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INTERPLAY OF PERTURBATIVE AND NON-PERTURBATIVE PROPERTIES OF CORRELATION FUNCTIONS / AMPLITUDES

Low energy expansion of type IIB amplitudes in AdS5 X S5
covariance of:

large-N expansion of SUSY YM correlators

SL(2,Z)



STRESS TENSOR SUPERMULTIPLETSYM
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N = 4

• Holographic dual MUV n-point amplitudes have no massless poles
– their low energy expansions are contact interactions

〈O2(x1) . . .O2(x4)〉 〈Λ(x1)Λ(x2)Λ̄(x3)Λ̄(x4)〉 qU = 0All 4-point correlators conserve U(1)  e.g.                                 ,                                         , 
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Stress Tensor
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Chiral lagrangian
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O2 Superconformal Primary

(on-shell) lagrangian 

L = − i

2τ̂2

(
τ̂Oτ − ¯̂τŌτ̄

)
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τ̂ =
θYM

2π
+ i

4π

g2
Y M

Complex coupling dual to complex dilaton in IIB

n-point correlators violate U(1) by units  
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qU ≤ 2(n− 4)

Maximal U(1) violating (MUV) correlators violate U(1) by                   units  
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qU = 2(n− 4)

• “Bonus U(1)”  symmetry - outer automorphism of (Intrilligator).     
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PSU(2, 2|4)
Broken to      (as in the dual type IIB superstring).     Leads to the following pattern of charge violation:
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S-DUALITY GROUP SL(2,Z) a, b, c, d ∈ Z
ad− bc = 1
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τ̂ → aτ̂ + b

cτ̂ + d

MONTONEN-OLIVE (SL(2,Z)) DUALITY

½-BPS OPERATORS are modular forms with weights                i.e. U(1) charge                 
<latexit sha1_base64="WqzNe+gg7rvud35GyXDwnfUTZdA="></latexit>

(w,−w)
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qU = 2w

weight

NON-HOLOMORPHIC EISENSTEIN MODULAR FORMS

(act with covariant derivatives on (0,0) form)
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Ew(s, τ̂ , ¯̂τ) = Dw−1 . . .D0 E(s, τ̂ , ¯̂τ)
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COVARIANT DERIVATIVE
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Dw = iτ̂2
∂

∂τ̂
+

w

2 Changes      by 1
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Dwf
(w,−w) = f (w+1,−w−1)
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D̄−wf
(w,−w) = f (w−1,−w+1)
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U(1) Transformation:      charge  
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(w,−w)MODULAR FORM
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f (w,−w)(τ̂ , ¯̂τ) → (cτ̂ + d)w

(c¯̂τ + d)w
f (w,−w)(τ̂ , ¯̂τ)

Holomorphic     anti-holomorphic

NON-HOLOMORPHIC EISENSTEIN SERIES E(s, τ, τ̄) =
∑

(m,n)!=(0,0)

τs2
|m+ nτ |2s
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(0, 0)weight
(modular function)

Note:



MAXIMAL U(1)-VIOLATING (MUV) CORRELATION FUNCTIONS

〈O2(x1) . . .O2(x4)Oτ (x5) . . .Oτ (x4+m︸ ︷︷ ︸
n=4+m

〉

qU = 2m

〈Λ(x1) . . .Λ(x16︸ ︷︷ ︸
n=16

〉

qU = 24

Violate U(1) by               units.  e.g.  ,  
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Dw 〈
n∏

r=1

Ojr (xr)〉 =
1

2

∫
d4z〈Oτ (z)

n∏

r=1

Ojr (xr)〉SOFT RECURSION RELATION

<latexit sha1_base64="JNoBABCiquA2u4n2TH1U6ioPdxg="></latexit>

i�̂2
�

��̂
e�

�
d4zL =

1

2

�
d4zO� (z)(ii)

Uses: (i)  NORMALISATION of  ½-BPS operators 
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Contact term Double trace and 
long operators

½-BPS OPE
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qj�

U = 2 + qj
U

(iii)  CONTACT TERMS in OPE

Absent for “chiral” correlators
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Oτ (z)Oj(xj) = ajOj(xj) δ
4(z − xj) + a′j′

1

(z − x)4
Oj′(xj) + . . .

〈O1(x1) . . .On(xn)〉 ≡
∫

DΦ e−
∫
d4xL O1(x1) . . .On(xn)

Consider differential                                acting on MUV correlator 

<latexit sha1_base64="MCfJQJcC7MQoVKzwTCNBaHg9/Fk="></latexit>

Dw = i�̂2
�

��̂
+

w

2



<latexit sha1_base64="VcTFvKVACHg5iN/s0NcvIWrtRXc="></latexit>

[0, 2, 0](0,0)

� �
[0, 1, 1]( 1

2 ,0) [1, 1, 0](0, 1
2 )

� � � �
[0,0,2](0,0)

[0,1,0](1,0)
[1, 0, 1]( 1

2 , 1
2 )

[2,0,0](0,0)

[0,1,0](0,1)

� � � � � �
[0, 0, 1]( 1

2 ,0) [1, 0, 0](1, 1
2 ) [0, 0, 1]( 1

2 ,1) [1, 0, 0](0, 1
2 )

� � � �
[0, 0, 0](0,0) [0, 0, 0](1,1) [0, 0, 0](0,0)

qU = 2 3
2 1 1

2 0 � 1
2 � 1 � 3

2 � 2

<latexit sha1_base64="5+LYZrbwtcfCJ86nZIgHU+S34ps="></latexit>

O�

<latexit sha1_base64="USfbYtjjEy5OinG7320jqt3aNX0="></latexit>

Ō�
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O2

“CHIRAL” n-POINT MUV CORRELATORS

The subset of chiral operators close under SUSY

• encodes             and spin quantum numbers labelled by    .
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• No short single trace operators contribute to OPE                                       ,  
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�Gn(j1, j2, · · · , jn) = In({xi, yi}) Gn(x1, · · · , xn; �̂2)

Universal features of MUV chiral n-point correlators <latexit sha1_base64="preTqfJOvrvMvCHo2G20dYrJ60I="></latexit>

qU = 2n � 8

• is dual to                   contact interactions  (no massless poles).
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AdS5 � S5
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Gn(x1, . . . , xn; �̂2)• depends on     and is independent of the species labelled by 
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G(α)
n (xi; τ̂) =

α∑

m=0

F (α)
n,m(τ̂)A(m)

n (xi)

Modular form of weight (n-4,4-n)
kinematic basis – contact interactions

with m derivatives

General structure
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c =
N2 − 1

4

Large-N expansion

“CHIRAL” n-POINT MUV CORRELATORS
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2

∫
d4xn Gn(x1, · · · , xn; τ̂)Reduced recurrence relation

Relates n-point correlator to (n-1)-point correlator

Mellin transform of correlator
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Mellin variables ~ Mandelstam variables for                  amplitude  
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Binder, Chester, Pufu, Wang arXiv:1902.06263

Chester, MBG, Pufu, Wang Wen arXiv:1912.13365;  arXiv:2008.02713

• Start with the PESTUN PARTITION FUNCTION OF SYM on (Supersymmetric Localisation)S4N = 2�

mass-deformed            SYMN = 4

THE n=4 CASE - THE FOUR- CORRELATOR
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• Consider                             - Four- integrated correlation function∂2
m∂τ∂τ̄ logZ|m=0
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Chester, Pufu, arXiv::2003.08412
DUAL TO FOUR-GRAVITON AMPLITUDE IN
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AdS5 × S5

• Coefficients are modular functions 
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2 , τ̂ , ¯̂τ) and

which  give precisely defined expressions for perturbative terms and multiple instanton/anti-instanton 
contributions to low-energy expansion of                    string amplitude. 
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(a “generalized” Eisenstein series)
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Contact Witten diagrams (“D-functions”)
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• CONJECTURED ALL ORDERS EXPANSION OF INTEGRATED CORRELATION FUNCTION
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AdS5

∂2
m∂τ∂τ̄ logZ|m=0

• The terms up to order          - i.e. BPS terms - reproduce precisely the results of the flat-space type IIB superstring. 
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• The quantity is an independent integrated 4-point correlator and has an expansion that includes
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both ½-integer and integer powers of    .
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E(s, τ, τ̂)
Eisenstein   and generalized Eisenstein

ALL-ORDERS FEATURES OF -INVARIANT INTEGRATED CORRELATOR
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MUV n-POINT CORRELATORS (very brief)

• The soft recursion relation uniquely determines MUV (n>4)-point correlators in terms of the 4-point correlator.
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• At order         and           there are two independent  kinematic basis elements  
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• Similarly the          contribution involves                    and combinations of               and
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• Also two independent (n-4, 4-n) modular forms for each value of           .   
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n ≥ 6

One of these is determined from the n=5 case by the recursion relation.   
The other can be fixed by the flat-space limit.



• These considerations have determined a number of exact terms in the low energy expansion of type IIB 
string amplitudes in the large radius limit of                   .  
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AdS5 × S5

• They have also led to tantalizing modular-covariant expressions for the all-orders expansion of integrated correlators
in                        super Yang – Mills theory, iwhich include precisely defined non-perturbative contributions.N = 4SU(N)

FINALLY

• This extends our knowledge of scattering amplitudes expanded around the large-radius (flat-space) and
low energy limits.


