 3000 3000

FEL K 2.50 1.53 1.51 1.322 1.05

Ebeam (GeV) 7.0 5.0 7.0 7.0 7.0

Ipeak (A) 10.0 20.0 10.0 20.0 20.0

Z� (m) 4.5 6.0 10.0 10.0 10.0

Glinear 0.32 0.60 0.36 0.55 0.32

Rtotal 0.84 0.66 0.85 0.80 0.85

Lcavity (m) 40.0 60.0 100.0 100.0 100.0

Bragg crystal C(2 2 0) Si(2 2 4) C(4 4 4) Al2O3(0 0 0 30) C(5 5 9)

Crystal absorption 5% 12% 1.4% 12% 0.9%

Psat (MW) 99.0 22.7 25.8 25.2 12.9

Spectral FWHM (meV) 2.67 2.70 1.95 2.25 1.95

Temporal FWHM (ps) 1.68 1.35 1.58 1.94 1.30

���!ðrmsÞ 2.25 1.38 0.98 3.98 1.14

Photons/pulse 4:6� 109 6:0� 108 1:1� 109 6:2� 108 3:6� 108

Peak power (MW) 2.5 1.5 1.66 0.76 0.57
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for by increasing G0. We discuss such a scenario in
Sec. IVB, in which we show that, by compressing the
low-charge beam to 100 A and 100 fs, the FEL gain can
be increased so that G> 1, which in turn leads to less
stringent conditions on the reflectivity R and, potentially,
on the cavity alignment.

The properties of diamond, including high peak reflec-
tivity, low absorption, high thermal conductivity, and small
coefficients of thermal expansion, make it an ideal material
for high-power x-ray Bragg mirrors. Although large-scale,
perfect diamond crystals have yet to be produced, the FEL
oscillator only requires a small �100 	m2 region to be
defect free, which seems to be a realistic possibility [22].
Nevertheless, we also consider alternatives in Table I, in-
cluding silicon and sapphire mirrors. While perfect silicon
crystals are readily available, they typically have large
photoabsorption that decreases the net reflectivity while
also increasing the heat load on the crystal. This may lead
to further degradation in cavity performance due to large
temperature gradients or damage in the crystal. Regions of
perfect sapphire crystals have been produced, although, at
the x-ray powers we envision, they too may suffer from
damaging heat loads. We list some possible x-ray FEL
oscillator parameters in Table I, including undulator,
beam, and optical cavity parameters for five different
radiation wavelengths.

The values in Table I reflect the wide range of parame-
ters that can potentially generate intense x rays in a FEL
oscillator but are by no means exhaustive. One significant
difficulty that has yet to be addressed involves the heat load
and damage threshold of the Bragg mirrors. While we
expect material damage to be negligible at these powers
and wavelengths, the heat load will increase the mirror
temperature, which may subsequently shift the resonant
wavelength for Bragg diffraction � � 2d cos� through
thermal expansion of the crystalline plane spacing d.
Because of their relatively high levels of absorption, this
may limit the utility of silicon or sapphire Bragg mirrors.
On the other hand, the small levels of absorption (� 1%),
small coefficients of thermal expansion (� 3� 10�8 1=K
at 100 K [23]), and high heat conductivities make perfect
diamond crystals an ideal candidate for the x-ray FEL
oscillator, and our subsequent examples will focus on it.

A. 12-keV FEL using diamond Bragg mirrors

An x-ray FEL operating near 1 Å with the parameters
listed in the third column of Table I has a linear gain G �
36%, while the theoretical peak intensity reflectivity of the
two mirrors is 94%. Note that the gain reduction due to the
finite temporal e-beam length and the narrow crystal band-
width for a 1 ps pulse incident on the C(4 4 4) reflection is
small,

ffiffiffiffiffiffi
G0

p
=�t�! � 0:02. Additionally, we assume that

there are two focusing elements whose effective focal
length is 52.0 m, and that each element induces an addi-
tional loss of 5%, so that the net per-pass gain is

ð1þGÞR � 1:14> 1: (23)

We show a typical example of the radiation evolution
from shot noise initiation through saturation to the devel-
opment of a steady state in Fig. 7. The first row of panels
displays the temporal power profile after various pass
numbers using a solid, red line; we include the electron
beam current profile as the green, dashed line for reference.
The second row shows the cavity pulse spectrum after the
same pass number with the solid red line, with the total
crystal and mirror reflectivity bandpass included as the
dashed green line. These plots indicate significant temporal
and spectral fluctuations during the initial seeding and
exponential growth phase for Npass & 150. After saturation

the x-ray power is nearly single peaked in both time and
energy, with the temporal width fixed by the electron beam
to be of order 1 ps. Nevertheless, slow evolution proceeds
over the next several hundred passes, until the temporal
and spectral profiles reach a steady state. The final panel
plots the power and spectra at Npass ¼ 600 and Npass ¼
1000, showing very close overlap.
The temporal and spectral power profiles of the out-

coupled x-ray pulse after the 1000th pass are shown in
Fig. 8. To obtain these plots, we applied the complex
transmission coefficient of the thin crystal to the complex
electric field. Comparison to the final panels of Fig. 7
demonstrate that the output pulse properties are nearly
identical to that of the cavity pulse, the only significant
distinguishing feature being the �95% decrease in total
energy due to the small transmission of the thin crystal.
After 1000 passes, the transmitted radiation spectrum has

a measured rms width of 1.29 meV, while the temporal rms
width is about 0.51 ps. This corresponds to a bandwidth-
temporal product of 0.98, approaching the Fourier limit of
0.5 for a Gaussian pulse profile. The output pulse has a peak
power of 1.54 MW, and the total energy coupled out of the
cavity is 2:2 	J, corresponding to 1:1� 109 photons.

B. Relaxed operation using a 100 fs electron beam

The ‘‘canonical’’ examples discussed thus far use a 1 ps
electron beam with 25 to 50 pC of total charge and a peak
current between 10–20 A. This case typically requires
�3000 undulator periods, and a beam with normalized
emittance of "x ¼ 0:2 mmmrad and normalized energy
spread�E=E ¼ 0:02% to overcome the assumed 85% total
cavity loss and yield net FEL gain. In this section, we
consider the possibility of further compressing a 25 pC
electron beam to 100 fs, raising the peak current to 100 A.
We will find that such a compressed beam increases the
single-pass FEL gain, thereby relaxing the requirements on
undulator length, beam emittance, and/or total round-trip
reflectivity. Wewill discuss a few such specific examples at
12-keV photon energy, although similar results will also
hold for the other 5-, 14-, and 20-keV examples discussed
in the previous sections.

PERFORMANCE OF THE X-RAY FREE-ELECTRON LASER . . . Phys. Rev. ST Accel. Beams 14, 010701 (2011)

010701-9



For a 100 A, 100 fs electron beam, we list the net FEL
gain G, which includes the decrease due to the finite
spectral bandwidth of the Bragg crystals, for several differ-
ent beam and undulator parameters in Table II. For the
present discussion we assume that the total round-trip loss
equals 50%; note that the number of undulator periods has
been chosen such that 1þG> 2, so that the net gain

exceeds the total loss. Table II indicates that raising the
current by a factor of 10 at fixed charge can result in
relaxed requirements for the beam quality and/or the un-
dulator length, even with the comparatively low quality
factor of the cavity. The output pulse peak power is similar
or greater than similar parameters at 10 A peak current,
although the photon number is reduced due to the shorter
x-ray pulse, whose width is �150 fs full-width at half-
maximum (FWHM). Since the temporal width has de-
creased by a factor of 15–20, the spectrum has broadened
a similar amount, to a FWHM �15–18 meV.
To compare with the 1 ps case of Figs. 7 and 8, we show

the output pulse power profile in time and energy in Fig. 9,
where we take the beam to have "x ¼ 0:3 mmmrad and
�E=E ¼ 0:02% from Table II. The main peak is nearly
Gaussian in shape but now is followed in time by a series of
trailing pulses of decreasing amplitude. These pulses can
be associated with the multiple reflected pulses at the
crystal surfaces; their �300 fs periodicity can be roughly
associated to twice the thickness of the thin crystal, 2d ¼
84 	m. Because of these trailing pulses, the rms width is
somewhat larger than what one might expect for a
Gaussian. However, since they come after the main pulse,
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FIG. 8. Outcoupled pulse power profiles in time and energy
after 1000 oscillator passes; compare with the cavity pulses
plotted in the last panel of Fig. 7.
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FIG. 7. Snapshots of the trapped cavity radiation for a typical simulation of the x-ray FEL oscillator at 1 Å (parameters are listed in
Table I). The top row shows the transverse-averaged power in solid (red) lines, with the 1 ps electron beam current profile displayed by
the dotted (green) line for comparison. The bottom row plots the normalized radiation spectrum with the solid (red) line, and includes
the total reflectivity of the Bragg crystals (including the artificial decrease to 85% total reflectivity) as the dotted (green) line. The time
and spectral properties fluctuate significantly until saturation around 200 passes, after which a slow evolution occurs until a near-
equilibrium state is reached around pass number 500. The final panel includes both power and spectral profiles at both 600 and 1000
passes, which are nearly identical. After pass 1000, the temporal and spectral properties of the transmitted radiation are nearly identical
to that in the cavity, with the only difference being a decrease in the energy/power of the output to �4%–5% of the cavity pulse.
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the prepulse is minimal, and the x-ray burst is expected to
have a high contrast ratio �106 at the leading edge.
Figure 9 also plots the corresponding outcoupled spectral
profile. Because the bandwidth of the short 100 fs electron
beam is greater than that of the crystals, the x-ray spectrum
fills the Bragg bandpass with a single peak. The slight
distortion in the spectrum near 10 meV arises from the
increased transmission of the thin crystal (plotted as the
dotted blue line) away from the central energy.

C. Four-crystal geometry for a tunable,
low-bandwidth x-ray source

The x-ray FEL oscillator scenarios presented in the two
previous sections used the simple two-crystal cavity

assuming near backscattering from the crystal surfaces.
The major drawback to this scheme is that, because the
x-ray energy is set by Bragg’s law E ¼ EH= cos�, it
cannot be easily varied for � � 1. In order to vary the
x-ray energy, one can use the four-mirror geometry shown
in Fig. 4. For this configuration, the x-ray angle of inci-
dence � is adjusted at all four mirrors so as to vary the
photon energy while maintaining the same round-trip
length. As previously mentioned, the basic physics of
this cavity are similar to that of the simple resonator cavity
discussed in Sec. III C, but the additional elements will also
decrease the round-trip reflectivity, while the finite angular
acceptance of the crystals at � * 1
 will introduce addi-
tional physics constraints. However, our GINGER simula-
tions do not include the angular response of the Bragg
crystals. For the present study, we assume that the focusing
elements produce a 0:25 	rad x-ray divergence on the
Bragg crystals, a value much less than the crystal accep-
tance of�1–4 	rad. Thus, while we expect that the results
presented here should give a reasonable indication of the
four-mirror requirements and x-ray properties, definitive
predictions will have to be deferred until further code
modifications have been made to more completely model
the 2D physics of this geometry.
We list the preliminary simulation parameters and re-

sults for several possible four-mirror x-ray FEL oscillator
configurations in Table III. The basic required parameters
and output characteristics are quite similar to those listed in
Table I, although the electron beam current (and, hence,
charge) has been increased to 20 A to overcome the addi-
tional losses. Additionally, we include two separate results
for each of the 9- and 14-keV photon energies: one for
which we use the theoretical crystal reflectivities and as-
sume a 5% loss for each of two focusing elements, and
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FIG. 9. Time and spectral profiles of the output radiation using a 100 fs electron beam and the parameters listed in Table II. In panel
(a), the temporal profile shows �7 MW peak power in a nearly Gaussian first pulse; the subsequent pulse train is related to multiple
reflections from the crystal surface. Panel (b) shows the spectral properties of the cavity reflectivity Rtotal with the dashed (green) line
and the transmission with the dotted (blue) line. The spectrum of the cavity pulse just fits within the crystal bandwidth, which leads to a
similar shaped transmitted spectrum shown by the solid (red) line. Because the transmission of the thin crystal increases near the edges,
the transmitted pulse spectrum is slightly distorted; nevertheless the spectrum is nearly single peaked, with a FWHM �18 meV and a
fractional bandwidth �1:5� 10�6.

TABLE II. Electron beam, undulator, and output radiation
parameters for the 100 fs, 100 A operation at 1 Å. For net
gain and our definition of the gain G and total reflectivity R, we
require Rð1þGÞ> 1; the parameters listed assume R ¼ 0:5.
The multiple reflections from the crystal surfaces lead to a
sequence of low-amplitude pulses, as shown in Fig. 9, although
the first, main pulse is nearly Gaussian. Note that these oscil-
lations follow the main pulse, so that the leading, main pulse has
a high contrast ratio with minimal prepulse pedestal.

"x (mmmrad) 0.2 0.3 0.3 0.4

�E=E (%) 0.02 0.02 0.03 0.02

Nu 1100 1670 2500 2220

Lu (m) 20.0 30.0 45.0 40.0

Net gain G 1.64 1.63 1.29 1.23

Spectral FWHM (meV) 14.7 18.4 16.2 15.3

Temporal FWHM (fs) 170 148 156 165

Ppeak (MW) 8.4 6.1 0.64 1.1

Photons/pulse 8:7� 108 5:5� 108 6:0� 107 1:2� 108
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another that includes an additional 10% loss. This de-
creases the peak power and photon flux by approximately
a factor of 2, but still provides coherent, nearly Fourier-
limited x-ray pulses with FWHM bandwidths between 1
and 2 meV. Simulation results indicate that there is suffi-
cient gain to tune the photon energy by about�3% for the
lower two energies. At 20 keV, a tuning in energy of
�1:7% can be achieved. The pulse profiles in time and
spectra look similar to those of the two-crystal cavity
shown in Fig. 8.

We might also consider using the compressed, 100 A
beam option presented in Sec. IVB, with the hope of
increasing the linear gain and thereby decreasing the
beam emittance or cavity reflectivity requirements. This
attractive possibility cannot be addressed without includ-
ing the angular divergence of the Bragg crystal because the
x-ray spectrum produced by a 100 fs electron beam will fill
the entire spectral bandpass, and the radiation will be
affected by the full Rð�;�Þ. We plan to investigate these
physics issues in subsequent work, in which angle-
dependent reflectivity will be included in our simulation
model. In this case, however, each individual Bragg crystal
breaks the assumed axial symmetry, treating positive and
negative angles with respect to the optical axis differently.
Nevertheless, the combined acceptance of all four crystals
and their respective drift spaces is approximately symmet-
ric in angles, and the total transformation between the
focusing optics M1 and M2 in Figs. 4 and 6 can be ex-
pressed in the angular representation of the field as a
simple multiplication that is axially symmetric. For this
reason, GINGER can adequately represent the cavity in
Figs. 4 and 6. Since this optical configuration can be
used to collimate the beam outside the undulator and
decrease the effect of the finite angular crystal acceptance,

we believe this to be the most attractive tunable oscillator,
but numerically assessing other geometries may require a
fully three-dimensional field representation.

V. CONCLUSIONS

In this paper we investigated the performance of the
x-ray FEL oscillator using two-dimensional GINGER simu-
lations. These simulations solved the standard FEL equa-
tions in the undulator, and included diffraction, focusing,
and the full Bragg crystal reflectivity in the cavity pro-
pagation. We confirm that the primary effect of the crystal
is to filter the radiation in frequency and to delay it in time.
We also find that the penetration of the x rays into the
crystals results in an effective delay that requires compen-
sation via a cavity length reduction of tens of microns. The
essential conclusions [4,24] based on 1D arguments and
idealized crystal reflectivities have been confirmed: a high-
quality ("x ¼ 0:2 mmmrad), low-charge (25–50 pC)
electron beam of 1 ps duration can produce x rays with
1–10 MW of peak power in an extremely narrow, nearly
Fourier-limited bandwidth �1–3 meV FWHM. Addi-
tionally, compressing the electron beam by a factor of 10
increases the single-pass gain, and one can consider easing
the requirements on the electron beam emittance, the
cavity reflectivity, and/or the undulator length. We have
shown that with a 100 A, "x ¼ 0:3 mmmrad beam, one
can overcome 50% losses using 30 m of undulator to
produce�5� 108 photons in a 150 fs FWHM pulse whose
bandwidth is 18 meV (FWHM). Furthermore, one might
easily imagine electron and undulator parameters any-
where between these two cases, although compressing
the electron beam further will result in shorter x-ray pulses
only if suitable crystal planes with a broader spectral
bandwidth are chosen. Finally, the four-mirror geometry

TABLE III. Possible undulator, beam, and optical cavity parameters for the 4-mirror, tunable
FEL. For all cases the electron beam energy Ebeam ¼ 7 GeV, current Ibeam ¼ 20 A, energy
spread �E ¼ 1:4 MeV, the rms beam length �t ¼ 1 ps, while Nu ¼ 3000 and the undulator gap
is 5 mm. The lower box contains radiation characteristics of the x-ray pulses that are couple
through the thin mirror assuming 4% transmission, and include the ‘‘idealized’’ reflectivities on
the left and the more conservative ones on the right, as described in the text.

Parameter 9.131 keV 14.4125 keV 20.514 keV

�u (cm) 1.76 1.66 1.50

Nu 3000 3000 3000

FEL K 1.52 1.32 1.05

"x;n (mmmrad) 0.2 0.2 0.1

Linear G0 0.86 0.58 0.56

Bragg crystal C(3 3 3) C(3 3 7) C(3 3 11)

Tuning range 6.2% 6.0% 3.5%

Rtot ¼ 0:81 Rtot ¼ 0:72 Rtot ¼ 0:83 Rtot ¼ 0:73 Rtot ¼ 0:83
Ppeak (MW) 3.9 1.8 2.0 0.9 1.6

Spectral FWHM (meV) 1.57 1.78 1.78 2.06 1.25

���! (rms) 1.05 0.93 1.39 1.13 0.71

Photons/pulse 4:6� 109 2:0� 109 1:2� 109 0:4� 109 0:92� 109
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appears to be an attractive way of making this source
tunable in photon energy by 3%–6%, although to make
definitive statements in this regard will require including
the angular dependence of the crystal reflectivity into the
FEL simulation code.
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