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How do we map 
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The gravitational 
interaction 

is UNIVERSAL! 
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Here
∫
k1···kn

=
∫

d3k1

(2π)3 · · ·
d3kn

(2π)3 and the Feynman vertex

V (k,k′) is the potential in the center of mass frame.

Classical Limit. The above EFT is obtained from the
full theory by integrating out massless force carriers me-
diating near-instantaneous interactions and taking the
NR limit, |k|, |k′| ! mA,B. By definition, these potential
modes have energies parametrically less than their mo-
menta, so |k0−k′0| ! |k−k′|.1 For a classical system, the
NR particles are separated by a distance |r| ∼ 1/|k−k′|
that is parametrically larger than the Compton wave-
lengths of the particles, |k|, |k′|. The resulting hierarchy,
|k − k′| ! |k|, |k′|, corresponds to an expansion in large
angular momentum, J ∼ |k × r| % 1, as utilized by
Damour [7, 10] . The classical component of any quan-
tity is then extracted via the scaling

J−1 ∝ k − k′ ∝ κ−1, (3)

where k,k′ ∝ 1 + J−1. The first relation holds because
angular momentum scales linearly with distance while
the second relation holds due to the virial theorem. Here
κ is the coupling constant, which for example in gravity
is the gravitational constant, κ = 4πG. The classical
potential has the same scaling as the leading Coulomb
interaction, κ/|k− k′|2 ∝ J3.

Higher order potential terms are parametrized by ar-
bitrary Hermitian combinations of the rotational invari-
ants k2, k′2, and k ·k′. However, since k2 −k′2 vanishes
on-shell, it can be eliminated by a field redefinition. Sim-
ilarly, Eq. (2) has no energy dependence since energy can
also be traded for k2 and k′2 via the equations of motion.
We thus choose a field basis in which V only depends on
k2 + k′2 and |k − k′|, so [4]

V (k,k′) =
κ

|k − k′|2
(c1 + c2κ|k − k′|+ · · · ) , (4)

where we have only included terms which are classical
and thus scale as J3 in accordance with Eq. (3), and

the ellipsis denotes terms higher order in κ.2 ci
(

k2+k′2

2

)

are momentum-dependent functions characterizing con-
tributions at ith order in the coupling constant and all
orders in velocity. Here we make the usual assumption
that there is a convergent velocity expansion.

Amplitudes. From Eq. (1) and Eq. (2) it is straightfor-

1 While it may seem peculiar to integrate out massless states, the
potential modes are off-shell. Moreover, the EFT contains ultra-
soft modes with energy and momenta of order |k−k′| but these
encode dissipative effects irrelevant to the conservative potential.

2 Higher order classical terms odd in κ include factors of log |k−k′|.

ward to obtain the Feynman rules,

(k0,k) =
i

k0 −
√
k2 +m2

A,B + i0
,

k k′

-k′-k

= −iV (k,k′) ,

(5)

where from here on the +i0 prescription will be implicit.
We are interested in the scattering amplitude for a pro-

cess where p and p′ are the incoming and outgoing three-
momenta in the center of mass frame, and EA and EB

are the energies of the incoming particles,

EA,B =
√
p2 +m2

A,B =
√
p′2 +m2

A,B . (6)

We define the total energy and the reduced energy ratio,

E = EA + EB and ξ =
EAEB

(EA + EB)2
. (7)

Note that 0 ≤ ξ ≤ 1/4 and moreover ξ and E are de-
pendent variables since EA and EB are related through
Eq. (6). We also define the momentum transfer q =
p− p′ ∝ J−1, with classical scaling dictated by Eq. (3).
The EFT amplitude can either be organized in terms

of the κ expansion or in terms of loop orders, so

MEFT =
∞∑

i=1

M (i)
EFT =

∞∑

L=0

ML-loop
EFT , (8)

whereM (i)
EFT is at ith order in κ and arises from Feynman

diagrams at i− 1 loops and below.
Since pair creation of matter particles is kinematically

forbidden in the NR limit, the amplitude at L loops is
comprised purely of iterated bubbles, so

ML-loop
EFT = · · ·

p

-p

k1

-k1

kL

-kL

p′

-p′

. (9)

For convenience, we merge each pair of matter lines into
an effective “two-body propagator”,

∆(k) = i

∫
dk0
2π

1

k0 −
√
k2 +m2

A

1

E − k0 −
√
k2 +m2

B

=
1

E −
√
k2 +m2

A −
√
k2 +m2

B

,

(10)
where the second line is obtained by closing the contour
in k0 either upwards or downwards in the complex plane.
The contribution at L loops is then

ML-loop
EFT = −

∫

k1···kL

V (p,k1)∆(k1) · · ·∆(kL)V (kL,p
′)

= −

∫

k1···kL

NL-loop
EFT

X2
1X

2
2 · · ·X

2
L+1Y1Y2 · · ·YL

,

(11)
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The gravitational 
interaction 

is UNIVERSAL! 

BUT: Do we need the 
Hamiltonian?

ON-SHELL SPIRIT:  
gauge-invariant  

information!



observed to be the  
same to 3PM order

Scattering amplitude
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gauge-invariant  
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‘Impetus formula’ *

* IR-finite part (‘potentials’ only)  

Scattering amplitude
Direct algebraic relationship (Firsov)

Kalin RAP ON-SHELL SPIRIT:  
gauge-invariant  

information!



Through ‘impetus’

Analytic

continuation

Sr ⌘ 1

2⇡

I
prdr
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1910.03008 Boundary to Bound Map 

Recycle an 
old idea from 
Sommerfeld

< 0

Kalin RAP



Through ‘impetus’

1910.03008 Boundary to Bound Map

direct connection from amplitude!

Generalizes to all orders 
the one-loop result in 

Caron-Huot Zahraee 

1810.04694 

Sr ⌘ 1

2⇡

I
prdr
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Recycle an 
old idea from 
Sommerfeld

Kalin RAP
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Scattering Angle  
& Periastron Adv.

Scattering angle Periastron Advanced

Boundary to Bound Map

1/j = GMµ/J
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Kalin RAP
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Remarkably!

Scattering Angle  
TO Periastron Adv.

Scattering angle Periastron Advanced

Boundary to Bound MapKalin RAP



fixed by the large-j limit

CENTRAL OBJECT for the bound problem:

1911.09130

1 +
��

2⇡
= �@ir

@j
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1/j = GMµ/J
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Through the  
scattering angle

Boundary to Bound Map

Analytic

continuation

< 0

ALL the  
observables! 

Kalin RAP

(local & 
no-spin)
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Simplified Feynman rules through GF and total derivatives (but no field redef.)

Caveat: No spin 
nor finite-size yet

external 
source

Lots of redundancy in GR — No need to panic!

many terms reduced to:

PM EFT for scattering Kalin RAP

(See also 
Gregor’s talk)
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Post-Minkowskian solution to the equation of motion (Euler-Lagrange eqs.)
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u1
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… and deflection angle in the centre-of-mass

Compute total impulse from the action… The true  
classical motion 

Kalin RAP PM EFT for scattering 
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Potential

Modes

Radiation

Modes

Dissipative/Flux 

(Imaginary part 


with Feynman ieps)

Conservative 

(Real-part 


time-reversal invariant)NRGR
(Goldberger & Rothstein,…)

Kalin RAP PM EFT for scattering 

* To comute dissipative RR-force we need the in-in computation (retarded b.c.) 

*



Potential

Modes

Radiation

Modes

Conservative 

(Real-part 


time-reversal invariant)

(v ⌧ 1)
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NRGR
Integrals are 
much easier  
BUT screws  

the UV!
eik·x = 1 + ik · x+ · · ·
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Integrals are 
much easier  
BUT screws  

the IR!

PN EFT for bound states 



PM EFT for scattering 

Potential

Modes

Radiation

Modes

Conservative 

(Real-part 


time-reversal invariant)
(relativistic) “Soft” Region




Potential

Modes

Radiation

Modes

Conservative 

(Real-part 


time-reversal invariant)
(relativistic) “Soft” Region 

IR/UV finite!

*UV from finite-size only

*

2005.04236

Parra-Martinez

Ruff and Zeng

Single scale!

Differential Equations

b.c. from entire region

2007.04977 
Kalin Liu RAP

� ⌘ u1 · u2
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PM EFT for scattering 2006.01184 

 

Kalin RAP

See also Michael’s  
Julio’s, Gabriele’s  
and Carlo’s talks

 
*Caveat: need to extend  
B2B to “non-local” terms

NNNLO 
(See Gregor’s talk)

*



Potential

Modes Sufficient for   

real part NNLO

keep the (special-)  
relativistic corrections

b.c:
(� ! 1)
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PM EFT for scattering 

Single scale!

Differential Equations

b.c. from potentials

� ⌘ u1 · u2
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2007.04977 
Kalin Liu RAP
2006.01184 


 

Kalin RAP

eight elements 
to NNLO



Schwarzschild 
+ mirror imagefixed by on-shell 

condition

related to Schw. 
via b.c. of DFQ

3PM 
3PM 
 3PM 


                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

Integrals (one family!):

: NNLO2007.04977 
Kalin Liu RAP PM EFT for scattering 



                                      DFQ with b.c.  
from the static limit of NRGR!

POTENTIAL REGION: 

• We land in the soft-expanded cut-
version of the integrand 

• No (“super-classical”) divergences             
(e.g. “box”)


• On-shell philosophy: No potential!,      
extra matching nor Born iterations!

Advantages wrt amplitudes:

Main Drawback:
• Feynman diagrams (significantly 

fewer than in PN and simpler rules!)


Integrals (one family!):

3PM 
3PM 
 3PM 


: NNLOPM EFT for scattering 2007.04977 
Kalin Liu RAP

(See also 
Gregor’s talk)



BUT WE DO  
NOT HAVE THE 4PM!

We have the 3PM  
impulse/angle

B2B dictionary : NNLO2007.04977 
Kalin Liu RAP



Everything 
you need to know 

about 3PM 
(coincides with 

M3 thru impetus) 

*

*We also reconstructed much lengthier PM Hamiltonian

B2B dictionary : NNLO2007.04977 
Kalin Liu RAP



lower-order P_n’s

enter in the 4PM angle

B2B dictionary : NNLO2007.04977 
Kalin Liu RAP



Missing! BUT

PN-suppressed (after 

analytic continuation)

*P_n has well-defined static limit

*
O(G/J)6

<latexit sha1_base64="B3cDA6gkib/6tnSJf/VwH35yjoE=">AAAB+nicbVDLTgJBEOzFF+Jr0aOXicQEL7iLRj0SPWi8iIk8EljJ7DALE2YfmZnVkJVP8eJBY7z6Jd78GwfYg4KVdFKp6k53lxtxJpVlfRuZhcWl5ZXsam5tfWNzy8xv12UYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHVyM/cYDFZKFwZ0aRtTxcS9gHiNYaalj5pM2wRzdjFDx8vD64P4EdcyCVbImQPPETkkBUlQ75le7G5LYp4EiHEvZsq1IOQkWihFOR7l2LGmEyQD3aEvTAPtUOsnk9BHa10oXeaHQFSg0UX9PJNiXcui7utPHqi9nvbH4n9eKlXfmJCyIYkUDMl3kxRypEI1zQF0mKFF8qAkmgulbEeljgYnSaeV0CPbsy/OkXi7ZR6Xy7XGhcp7GkYVd2IMi2HAKFbiCKtSAwCM8wyu8GU/Gi/FufExbM0Y6swN/YHz+AH1YkjE=</latexit>

This pattern is generic! 

and allows us to 


perform a consistent 
truncation

p21 ⇠ E
<latexit sha1_base64="1zz34xs2ZWbZWD5d0jW0Z50x1rQ=">AAACAXicdVDLSsNAFJ3UV62vqhvBzWARXJUkLW3dFUVwWcE+oIllMp20QyeTMDMRQqgbf8WNC0Xc+hfu/BsnbQUVPXDhcM693HuPFzEqlWl+GLml5ZXVtfx6YWNza3unuLvXkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43Oc/87i0Rkob8WiURcQM04tSnGCktDYoH0Y09cCj3VQIdSQOYOhgxeDEdFEtm+bRRs6s1aJZNs27ZVkbserVShZZWMpTAAq1B8d0ZhjgOCFeYISn7lhkpN0VCUczItODEkkQIT9CI9DXlKCDSTWcfTOGxVobQD4UuruBM/T6RokDKJPB0Z4DUWP72MvEvrx8rv+GmlEexIhzPF/kxgyqEWRxwSAXBiiWaICyovhXiMRIIKx1aQYfw9Sn8n3TsslUp21fVUvNsEUceHIIjcAIsUAdNcAlaoA0wuAMP4Ak8G/fGo/FivM5bc8ZiZh/8gPH2CfLMlpQ=</latexit>

1/J ⇠ |p1|
<latexit sha1_base64="4MQATXRUkJ8sHShFV6wr47AHqI4=">AAAB/HicdVDLSsNAFJ34rPVV7dLNYBFc1SQNbd0V3YirCvYBTSiT6aQdOpmEmYkQ2vorblwo4tYPceffOGkrqOiBC4dz7uXee/yYUalM88NYWV1b39jMbeW3d3b39gsHh20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+OPLzO/cESFpxG9VGhMvRENOA4qR0lK/ULTOrqEraQincd+lPFDptF8omeXzetV2qtAsm2bNsq2M2DWn4kBLKxlKYIlmv/DuDiKchIQrzJCUPcuMlTdBQlHMyCzvJpLECI/RkPQ05Sgk0pvMj5/BE60MYBAJXVzBufp9YoJCKdPQ150hUiP528vEv7xeooK6N6E8ThTheLEoSBhUEcySgAMqCFYs1QRhQfWtEI+QQFjpvPI6hK9P4f+kbZetStm+cUqNi2UcOXAEjsEpsEANNMAVaIIWwCAFD+AJPBv3xqPxYrwuWleM5UwR/IDx9gk/I5SL</latexit>

B2B dictionary : NNLO2007.04977 
Kalin Liu RAP



Kalin RAP

The 5PN  
prediction 
(confirmed 
by tutifruti 

at 6PN too!)

1PN 2PN 2PN

3PN

4PN

ONE-LOOP  
EXACT!

BUT: 1/j^2 is predicted to all orders in v 
4PM will complete 1/j^4

Full result agrees 

with literature to 2PN


Map from angle 
to periastron advance

1911.09130 B2B dictionary : NNLO2007.04977 
Kalin Liu RAP



One loop

exact


(Missing 

three loop!)


Map for ALL  
Dynamical Invariants!

✏ = �2E
<latexit sha1_base64="uDVqpb1Tv9R9V2plnmF6T6vdawk=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0XwYkmqoBehIILHCvYDmlA22027dLMJuxshhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZWVtfWNzZLW+Xtnd29ffvgsK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHwz9TuPVCoWiwedJdSP8FCwkBGsjdS3Kx5NFOOxQNforO4RzNFt3646NWcGtEzcglShQLNvf3mDmKQRFZpwrFTPdRLt51hqRjidlL1U0QSTMR7SnqECR1T5+ez4CToxygCFsTQlNJqpvydyHCmVRYHpjLAeqUVvKv7n9VIdXvk5E0mqqSDzRWHKkY7RNAk0YJISzTNDMJHM3IrICEtMtMmrbEJwF19eJu16zT2v1e8vqo16EUcJjuAYTsGFS2jAHTShBQQyeIZXeLOerBfr3fqYt65YxUwF/sD6/AHIU5OA</latexit>

B2B dictionary 

Without  
HAMILTONIAN!

: NNLOKalin RAP
1911.091302007.04977 

Kalin Liu RAP



Vines Steinhoff Buonanno
1812.00956.

1207.6961

Periastron from


Valid for (aligned) spin! 

J=canonical total ang. momentum

1911.09130
Kalin RAP

Tessmer Hartung Schaefer

Angle from


We have just 
computed it to 

all orders in velocity! 



PM EFT for scattering: spins 

SSC preserving

spin coupling

CES2

2mA

Z
d⌧AEabS

ac
A Sb

cA
<latexit sha1_base64="VQAtPSonY5XdFug13seUMIM9tDw="></latexit>

finite size effects

� 1

2mA

Z
d⌧ARdeabS

cd
A Sab

A ue
AucA

<latexit sha1_base64="dWuqL3tvD/Q5ZMYoEhFhjQJ8PYY="></latexit>

Sabpb = 0 !
<latexit sha1_base64="UVQ3XcyzD1gjU8DxQICwe2XBAN0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSBb0IRS8eK9oPaGPYbDft0k027G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKK6tr6xvFzdLW9s5u2d7bbymRSkKbRHAhOwFWlLOYNjXTnHYSSXEUcNoORtdTv/1IpWIivtfjhHoRHsQsZARrI/l2+e4hw8Ek8YNLB/W08O2KU3VmQMvEzUkFcjR8+6vXFySNaKwJx0p1XSfRXoalZoTTSamXKppgMsID2jU0xhFVXjY7fIKOjdJHoZCmYo1m6u+JDEdKjaPAdEZYD9WiNxX/87qpDi+8jMVJqmlM5ovClCMt0DQF1GeSEs3HhmAimbkVkSGWmGiTVcmE4C6+vExatap7Wq3dnlXqV3kcRTiEIzgBF86hDjfQgCYQSOEZXuHNerJerHfrY95asPKZA/gD6/MHCa2Srg==</latexit>

EOM Ṡab =
�
Sab, Spp

 
<latexit sha1_base64="OpWtpIZHGnQJ687z7cB0bOChOqQ=">AAACF3icbVDLSsNAFJ34rPUVdelmsBRcSEmqoBuh6MZlpfYBTSyT6aQdOnkwcyOUkL9w46+4caGIW935N07bLLT1wMC558zl3nu8WHAFlvVtLC2vrK6tFzaKm1vbO7vm3n5LRYmkrEkjEcmORxQTPGRN4CBYJ5aMBJ5gbW90PfHbD0wqHoV3MI6ZG5BByH1OCWipZ1acfgS4cZ8SL8OX2BHMByed1SeNXurIAMdx5kg+GIKT9cySVbGmwIvEzkkJ5aj3zC89gCYBC4EKolTXtmJwUyKBU8GyopMoFhM6IgPW1TQkAVNuOr0rw2Wt9LEfSf1CwFP1d0dKAqXGgd68HBAYqnlvIv7ndRPwL9yUh3ECLKSzQX4iMER4EhLuc8koiLEmhEqud8V0SCShoKMs6hDs+ZMXSatasU8r1duzUu0qj6OADtEROkY2Okc1dIPqqIkoekTP6BW9GU/Gi/FufMy+Lhl5zwH6A+PzB/hQn9U=</latexit>

New features

Routhian 
(locally Lorentz 
spin algebra)

2012.XXXX 
Liu RAP Yang



Spin-Orbit to NLO in covariant gauge

We also computed spin1-spin2 and spin1^2

2005.03071  
Bern et al.

TOPOLOGIES 
at one loop

from spin

PM EFT for scattering: spins 

CES2

2mA

Z
d⌧AEabS

ac
A Sb

cA
<latexit sha1_base64="VQAtPSonY5XdFug13seUMIM9tDw="></latexit>

 general-orientation 

2012.XXXX 
Liu RAP Yang



B2B dictionary  
for aligned-spins 

For Kerr (CES2=1) explicitly confirms the result in Vines et al.
1812.00956.

Guevara et al.
1812.06895.

1911.09130
Kalin RAP1207.6961

B2B: FULL periastron

including finite-size effects


Tessmer Hartung Schaefer

ALL the  
observables! 

(J total canonical angular momentum)

deflection 
angle 

to NLO

2012.XXXX 
Liu RAP Yang PM EFT for scattering: aligned-spins 



Thank you!
PMEFT

2006.01184 

2007.04977 

2008.06047   


B2B
1911.09130

Impetus
1910.03008

ir
<latexit sha1_base64="psc4xZ9JIyHkjj8EInIAAZU7jCA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wPuqX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1iojdY=</latexit>

*

*

B2B
1910.03008

is there a direct connection  
amplitude to radial action?? 

*
Through Impetus/Firsov

1903.05118
Foffa RAP Rothstein Sturani

applies to  
aligned-spins

B2B



Extra Slides



2008.06047 

*Confirmed observed high-energy pattern

Tidal Effects: NLO Kalin Liu RAP

Quadrupole to

NLO agrees with 


Cheng-Solon
2006.06665



Quadrupole/Octupole TLN in binding energy to O(G^3)

*We also reconstructed the full PM Hamiltonian to NLO

Quadrupole to

NLO agrees with 


Cheng-Solon
2006.06665

Bound orbits
x = (GM!)2/3 ⇠ v2

<latexit sha1_base64="sD0aBzbi35RGLQXKI5gX78BmE4E=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmqSCroRCi50I1SwD2jSMplO26EzSZiZFEvoxo2/4saFIm79B3f+jdM2C209cOFwzr3ce48fMSqVZX0bmaXlldW17HpuY3Nre8fc3avJMBaYVHHIQtHwkSSMBqSqqGKkEQmCuM9I3R9cTfz6kAhJw+BejSLicdQLaJdipLTUNg8fLmHh+tYNOemhk1binJbG0JWUw2HLaZt5q2hNAReJnZI8SFFpm19uJ8QxJ4HCDEnZtK1IeQkSimJGxjk3liRCeIB6pKlpgDiRXjL9YgyPtdKB3VDoChScqr8nEsSlHHFfd3Kk+nLem4j/ec1YdS+8hAZRrEiAZ4u6MYMqhJNIYIcKghUbaYKwoPpWiPtIIKx0cDkdgj3/8iKpOUW7VHTuzvJlJ40jCw7AESgAG5yDMrgBFVAFGDyCZ/AK3own48V4Nz5mrRkjndkHf2B8/gCW+5ar</latexit>

Tidal Effects: NLO 
2008.06047 

Kalin Liu RAP



Radiation-Reaction 

BUT!  we get the angle from the impulse (integrated in time):

The radiation-reaction force at LO (multipole expansion)

in-in b.c. 
cons. vs dissip. from

symmetry in w->-w

leading 
cross-term



Radiation-Reaction 

The radiation-reaction force at all orders in the multipole expansion

The energy would also follow 

directly by squaring:

In PMEFT we should re-compute the soft part of the H-diagram in the in-in formalism:

in-in b.c. 
cons. vs dissip. from

symmetry in w->-w

1908.01493  
Bern et al.



Radiation-Reaction Conservative

Similarly  
to NRQCD:

in-in b.c. 
cons. vs dissip. from

symmetry in w->-w

dissipative part



Radiation-Reaction 

Computation in NRQED

only cancel explicitly in dim. reg.! 
(zero-bin subtraction)


