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Status report on explicit string amplitudeology

Overview: string amplitudes with explicitly evaluated /simplified integrands

(here: massless external type-II closed-string states in 10-dim Minkowski)

genus or

# loops Gomez, Mafra ’13:

X3 low-energy limits

D?F* and DSR*

D’Hoker, Phong 01/05

X2 Berkovits 03/05 and +  <— ... hopefully coming soon ... —»
Berkovits, Mafra 09/05

Brink, Green and Richards "08; Mafra, OS ’16 to partial results for

X1 Schwarz 1982: only i Green, Mafra | ’18: superspace and  external bosons:

box graph @ o/—0 ! and OS, 13 logarithmic forms : Tsuchiya 89, '12
Veneziano and ... Barreiro, Mafra, Me- Mafra, OS, Stieber-
X0 Virasoro-Shapiro: dina, Oprisa, Stieberger, + ger '11: kinematics
around 1970 Taylor 02— 09 ... in AU, & (ASS) ™
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/\ /N /\
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Motivation: Why 2-loop 5pt if we already know 2-loop 4pt?

e first showcase of loop momenta in chiral correlators / kin. numerators

& BCJ moves between different diagrams (penta-box vs. double-box)
[Carrasco, Johansson 1106.4711; Mafra, OS 1505.02746]

e simplest non-zero U(1)-violating amplitudes in type IIB and new

eff. interactions DOR® (without D®R*) = lessons for S-duality
[Green, Mafra, OS 1307.3534; Michael Green’s talk]
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Motivation: Why 2-loop 5pt if we already know 2-loop 4pt?

e first showcase of loop momenta in chiral correlators / kin. numerators

& BCJ moves between different diagrams (penta-box vs. double-box)
[Carrasco, Johansson 1106.4711; Mafra, OS 1505.02746]

e simplest non-zero U(1)-violating amplitudes in type IIB and new

eff. interactions DOR® (without D®R*) = lessons for S-duality
[Green, Mafra, OS 1307.3534; Michael Green’s talk]

e richer sets of modular graph functions at higher genus in o/-expansion,

testing grounds for relations & generalizations to modular graph tensors
[D’Hoker, Green, Pioline 1712.06135 & 1806.02691; D’Hoker, OS 2010.00924]

e zero-mode structure in the pure-spinor formalism similar to 3-loop 4pt
[Gomez, Mafra 1308.6567]



Outline

[. Review of two-loop four points
[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

II. Chiral splitting
[D’Hoker, Phong ’88 & ’89; Tourkine 1901.02432]

[11. The two-loop five-point integrand
[D’Hoker, Mafra, Pioline, OS 2006.05270 & 2008.08687]

[V. Conclusion



I. 1 Two-loop four-point amplitude of type-11 superstrings

With four external supergravity states in D = 10:

2 loop 2 d6Q
A4pt ~ ‘t8<f17f27f37f4> —I_SUSY‘ M (det IIHQ)B
2

2 2]
% /24|A(z1,22)A(23,Z4)/€2°/<3+A(2’2,Z3)A(Z4721>k1'k2| KNy

[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

e polarizations from f]m” — eznky — e?k;” factor out from scalar integral

ts(f1. fo. f3, f1) = Te(fifofsfa) — 3 Te(frfo) Te(fafa) + cye(2, 3, 4)



I. 1 Two-loop four-point amplitude of type-11 superstrings

With four external supergravity states in D = 10:

A o0 SUSY|? it
4 pt ~ ‘t8<f17f27f37f4>+ ‘ M (detImQ)5
2

2 2l
. /24 | A(21, 20)A(23, 24) kb3 + A(22, 23)A24, 21) ey k|~ KNy 7

[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

e polarizations from f]m” = "k — "k factor out from scalar integral

J J J

ts(f1. fo. f3, f1) = Te(fifofsfa) — 3 Te(frfo) Te(fafa) + cye(2, 3, 4)

e integrate z1, 29, 23, 24 over four copies of genus-two surface X




I. 1 Two-loop four-point amplitude of type-11 superstrings

With four external supergravity states in D = 10:

2 loop 2 dGQ
A4pt ~ ‘t8<f17f27f37f4) —I_SUSY‘ M (det ImQ>5
2

2 2]
% /ZJI{A(Zl,@)A(Z’?ﬂZZDkQ'kS+A(Z2>ZB)A<Z4azl>kl'k2| KNy

[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

e polarizations from f]m” = kT — e

Pk ik factor out from scalar integral

ts(f1, fo. f3, f1) = Te(fifofafs) — 1 Te(fifo) Te(fafa) + cye(2,3,4)
e integrate z1, 29, 23, 24 over four copies of genus-two surface X

e furthermore integrate over moduli space Mo of genus-two surfaces,

parametrized by complex 2 X 2 period matrices 277 = ()7



I. 1 Two-loop four-point amplitude of type-11 superstrings

With four external supergravity states in D = 10:

A2 Loop SUSY|? d°0
4 pt ™~ ‘t8<f17f27f37f4>+ | M (detImQ)5
2

2 2]
: /24 | A(21, 20) A(23, 24)ko-kg + Alz9, 23)A(24, 21)ky k| " KNy

[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

|Oz/ki-k]‘

e universal Koba-Nielsen factor (generalizing |z;—z; at tree level)

/ n
gloop - . : o
Kant = exp ( Y Z ‘kz ' k] Gg<227 Z]‘Q>>
1<i<y 1
Green fct. @ genus g
e.g. Gg:()(zi, Zj) = —log ‘Zi_sz



I. 1 Two-loop four-point amplitude of type-11 superstrings

With four external supergravity states in D = 10:

AT 0P SUSY? o
4 pt ™~ ‘t8<f17f27f37f4>+ | M (detImQ)5
2

2 2 loop
X /24 | A(21, 20) A2, 24)ko-kg + Alz0, 23) Al 24, 21)k1-ko| " KN ¢
[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

|Oz/ki-k]‘

e universal Koba-Nielsen factor (generalizing |z;—z; at tree level)

/ n
1 8}
KN%SSP = exp ( Y Z ki - ]‘fj Gg(% 7{7&))
1<i<y

o “dzzj” beyond genus 1: hol. differentials dz; — wy(z;), I = 1,2, and

Alza, 2) = e wi(za)ws(z) = wiza)wa(zp) — walza)wi ()
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I. 1 Two-loop four-point amplitude of type-11 superstrings

With four external supergravity states in D = 10:

AT 0P SUSY? o
4 pt ™~ ‘t8(f17f27f37f4>+ | M (detImQ)5
2

2 2 loop
X /24 | A(21, 20) A(23, 24)ko-kg + Alz2, 23)A(24, 21) k1 k| KN
[D’Hoker, Phong 0501197; Berkovits 0503197; Berkovits, Mafra 0509234]

Particularly noteworthy what is NOT there in the integrand:
s
1 / dQZi ‘ZZ'—ZJ'|O[ i-kj

-1 . ..
® 110 |\ 2, — 2,4 S111 ularltles — 1O =
( ! ]> g O/kz' . kj

27 ]zi—zj\z
|zi—zj|<e

e therefore, no reducible Feynman graphs in field-theory limit o — 0:
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I. 2 Field-theory limit at two-loop four points

Supergravity graphs @ o/ — 0 in “tropical degeneration” Im Qj; — oo

L +L —L
at finite o' ImQ = b ’
—Ls L2—|—L3
genus two trop L 7 worldline
worldsheet o —>0 ; LoJ  skeleton

Get Schwinger parametrization of planar and non-planar double boxes

dL; dLo dLx
L1L2+L1L3+L2L3>D/2

AP > st fo. S 50+ SUSYE | (

2 21
x /24\A(zl,zz)A(23,z4)k2-k3+A(22,Z3)A(Z4721)k1'k2| KNy

trop

and 4 - [Tourkine 1309.3551]
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I. 2 Field-theory limit at two-loop four points

Supergravity graphs @ o/ — 0 in “tropical degeneration” Im Qj; — oo

enus two trop T, i

g g ! I . worldline

worldsheet o/ — 0 2/ skeleton
A

w1(z) = const
wo(z) = const

AL, ALy dLs
L1L2+L1L3—|—L2L3)D/2

Refined look — why only double-boxes?

AzzllotOp — |ts(f1, fo, f3, f1) + SUSY|?
P 0T

2 100
/ A(21, 20)A (23, 24)a-k3 + A(22, 23)A(z24, 21) Ky K| KNG oo
= —A(29, z1), vanishes if 21, zo € same worldline edge

trop

aH A(zq, zp) — 0
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II. 1 Chiral splitting and global loop integrands from strings

Loop momenta £ in string theory = zero modes w.r.t. A cycles

trop

A A
pinched A, pinched A,

1 1
= —=0 0, X" = —¢ 0:X", I=1,2...,q
27T 2T J A,

]
shared between left- and right-movers [D’Hoker, Phong 88, "89]

J/




14

II. 1 Chiral splitting and global loop integrands from strings

Loop momenta £ in string theory = zero modes w.r.t. A cycles

—
trop
\ (
pinched Ay pinched A,

m—l 6Xm—1 0=X"" I =12
] — 2_ z — 2_ z 9 = L, 4,...,9

2m Ja, T JA, .

shared between left- and right-movers [D’Hoker, Phong 88, "89]

Loop momentum jumps when transporting punctures around B cycles

Zj—>zj—|—Bl = A1—>A1—|—® — fl%fl—l—k]’
Z .
J
Reminiscent of “labelling problem” in field-theory graphs — how to select

¢1 versus £1+ k;, or more generally, how to globally define loop integrand?
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II. 1 Chiral splitting and global loop integrands from strings

Loop momentum jumps when transporting punctures around B cycles

Zj%Zj—I—Bl — A1%A1—|—® — 51—)514—/{]'
Z.
J

Resolution: Forbid Bj-cycle transport of z; via “canonical dissection”

- N AT
/ (WarR| N\
r - b
- A1 Aﬁ.i
s
B, ,\\ A }" _/f//
% Ry N\t Az
‘ —
\:.L\\\)Xk\\) COW — 2 Can {; Mo Ve ZJ
neched cle- hefore Hie
/] ; (
f" Ve ko r a j\ W )\x nCheol A1 1

' 2 ) A
T\iv\ch.e_ri Ay pin ched A 2
v

—> globally defined loop momenta w.r.t. reference dissection.
[Tourkine 1901.02432)]
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II. 2 Chiral splitting — cradle of double copy

Left- and right-movers of closed strings only coupled via joint zero mode

1 1
E}n — 2— 82Xm — ang, ]:1,27...79
T JA; 2T A;

Outsource finite-dim zero-mode integral [ d9¢ from path integral [ D[X]

— closed-string integrands at fixed loop momentum ¢ factorize into

chiral amplitudes Fp (€, x ,k, | z,$2)

gauge mero-
polarizations morphic

Amofp ~/ dQDZ/ 0 | Fule, x, k. 0]z, Q) Fule, x, k, €]z, Q)
np R2D Mo N

[D’Hoker, Phong ’88, ’89]

Leftover task in this talk: Compute the chiral amplitude Fr at five points

— solve a simpler “open-string” problem to be viewed as “single-copy”
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II. 2 Chiral splitting — cradle of double copy

Ailgfp ~ / d2D€/ 0 | Fule, . k. 0]z, Q) Fnle, x, k, €]z, Q)
R2D Mo N

Chiral amplitude in the above four-point example

Fule, x; k, L)z, Q) = t8(f1, f2, f3, f4) (A(ZL 29)A(23, 24) ko k3+(1 <> 3)) 1y

with chiral Koba-Nielsen factor “prime form”, log(z;—z;) at higher genus

Zn = €eXP (7;7TQ]J€] . KJ + QWZZIZCJ : 61/ Wr —‘r% Z ]CZ' : ]fj 10gE(2,,Z]Q)>

J=1 1<i<j
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II. 2 Chiral splitting — cradle of double copy

Amofp ~/ dQDZ/ 0 | Fule, . k. 0]z, Q) Fnle, x, k, €]z, Q)
np R2D Mo N

Chiral amplitude in the above four-point example

Fale, X, k, L)z, Q) = t3(f1, f2, f3, f4) (A<Zla 29)A(23, 24)ko-k3+(1 < 3)) 74

with chiral Koba-Nielsen factor “prime form”, log(z;—z;,) at higher genus
& & o — - A~ <
Zn = €eXP (’L'ﬂ'QL]KI'fJ—FQTH'ij 61/ w[+§ Z ]CZ"]CJ' 10gE<Z,',ZJ'Q>>
j=1 * 1<i<j

Recover traditional KN,, with modular invariant Green function from f /

/ n
Q
gzDﬂInE ~ KNn — €XP (—3 Z k’i ' ]fj Gg(zz-, ZJ|Q)>

Gaussian 1<i<y

\ J/

not expressible as hol?)rmorphic X cplx. conj.
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III. 1 Structure of the five-point integrand

o Fu(z,Q) ~ Alzg, 2p) Al 2¢, 24) completely fixed by fermionic zero modes

in the pure-spinor formalism  [Berkovits 0503197; Gomez, Mafra 1003.0678]

e zero modes entering Fx(z, Q) admit one ¢w;(z,) or OPE singularity

0 terms
0y o8 Bz i) = r(20) 5 08I |, + ()
Zai = @ higher genus I

e remaining zero-mode dynamics at Spt: = A(2p, 2¢) A2y, ze) as Q 4pt
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III. 1 Structure of the five-point integrand

o Fu(z,) ~ Alzg, 25) Al 2¢, 24) completely fixed by fermionic zero modes

in the pure-spinor formalism  [Berkovits 0503197; Gomez, Mafra 1003.0678]

e zero modes entering Fx(z, Q) admit one ¢/w;(z,) or OPE singularity

0 t
8Za log E(za, zb]Q) = wyl(zq) = log 0,({|) | + that
@C:] (1= cancel
Za_ = @ hlgher genus 7 g

Gabp = gb,a
e remaining zero-mode dynamics at 5pt: = A(2p, 2¢) A2y, 2e) as Q 4pt

e group theory = perms{w;(z,)A(zp, 2¢)A(zg, z¢) } € cyclic 5-dim basis

F5(Za Q) — I5 {M[(Zl)ﬁ(ZQ, 23)A<Z47 25) Kg7172|374 —I-CyC(l, 27 37 47 5)}
/’ ’

“subcorrelator”: all polarizations and linear in ¢/ and Qa] b
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III. 2 Subcorrelators from first principles

A P~ / 4 / 0 [ Fsle,x, k. ]z, Q) Fs(é, X, k, 0]z, 9)
b R20 Mo 35

J5 = 15 {W[(Zl)A<Z2> 23)A(24, 25) ICEI)’LQBA + cye(1, 2,3, 4, 5)}

I

Three principles to determine chiral amplitude F5 & subcorrelator £; | 234

I

e locality: /C57172‘374

has no poles in £y - k; or k; - k; betore [, or Jq

e BRST invariance modulo % — linearized gauge invariance @ SUSY
J

e “homology invariance”: B-cycle monodromies cancelled by shift in £;

./T5(Zj — Zj —I—B]> = .F5(€[ — fj—l—kj)

I

Together with zero-mode counting of pure-spinor formalism = K. | 2034
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II1. 3 Kinematics at two-loop five points

Solution to locality, BRST & homology invariance in terms of
2 types of pure-spinor superfields T 12,345 Sy 20345 2 {ei, xi, ki, 0}

I 9 g[
K57172|374 i 57172‘34 (95 log 0, (C|Q2) at ¢ = f Wwr

1 1
+193.151342,5 + 9115 1:4)312,5 S1;2|5\3,4 — Soqj5[3.4) +cve(5,1,2) )
Bosonic components of T 93145 S 1213145 effectively tg and £1( tensors
R1;2]3,4,5 — (61 ’ k2>t8<f27 f37 f47 f5) - %t8<[f17 f2]7 f37 f47 f5>

bos 2k4 ) k5 [eTlnt8(f27 f37 f47 f5> + (1 NI 27 3747 5)} — k4 ’ k55%(€17 f27 f37 f47 f5)

+ 4|k (Rugg.45 + Rigppas) + (1 2,3)] + 20 [k Rysji03 + (4 4 5)]

m
175 3145

51;2\3\4,5 = (2ky - ks — k1 - kz)R1;2\3,4,5 — k- k2R1;3|2,4,5

bos

2|ks - kaRyspos — ka- ksRygjnos + (4 < 5)]
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II1. 4 Field-theory limit at two-loop five points

[n field-thy limit Im Q — oo, set Az, 2,) — 01f 2, 2, € same worldline

A P~ / 4> / 0 [ Fle,x, k. )2, Q) F5(E, X, k, (]2, Q)
b R20 Mo $19

F5 = 15{@J(ZDA(ZQ,%)A(ZAI,Z@ K31 opps T @e(1,2,3,4,5) }

-~

= const on penta-box below =( on penta-box below
2y Li—ksi2 3 % A(z5,21) = 0
<3
1 21 Az ,29) = 0
0| . (21, 22)
- 4 =@ (| 0 A(z3,24) = 0
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II1. 4 Field-theory limit at two-loop five points

[n field-thy limit Im Q — oo, set Az, 2,) — 01f 2, 2, € same worldline

A P~ / 4> / 0 [ Fle,x, k. )2, Q) F5(E, X, k, (]2, Q)
b R20 Mo $19

F5 = 15{@J(ZDA(ZQ,%)A(ZAI,Z@ K31 opps T @e(1,2,3,4,5) }

-~

= const on penta-box below =( on penta-box below
2y Li—ksi2 3 % A(z5,21) = 0
<3
1 21 Az ,29) = 0
0| . (21, 22)
- 4 =@ (| 0 A(z3,24) = 0

Hence, penta-box numerator = subcorrelator @ depicted skeleton graph I'

K! — on¢l Tm
57172|374 m 57172|374 with 4 depending on T’

+ 1;3|4\2,5 1;4|3|2,5 51;2|5|3,4 — Syq5/3.4) +cve(5,1,2) }

all gib — +im @ Im Q) — oo
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II1. 4 Field-theory limit at two-loop five points

2y L1k 3

<3
1 .
51 62 .,
5 4 5 1 | 1
Penta-box numerator NV 51,213 1(0) = subcorrelator @ depicted skeleton T
! [ all ¢f, — +ir @ ImQ) —
IC5,1,2|3 4 27T€m 5 1’2|374 all G, p T m 50

with 4+ depending on I’

T 1;3|4\2,5 1;4|3|2,5 §1;2|5|3,4 - S2;1\5|3,g) +cye(5,1,2) }

1953 4
Working out signs, normalization factors @ kin. identities:

= Nj19334(f) = Z{ET — %(k5+k1+k2) }T 51234 T 3 (le s34t T51 934 59.113.4)

Reproduces earlier numerator proposed via locality & BRST invariance.
[Mafra, OS 1505.02746]
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II1. 4 Field-theory limit at two-loop five points

Similarly, extract double-box numerators from |0 log E(z1, z9)|? in | Fs|?

3 4 3 9 4
and 45 and >3-
1 5 1 1 5
2 2

—> saine numerator T1273,475 = 51;2\3\4,5 — 52;1|3\4,5

Consistent with kinematic Jacobi relation

3 4 3 A 3 4
2 ‘ 0y — 1 ‘ 0y —

| 0 2 51 5

Niogusl)  — Noyisusl) = 2 Tioguys

Similarly, non-planar penta-boxes from o’ — 0 obey color-kinematics!
[Carrasco, Johansson 1106.4711]
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IV. Conclusion

e chiral splitting: at fixed loop momentum, closed-string integrands are

double copies of meromorphic open-string quantities “chiral amplitudes”

e determined chiral amplitudes at two-loop five points from locality, BRST

invariance and homology invariance = tg & e1g-tensors + SUSY

e ficld-theory limit “tropical degeneration” of closed-string amplitude

—> BCJ representation for two-loop five-point integrand of supergravity

Thank you for your attention !




