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Feynman Integrals
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๏ PerturbaJve QFT computaJons are build from Feynman integrals

๏ Feynman integrals themselves have an interesJng mathemaJcal structure

Subtopology

๏ ScaOering amplitudes, cross secJons, gravitaJonal wave phenomenology, …

๏ Search for new physics

๏ High precision measurements & mulJ-loop Feynman integral computaJons

๏ (New) special funcJons such as ellipJc integrals, polylogarithms, modular forms, CY-periods, …

๏ Algebraic, geometric and number theoreJc structures such as EllipJc curves, CYs, moJves, …

๏ Banana graph is subtopology of nearly all mulJ-loop graphs

๏ FuncJon space?



Basics of Feynman Integral Computations
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[Tarasov]

๏ IntegraJon by parts:

๏ Momentum space representaJon:

๏ Dimensional regularizaJon:
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๏ Dimensional shi^ relaJons:
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Basics of Feynman Integral Computations
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๏ Periods:
[Kontsevich & Zagier]

๏ Maximal cuts of a Feynman graph: "Residues around propagators"

SaJsfy (inhomogeneous) 
differenJal equaJons

Similar properJes 
Easier to compute

[Tarasov]

๏ IntegraJon by parts:

๏ Momentum space representaJon:

๏ Dimensional regularizaJon:
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Calabi-Yau Manifolds
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What is a Calabi-Yau?

๏ Defined by polynomial constraints

"CYs are natural generalizaJons of ellipJc curves"

๏ DisJnguished differenJal form

๏ "Flat"

CYs can be defined for arbitrary dimensions

Weierstrass form: QuinJc constraint:

With "correct" metric torus is flat CY are defined by Ricci flatness

At a MUM point the "periods" have an increasing logarithmic structure

Point of maximal unipotent monodromy

Unique holomorphic differenJal: Unique holomorphic           -form:(3, 0)
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Periods describe structure of CY, mulJvalued funcJons



Banana Integrals in D=2
๏ Start of our analysis 

and equal masses
Banana integral is finite

๏ Associated geometries and funcJons:
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[Duhr et al.]
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Banana Integrals in D=2
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๏ Associated CY: Two different descripJons
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๏ Parameter space for                  :
Picard-Fuchs differenJal equaJon:

Basis of Cycles 
max cuts
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Banana Integrals in D=2
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๏ Frobenius method: Basis of soluJons      ,
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Banana Integrals in D=2

7

๏ Singularity structure: Monodromies
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Banana Integrals in D=2
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๏ Full F-integral:

Need only iniJal condiJon for differenJal eq. (Gamma class)

๏ Singularity structure: Monodromies
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Lessons from CY geometry for F-Integrals
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๏ QuadraJc relaJons:
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Associate a CY geometry to a F-graph Geometric interpretaJon/methods [1]

๏ For one-parameter there are simple condiJons to be actually a CY

๏ Landmann's Theorem:

๏ Transcendental weight: At MUM-point Frobenius basis has special logarithmic structure

๏ Modular properJes:

algebraic -dim mfdn
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IG(�) ≥ logm(�) ∆ dim(M) Ø m

For CYs not all logarithmic degeneraJons are possible

Only for l  3
K3 surface associated to           is a symmetric squarel = 3

๏ Gamma class:

iniJal condiJon as topological integral
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Banana Integrals in Dimensional Regularization

Similar story

๏ One can construct PF differenJal equaJons with -dependence✏

๏ IniJal condiJon from hypergeometric series expansion of F-integral (generalized Gamma class)

๏ Extended CY geometry (le^-extended PF equaJons, iterated integrals of CY periods)

Banana integrals can be computed in equal— and generic-mass case also in dim reg! 

๏ What can we say for
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Conclusions

๏ General connecJon between CY manifolds and F-integrals has to be elaborated

๏ Which (class of) Feynman graphs correspond to CY manifolds?

๏ Many interesJng implicaJons from CY geometry for F-integral

๏ Not unique geometry but same periods

๏ Are there more general objects than CY manifolds or moJves?

๏ Banana integrals can be solved in           as well as in                 dimensionsD=2-2✏D=2

Equal-mass case Generic-mass case

QuadraJc relaJons, Gamma class, relaJon log power and dim mfd, …

Can one associate a CY moJve to every F-integral?

Further Ques:ons:
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�ŽǁŶůŽĂĚ�ďĞƌĞŝƚ�ƐƚĞŚĞŶ͘

ϭ͘Ϯ͘ϭ��ŶǁĞŶĚƵŶŐƐĨĂƌďĞŶ

/Ŷ�ĚĞƌ�^ƚĂŶĚĂƌĚĨŽƌŵ�ǁŝƌĚ�ĚĂƐ�>ŽŐŽ�ĚƌĞŝĨĂƌďŝŐ�
;�ůĂƵ͕�'Ğůď�ƵŶĚ�'ƌĂƵͿ�ŽĚĞƌ�ĞŝŶĨĂƌďŝŐ�;ŐƌĂƵ͕�
ƐĐŚǁĂƌǌ�ŽĚĞƌ�ǁĞŝƘͿ�ĚĂƌŐĞƐƚĞůůƚ͘

DĞŚƌ�ǌƵƌ��ĞĮŶŝƟŽŶ�ĚĞƌ�hŶŝǀĞƌƐŝƚćƚƐĨĂƌďĞŶ�
ĮŶĚĞŶ�^ŝĞ�ƵŶƚĞƌ�WƵŶŬƚ�3 Farben.
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