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This work: Look at radial expansion of a 

single bubble to calculate the kinetic

energy available for GW production

Follow up on J. Espinosa, T. Konstandin, 

J. No, G. Servant [1004.4187] 
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Kinetic energy fraction K=𝝆𝒌𝒊𝒏 / 𝒆𝒏
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𝐾 =
𝜌𝑘𝑖𝑛
𝑒𝑛

=
3

𝑒𝑛𝜉𝑤
3 ∗ න𝑑𝜉 𝜉

2𝑣2𝛾2𝑤

𝐾 =
𝑤𝑛
𝑒𝑛

∗
𝑫𝑿

4 𝑤𝑛
∗ 𝜅(𝛼𝑥, 𝜉𝑤)

• reshuffle terms to:

Adiabatic index Γ
∝ Phase transition strength 𝜶𝑿
(different definitions exist)

Model-independent efficiency factor

J. Espinosa, T. Konstandin, J. No, G. Servant [1004.4187]

• estimated by hydrodynamics of single expanding bubble in a plasma

literature approach: Calculate in bag equation of state (assume

relativistic gas in both phases seperated by vacuum contribution 𝜖)
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Model dependence in hydrodynamics
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Sound arguments to go beyond the bag model

𝑑𝑣

𝑑𝜉
=
2𝑣 1 − 𝑣2

𝜉 1 − 𝑣𝜉

𝜇2

𝒄𝟐
− 1

−1

,

𝑑𝑤

𝑑𝑣
= 𝑤 1 +

1

𝒄𝟐
𝛾2𝜇

𝑇𝜇𝜈 = 𝑢𝜇𝑢𝜈𝑤 − 𝑔𝜇𝜈𝑝

• hydrodynamic equations: 

• for constant speed of sound these decouple

into*:

• start from perfect fluid:

𝜕𝜇𝑇
𝜇𝜈 = 0

𝜇 =
𝜉 − 𝑣

1 − 𝜉𝑣
, 𝛾2 = 1 − 𝑣2 −1*with:

𝑣+𝑣− =
𝑝𝑠(𝑇+) − 𝑝𝑏(𝑇−)

𝑒𝑠(𝑇+) − 𝑒𝑏(𝑇−)

• energy momentum conservation at the

wall front leads to:

• different classes of solutions depending on 

wall velocity 𝜉𝑤 (detonations, deflagrations, 

etc.)

• also dependent on speed of sound via 𝑝, 𝑒

𝑐𝑠,𝑏
2 (𝑇) =

𝑑𝑝𝑠,𝑏/𝑑𝑇

𝑑𝑒𝑠,𝑏/𝑑𝑇

𝑣+
𝑣−

=
𝑒𝑏(𝑇−) + 𝑝𝑠(𝑇+)

𝑒𝑠(𝑇+) + 𝑝𝑏(𝑇−)
,
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Expansion of matching equations and speed of sound
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𝑣+
𝑣−

≃
(𝑣+𝑣−/𝑐𝑏

2 − 1) + 3𝛼𝜃
(𝑣+𝑣−/𝑐𝑏

2 − 1) + 3𝑣+𝑣−𝛼𝜃

𝑐𝑏
2 =

𝛿𝑝𝑏
𝛿𝑒𝑏

= ቤ
𝑑𝑝𝑏/𝑑𝑇

𝑑𝑒𝑏/𝑑𝑇 𝑇=𝑇𝑛

𝛿𝑝 1 −
𝑣+𝑣−

𝑐𝑏
2 ≃ 𝑣+𝑣−𝐷𝑒 − 𝐷𝑝

Δ𝑝 = [𝑝𝑠 𝑇+ − 𝑝𝑏(𝑇+)] + [𝑝𝑏 𝑇+ − 𝑝𝑏(𝑇−)]

≡ 𝐷𝑝 ≡ 𝛿𝑝𝑏

𝜃 ≡ 𝑒 −
𝑝

𝑐𝑏
2 , 𝛼

𝜃
≡

𝐷 ҧ𝜃

3𝑤𝑁

agrees with definition of alpha from literature

for 𝑐𝑏
2 =

1

3

rewrite differences between phases as: 

with this the first matching equation becomes:

plugging into the second:

→ matching only depends on 𝛼ഥ𝜃 , 𝑐𝑏
2

PT strength parameter
„pseudotrace“

Under assumption 𝑇𝑛 ∼ 𝑇+ ∼ 𝑇−:

Key definitions:
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Generalization of the bag model
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𝑝𝑠 =
1

3
𝑎+𝑇

𝜇 − 𝜖 𝑒𝑠 =
1

3
𝑎+(𝜇 − 1)𝑇𝜇 + 𝜖

𝑝𝑏 =
1

3
𝑎−𝑇

𝜈 𝑒𝑏 =
1

3
𝑎−(𝜈 − 1)𝑇𝜈

𝜈 = 1 +
1

𝑐𝑏
2 𝜇 = 1 +

1

𝑐𝑠
2

• construct „bag-like“ equation of state that has soundspeed in symmetric and 

broken phase as free parameters

• for 𝜇 = 𝜈 = 4, the bag equation of state is recovered.

• the expansion from last page is exact for this model

𝑣+
𝑣−

=
(𝑣+𝑣−/𝑐𝑏

2 − 1) + 3𝛼
𝜃

(𝑣+𝑣−/𝑐𝑏
2 − 1) + 3𝑣+𝑣−𝛼𝜃

• consistent treatment of energy budget needs to allow for deviations from 𝑐2 =
1

3

𝜈𝜇 − 𝑚𝑜𝑑𝑒𝑙

𝑐𝑠
2 =

1

4

𝑐𝑠
2 =

1

3

𝑐𝑏
2: 

1

3
→

1

4

(L. Leitao, A. Megevand

2014)
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Efficiency factor in the 𝝂𝝁 model
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𝑐𝑏
2 = 1/3

𝑐𝑏
2 = 1/4

For detonations

independent

from 𝑐𝑠
2! (fully 

absorbed in 

definition of 𝛼ഥ𝜃)

𝑐𝑠
2 = 1/4

2004.06995
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How to use our method?

• map your favorite model onto the 𝜈𝜇-model by calculating 𝛼𝜃 ,𝑐𝑠
2 and 𝑐𝑏

2 in your model

• use python code to compute 𝜅ഥ𝜃(𝛼𝜃, 𝑐𝑠
2, 𝑐𝑏

2)

• rescale result consistently by using

• result model-independent up to 𝑇 dependence

in 𝑐𝑠,𝑏
2 (𝑇). 

| Model-independent energy budget | Felix Giese, 25.09.2020

𝐾 =
𝐷𝜃

4𝑒𝑛
𝜅𝜃

So far available for

detonations. 

deflagrations and 

hybrids in next

publication.
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Different methods to determine K
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different estimates for K exist in the

literature. Approximations that can be found

in the literature are:

all methods from the literature use the efficiency factor

from the bag model 𝜅𝑏𝑎𝑔 𝛼 = 𝜅(
1

3
,
1

3
, 𝛼)

𝐾 =
𝑤𝑛
𝑒𝑛

∗
𝐷𝑋

4 𝑤𝑛
∗ 𝜅(𝑐𝑏

2, 𝑐𝑠
2, 𝛼)

∼ 𝛼𝑋

X ∼ 𝜃, 𝑝, 𝑒
trace difference

pressure difference

energy difference

Γ ∼
4

3

1

1 + 𝛼𝑋
(True in bag model)

Codes for methods we use:
Exact

hydrodynamics

This work
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Example for a realistic model: SM+singlet

• two step EW phase transition via addition of a real scalar

𝑠 with Z2 symmetry

• thermodynamic potentials from

𝑝𝑏 𝑇𝑛 = −𝑉𝑒𝑓𝑓 ℎ 𝑇𝑛 , 𝑠 = 0, 𝑇𝑛

𝑝𝑠 𝑇𝑛 = −𝑉𝑒𝑓𝑓(ℎ = 0, 𝑠(𝑇𝑛), 𝑇𝑛)

• we use the FindBounce [2002.00881] to calculate the

nucleation temperature 𝑇𝑛

• daisy diagrams wash out the contribution to soundspeed

reduction

| Model-independent energy budget | Felix Giese, 25.09.2020

(Z2 symmetry)

Δ𝑉0 = −
𝜇𝑠
2

2
𝑠2 +

𝝀𝒔
4
𝑠4 +

𝝀𝒎
2
𝐻†𝐻𝑠2

→ 𝛼ഥ𝜃 , 𝑐𝑏
2, 𝑐𝑠

2

𝑚𝑠 = 170 𝜆𝑠 = 2.8

𝜆𝑚 = 1.8𝑇𝑛 = 69.4

𝛼ഥ𝜃 = 0.067

𝑐𝑏
2 𝑇𝑛 = 0.321

𝑐𝑠
2 𝑇𝑛 = 0.331

Set Barrier in h-s plane

EW br. minimum

Z2 br. mininum
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• gravitational waves are an interesting probe to new physics.

• parametrization of 𝐾 in terms of 𝛼ഥ𝜃 , 𝜉𝑤, 𝑐𝑠
2, 𝑐𝑏

2 :

• taking soundspeed corrections into account by mapping to the 𝜈𝜇 𝑚𝑜𝑑𝑒𝑙 (M2) gives the best approximation to the exact 

hydrodynamics (M1)

• advise against general use of 𝛼𝑝, 𝛼𝑒 even for 𝑐𝑠,𝑏
2 ≃

1

3

Conclusions
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𝜅ഥ𝜃 =
4𝜌𝑓𝑙

𝐷 ҧ𝜃
, 𝜃 ≡ 𝑒 −

𝑝

𝑐𝑏
2 , 𝛼

𝜃
≡
𝜃𝑠 𝑇𝑛 − 𝜃𝑏 𝑇𝑛

3𝑤𝑁
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Thank you!
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Model independence 𝝂𝝁 model (table of different 𝜶𝒔)

| Model-independent energy budget | Felix Giese, 25.09.2020

𝜒 is the free parameter in the new model

𝜒 =
𝑎−

𝑎+
𝑇𝑐𝑟
𝜈−4

For our method the result is independent from 𝜒.


