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QCD at the LHC
• The LHC is becoming a precision machine, where we can test 

the Standard Model at percent-level accuracy.

➡ Need theory prediction at the same level of accuracy!

• Standard approach to LHC computations: QCD factorisation 
+ perturbation theory.
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ŝ = x1x2S

<latexit sha1_base64="ykCrg3yFjecGOguSf+ifOmUHF1k=">AAACDnicbZDLSsNAFIYn9VbrpVGXboJFcFWSUtCNUHDjsqK9QBvCZDpph04mYeZEWkLAR3DvVl/Bnbj1FXwDH8NJ24Vt/WHg5z9nzjl8fsyZAtv+Ngobm1vbO8Xd0t7+wWHZPDpuqyiRhLZIxCPZ9bGinAnaAgacdmNJcehz2vHHN3m980ilYpF4gGlM3RAPBQsYwaAjzyz3RxhSlV1PPGfi1e49s2JX7ZmsdeMsTAUt1PTMn/4gIklIBRCOleo5dgxuiiUwwmlW6ieKxpiM8ZD2tBU4pMpNZ4dn1rlOBlYQSf0EWLP0748Uh0pNQ193hhhGarWWh//VegkEV27KRJwAFWS+KEi4BZGVU7AGTFICfKoNJpLpWy0ywhIT0KyWtuSzpQpUVtJonFUQ66Zdqzr1av2uXmk0nuaQiugUnaEL5KBL1EC3qIlaiKAEvaBX9GY8G+/Gh/E5by0YC7AnaEnG1y+eg5zO</latexit>

S = E2
CoM

<latexit sha1_base64="KMyRgjjgc1GbnsfNv/JckprLmZ0=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4KjOloBuhUAQ3QkX7gHYsmTTThmaSIckIZRhw7d6t/oI7cetf+Ad+hpm2C9t64MLhnHtzb44fMaq043xbK6tr6xubua389s7u3n7h4LCpRCwxaWDBhGz7SBFGOWloqhlpR5Kg0Gek5Y9qmd96JFJRwe/1OCJeiAacBhQjbaTO3eVVL6mJm/Sh3CsUnZIzgb1M3Bkpwgz1XuGn2xc4DgnXmCGlOq4TaS9BUlPMSJrvxopECI/QgHQM5SgkyksmJ6f2qVH6diCkKa7tifp3IkGhUuPQN50h0kO16GXif14n1sGFl1AexZpwPF0UxMzWws7+b/epJFizsSEIS2putfEQSYS1SWluS/a2VIFK8yYadzGIZdIsl9xKqXJbKVarT9OQcnAMJ3AGLpxDFa6hDg3AIOAFXuHNerberQ/rc9q6Ys2CPYI5WF+/ZyWaiw==</latexit>

�̂ij!X = �̂0 + ↵s(µR) �̂1 + ↵s(µR)
2 �̂2 + . . .

<latexit sha1_base64="XdOIJmW/Ju21u99FhLcOl+Ar2Ok="></latexit>

• Naive counting: NLO         10%�!
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➡ We know several examples where this naive counting fails 
(e.g. Higgs production).

↵s(m
2
Z) = 0.118
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The cross section

Virtual corrections (‘loops’) Real emission

• The NLO cross section:

• The NNLO cross section:

Double virtual Real-virtual Double real



Triple virtual

Double real 
virtual

Real-virtual 
squared

Double virtual 
real

Triple real

• The N3LO cross section:

The cross section



Quark-initiated processes

➡ Understand structure of QCD at N3LO.
• Twofold opportunity:

➡ Explore pheno implications.

• Spin-off: First independent confirmation of all 3-loop splitting 
functions. [Moch, Vermaseren, Vogt]

• Remainder of this talk: Focus on phenomenology of Drell-Yan 
production at N3LO.

• We have recently completed the computation of N3LO cross 
section for                ,                ,                  and                      .                 
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• A few years ago we had computed the Higgs cross section at 
N3LO.



Phenomenology at 
N3LO

Convergence of the perturbative series

PDF effects
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FIG. 3: The gluon fusion cross-section at all perturbative or-
ders through N3LO in the scale interval [mH

4 ,mH ] as a func-

tion of the center-of-mass energy
p
S.

top-quark is infinitely heavy and can be integrated out,
see eq. (2). Moreover, we assumed that all other quarks
have a zero Yukawa coupling. Finite quark mass e↵ects
are important, but it is su�cient that they are inlcuded
through NLO or NNLO. Indeed, finite quark-mass e↵ects
have been computed fully through NLO in QCD [30],
while subleading top-quark mass corrections have been
computed at NNLO systematically as an expansion in
the inverse top-quark mass [34]. In these references it
was observed that through NLO finite quark mass ef-
fects amount to about 8% of the K-factor. At NNLO,
the known 1

mtop
corrections a↵ect the cross-section at

the ⇠ 1% level. A potentially significant contribution
at NNLO which has not yet been computed in the lit-
erature originates from diagrams with both a top and
bottom quark Yukawa coupling. Assuming a similar per-
turbative pattern as for top-quark only diagrams in the
e↵ective theory, eq. (2), higher-order e↵ects could be of
the order of 2%. We thus conclude that the computation
of the top-bottom interference through NNLO is highly
desired in the near future.

Finally, the computation of the hadronic cross-section
relies crucially on the knowledge of the strong coupling
constant and the parton densities. After our calculation,
the uncertainty coming from these quantities has become
dominant. Further progress in the determination of par-
ton densities must be anticipated in the next few years
due to the inclusion of LHC data in the global fits and the
impressive advances in NNLO computations, improving
the theoretical accuracy of many standard candle pro-
cesses.

To conclude, we have presented in this Letter the
computation of the gluon-fusion Higgs production cross-
section through N3LO in perturbative QCD. While a
thorough study of the impact of electroweak and quark
mass e↵ects is left for future work, we expect that the re-
maining theoretical uncertainty on the inclusive Higgs
production cross-section is expected to be reduced to
roughly half, which will bring important benefits in the
study of the properties of the Higgs boson at the LHC
Run 2. Besides its direct phenomenological impact, we
believe that our result is also a major advance in our un-
derstanding of perturbative QCD, as it opens the door to
push the theoretical predictions for large classes of inclu-
sive processes to N3LO accuracy, like Drell-Yan produc-
tion, associated Higgs production and Higgs production
via bottom fusion. Moreover, on the more technical side,
our result constitutes the first independent validation of
the gluon splitting function at NNLO [14], because the
latter is required to cancel all the infrared poles in the
inclusive cross-section. In addition, we expect that the
techniques developed throughout this work are not re-
stricted to inclusive cross-sections, but it should be pos-
sible to extend them to certain classes of di↵erential dis-
tributions, like rapidity distributions for Drell-Yan and
Higgs production, thereby paving the way to a new era
of precision QCD.

Acknowledgements: We are grateful to Elisabetta
Furlan, Thomas Gehrmann and A. Lazopoulos for our
collaboration on the many aspects of the Higgs cross-
section N3LO project which are not covered in this
Letter. We thank A. Lazopoulos in particular for an
independent implementation of our results in ihixs
and numerical comparisons. Research supported by
the Swiss National Science Foundation (SNF) under
contract 200021-143781 and the European Commission
through the ERC grants “IterQCD”, “HEPGAME” and
“MathAm”.

⇤ On leave from the “Fonds National de la Recherche Sci-
entifique” (FNRS), Belgium.

[1] G. Aad et al. [ATLAS Collaboration], Phys. Lett. B 716,
1 (2012); S. Chatrchyan et al. [CMS Collaboration], Phys.
Lett. B 716, 30 (2012).

[2] C. Anastasiou, S. Bühler, F. Herzog and A. Lazopoulos,
JHEP 1204, 004 (2012).

[3] C. Anastasiou, S. Bühler, F. Herzog and A. Lazopoulos,
JHEP 1112, 058 (2011).

[4] V. Khachatryan et al. [CMS Collaboration],
arXiv:1412.8662 [hep-ex].

[5] G. Aad et al. [ATLAS Collaboration], Phys. Rev. D 90,
no. 11, 112015 (2014) [arXiv:1408.7084 [hep-ex]].

[6] P.A. Baikov, K.G. Chetyrkin, A.V. Smirnov,
V.A. Smirnov, M. Steinhauser, Phys. Rev. Lett.
102, 212002 (2009); T. Gehrmann, E. W. N. Glover,
T. Huber, N. Ikizlerli, C. Studerus, JHEP 1006, 094

Energy variation

Higgs production:

Nice convergence of 
perturbative expansion.

Choice of central scales:
ggH: 

bbH: 

µF = µR = mH/2
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µF = mH/4 , µR = mH
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.
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Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content

– 7 –
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.
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Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content
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Q-variation (W)
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Scale dependence (DY)
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µF = Q = 100GeV
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0 and only considering Nf = 5 massless degrees of freedom in loops. This approximation

is motivated because o↵-diagonal CKM matrix elements are small and diagrams without a

coupling of the top quark to the electroweak gauge boson decouple in the limit of infinite top

quark mass. Corrections to this approximation, which are expected to be very small, can be

computed separately and are beyond the scope of this article. The strong coupling constant

is evolved to the renormalisation scale µR using the four-loop QCD beta function in the

MS-scheme assuming Nf = 5 active, massless quark flavours. Unless stated otherwise,

all results are obtained for a proton-proton collider with
p
S = 13TeV using the zeroth

member of the combined PDF4LHC15 nnlo mc set [84].
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Figure 1: The cross sections for producing a W+ (left) or W� (right) for µR = Q =

100 GeV as a function of the factorisation scale µF . The bands are obtained by varying

µR by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figure 2: The cross sections for producing a W+ (left) or W� (right) for µF = Q =

100 GeV as a function of the renormalisation scale µR. The bands are obtained by varying

µF by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figures 1 and 2 show the dependence of the fixed-order cross sections on the factori-

sation scale µF and renormalisation scale µR, which are introduced by the truncation of

the perturbative series. We show the variation of the cross section for Q = 100 GeV on

one of the two scales with the other held fixed at Q. We observe that the dependence on

the perturbative scales is substantially reduced as we increase the perturbative order. The

dependence on the scales looks very similar to the case of the N3LO cross section for the

neutral-current process studied in ref. [10]. We notice, that the dependence of the cross

– 5 –

Scale dependence (W)

µR = Q = 100GeV
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0 and only considering Nf = 5 massless degrees of freedom in loops. This approximation

is motivated because o↵-diagonal CKM matrix elements are small and diagrams without a

coupling of the top quark to the electroweak gauge boson decouple in the limit of infinite top

quark mass. Corrections to this approximation, which are expected to be very small, can be

computed separately and are beyond the scope of this article. The strong coupling constant

is evolved to the renormalisation scale µR using the four-loop QCD beta function in the

MS-scheme assuming Nf = 5 active, massless quark flavours. Unless stated otherwise,

all results are obtained for a proton-proton collider with
p
S = 13TeV using the zeroth

member of the combined PDF4LHC15 nnlo mc set [84].

Figure 1: The cross sections for producing a W+ (left) or W� (right) for µR = Q =

100 GeV as a function of the factorisation scale µF . The bands are obtained by varying

µR by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.
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Figure 2: The cross sections for producing a W+ (left) or W� (right) for µF = Q =

100 GeV as a function of the renormalisation scale µR. The bands are obtained by varying

µF by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figures 1 and 2 show the dependence of the fixed-order cross sections on the factori-

sation scale µF and renormalisation scale µR, which are introduced by the truncation of

the perturbative series. We show the variation of the cross section for Q = 100 GeV on

one of the two scales with the other held fixed at Q. We observe that the dependence on

the perturbative scales is substantially reduced as we increase the perturbative order. The

dependence on the scales looks very similar to the case of the N3LO cross section for the

neutral-current process studied in ref. [10]. We notice, that the dependence of the cross
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µF = Q = 100GeV
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NNLO

N3LO

Very large cancellations 
between channels.

Already present at 
NNLO!

There are no such 
cancellations for Higgs 

production.

Similar cancellations 
for W.



Scale dependence

• For Higgs (ggH & bbH): Scale bands overlap very well           
(for smallish      ). <latexit sha1_base64="CfnStRoG2asMVDLpeF97zdFJtHM=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFQVxWcGyhHUomzbShSWZIMkIZCi7cu9VfcClu/RD/wM8w0+nCth64cDjn3tybEyacaeO6305pbX1jc6u8XdnZ3ds/qB4ePeg4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9SpVks780koYHAQ8kiRrCxkt8Taf+mX625dXcGtEq8OanBHK1+9ac3iEkqqDSEY627npuYIMPKMMLptNJLNU0wGeMh7VoqsaA6yGbHTtGZVQYoipUtadBM/TuRYaH1RIS2U2Az0steLv7ndVMTXQUZk0lqqCTFoijlyMQo/zkaMEWJ4RNLMFHM3orICCtMjM1nYUv+ttKRnlZsNN5yEKukfVH3GnXPu2vUms2nIqUynMApnIMHl9CEW2iBDwQYvMArvDnPzrvz4XwWrSVnnuwxLMD5+gUkvZip</latexit>µF

• For DY (photon recently confirmed by Chen, Gehrmann, Glover, Huss, Yang): Scale bands 
do not overlap over a large range of virtualities.

➡ Difference in central values: few %.

➡ For both       and       . <latexit sha1_base64="CfnStRoG2asMVDLpeF97zdFJtHM=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFQVxWcGyhHUomzbShSWZIMkIZCi7cu9VfcClu/RD/wM8w0+nCth64cDjn3tybEyacaeO6305pbX1jc6u8XdnZ3ds/qB4ePeg4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9SpVks780koYHAQ8kiRrCxkt8Taf+mX625dXcGtEq8OanBHK1+9ac3iEkqqDSEY627npuYIMPKMMLptNJLNU0wGeMh7VoqsaA6yGbHTtGZVQYoipUtadBM/TuRYaH1RIS2U2Az0steLv7ndVMTXQUZk0lqqCTFoijlyMQo/zkaMEWJ4RNLMFHM3orICCtMjM1nYUv+ttKRnlZsNN5yEKukfVH3GnXPu2vUms2nIqUynMApnIMHl9CEW2iBDwQYvMArvDnPzrvz4XwWrSVnnuwxLMD5+gUkvZip</latexit>µF
<latexit sha1_base64="1LvPxWIHD/yaXaDPMe3cfUcLPRM=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFNy6rOLbQDiWTZtrQJDMkGaEMBRfu3eovuBS3foh/4GeYmXZhWw9cOJxzb+7NCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+PHnScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8XXutx+p0iyW92aS0EDgoWQRI9hYye+JtH/Xr9bculsArRJvTmowR6tf/ekNYpIKKg3hWOuu5yYmyLAyjHA6rfRSTRNMxnhIu5ZKLKgOsuLYKTqzygBFsbIlDSrUvxMZFlpPRGg7BTYjvezl4n9eNzXRVZAxmaSGSjJbFKUcmRjlP0cDpigxfGIJJorZWxEZYYWJsfksbMnfVjrS04qNxlsOYpW0L+peo+55t41as/k0S6kMJ3AK5+DBJTThBlrgAwEGL/AKb86z8+58OJ+z1pIzT/YYFuB8/QI4AZi1</latexit>µR

➡ All results obtained with pdf4lhc_nnlo_mc (more later).

• Observation: Large cancellation between channels for DY at 
NNLO and N3LO (both photon and W).

➡ No cancellation for Higgs.



Cross section ratios

uncertainty

�(PDF-TH) =
1

2

�����
�(2), NNLO-PDFs

W± � �(2), NLO-PDFs

W±

�(2), NNLO-PDFs

W±

����� . (3.3)

Here, the factor 1

2
is introduced as it is expected that this e↵ect becomes smaller at N3LO

compared to NNLO.

[CD: Put here also PDF+↵s discussion?]

[CD: Add energy-variation]

4 Predictions for cross section ratios

In the previous section we have shown that the size of the QCD corrections is similar

between charged- and neutral-current Drell-Yan processes, with both processes showing

very similar K-factors and dependences on the perturbative scales. In this section we

study the ratios of cross sections

RXY (Q) =
�X(Q)

�Y (Q)
, X, Y 2 {W±, �⇤} . (4.1)

Before we discuss our results, let us make a comment about assessing the dependence of a

ratio on the perturbative scales. There is an ambiguity in how to define the perturbative

expansion of the ratio, and we distinguish here four di↵erent cases:

• Prescription A: We take the ratio of the perturbative expansion of the numerator

and the denominator computed at a given order in perturbation theory. We choose

the renormalisation and factorisation scales in the numerator and denominator in

a correlated way, i.e., we always choose the same values for the scales in both the

numerator and the denominator.

• Prescription B: Similar to Prescription A, but we do not correlate the renormalisa-

tion and factorisation scales between the numerator and the denominator. In other

words, we perform independently a 7-point variation of the scales in the numerator

and the denominator, and we take the envelope of the values obtained.

• Prescription A
0: We choose the scales in a correlated way, but we expand the ratio

in perturbation theory and only retain terms through a given order in the strong

coupling.

• Prescription B
0
: Similar to Prescription A0, but we choose the scales in an uncor-

related way.

While fully equivalent to all orders in perturbation theory, the truncation of the pertur-

bative series can introduce di↵erences in the results obtained from di↵erent prescriptions,

especially at low order in perturbation theory. For example, the bands obtained by varying

the scales will always be larger if the scales are varied in an uncorrelated way, because the

size of the band is determined by taken a strictly larger set of values. In order to assess

– 6 –

➡ A: Ratio of expansions, correlated scales.
• Prescriptions for ratios:

➡ B: Ratio of expansions, uncorrelated scales.

➡ A’: Expansion of ratio, correlated scales.

➡ B’: Expansion of ratio, uncorrelated scales.

➡ C: Progression of series, correlated scales:

Indeed, since the charged- and neutral-current Drell-Yan processes show very similar K-

factors and dependences on the perturbative scales, it is conceivable that some of the

uncertainties (e.g., PDF e↵ects) cancel in the ratio, and the ratios may exhibit an enhanced

perturbative stability. In the remainder of this section we analyse and compare di↵erent

prescriptions to estimate the missing higher orders in the perturbative expansion of the

cross section ratios for
p
S = 13TeV. We focus here on the following prescriptions:

• Prescription A: We take the ratio of the perturbative expansion of the numerator

and the denominator computed at a given order in perturbation theory. We choose

the renormalisation and factorisation scales in the numerator and denominator in

a correlated way, i.e., we always choose the same values for the scales in both the

numerator and the denominator.

• Prescription B: Similar to Prescription A, but we do not correlate the renormalisa-

tion and factorisation scales between the numerator and the denominator. In other

words, we perform independently a 7-point variation of the scales in the numerator

and the denominator, and we take the envelope of the values obtained.

• Prescription A
0: We choose the scales in a correlated way, but we expand the ratio

in perturbation theory and only retain terms through a given order in the strong

coupling.

• Prescription B
0
: Similar to Prescription A0, but we choose the scales in an uncor-

related way.

• Prescription C: We take the relative size of the last considered order compared to

the previous one as an estimator of the perturbative uncertainty:

�(pert.) = ±

�����1�
R(n)

XY (Q)

R(n�1)

XY (Q)

�����⇥ 100% . (4.2)

The superscript n on R(n)
XY (Q) indicates the order at which we truncate the pertur-

bative expansion. The values of µF = µR = µcent are chosen in a correlated way in

the numerator and the denominator of RXY . This estimator is based on the expec-

tation that in a well-behaved perturbative expansion the subleading terms should be

smaller than the last known correction. By construction, it leads to an estimate of

the missing higher orders that is symmetric around the central value.

Note that Prescriptions A, A0, B and B0 are fully equivalent to all orders in perturbation

theory. The truncation of the perturbative series can, however, introduce di↵erences in

the results obtained from these four prescriptions, especially at low orders in perturbation

theory. For example, the bands obtained by varying the scales will always be larger if

the scales are varied in an uncorrelated way, because in that case the size of the band is

obtained by taking the envelope of a strictly larger set of values.

Table 2 shows the prediction for RW+W� for Q = mW computed at the first few

orders in perturbation theory. First, we see that the central value is extremely stable in

– 11 –



Cross section ratios

➡ Almost no difference between “expansion of ratio” or 
“ratio of expansions” already at lower orders.

➡ Large difference for scale variation between correlated 
and uncorrelated.

➡ Ratio is extremely stable in perturbation theory.

NLO NNLO N3LO

µcent mW mW /2 mW mW /2 mW mW /2

A 1.342+0.10%
�0.08% 1.342+0.07%

�0.05% 1.348+0.12%
�0.10% 1.349+0.15%

�0.11% 1.350+0.05%
�0.06% 1.350+0.04%

�0.05%

A0 1.343+0.13%
�0.16% 1.344+0.10%

�0.21% 1.349+0.13%
�0.09% 1.351+0.33%

�0.13% 1.350+0.02%
�0.03% 1.350+0.01%

�0.09%

B 1.342+8.82%
�8.08% 1.342+12.9%

�11.4% 1.348+2.26%
�2.31% 1.349+2.24%

�2.27% 1.350+2.21%
�2.14% 1.350+2.21%

�2.14%

B0 1.343+5.28%
�7.40% 1.344+8.09%

�8.97% 1.349+1.85%
�2.63% 1.351+2.21%

�2.24% 1.350+2.60%
�2.25% 1.350+4.65%

�2.70%

C 1.342+0.99%
�0.99% 1.342+0.58%

�0.58% 1.349+0.52%
�0.52% 1.349+0.53%

�0.53% 1.350+0.15%
�0.15% 1.350+0.11%

�0.11%

Table 2: The ratio RW+W� for Q = mW computed for di↵erent values of µcent and with

the di↵erent prescriptions mentioned in the text.

perturbation theory, changing only at the permille level as we go from NNLO to N3LO. The

central value is pretty much independent of the choice of the central scale µcent and whether

the ratio is expanded in perturbation theory or not (primed vs. unprimed prescriptions).

While in general the di↵erent prescriptions lead to vastly di↵erent estimates of the missing

higher orders, the predictions are similar between the primed vs. unprimed prescriptions,

especially as we increase the perturbative order. This is to be expected: If the perturbative

order is increased, the di↵erences stemming from expanding or not the denominator of

the ratio should decrease, which is indeed what we observe. We therefore only discuss

the unprimed prescriptions from now on. Second, we observe that Prescription B leads

to an estimate that is more than an order of magnitude larger than for Prescriptions

A and C. In particular, this makes one wonder if correlated scales (Prescription A &

C) tend to underestimate the size of the missing higher-order terms beyond N3LO. We

believe that results obtained from uncorrelated scales (Prescription B) lead to estimates

that are too conservative. Indeed, since the central value of the ratio only receives permille-

level corrections from NNLO to N3LO and exhibits extremely good perturbative stability,

one expects higher-order corrections to be at the sub-permille level, which is indeed the

size of the band obtained by varying the scales in a correlated way (Prescription A &

C). It would be unreasonable to expect that the missing higher-order corrections shift

the central value by 1% or even more, which is the size of the bands obtained from the

uncorrelated prescription (Prescription B). A correlated prescription is also motivated by

the fact that the neutral- and charged-current processes are expected to receive very similar

QCD corrections, a fact which is corroborated by the results from the previous section.

Finally, we observe that Prescription C leads to an estimate that is always slightly larger

(by a factor ⇠ 3 for Q = mW ) than the one obtained from Prescription A at N3LO. We

have observed that the size of the higher-order terms estimated from Prescription A always

encompasses the next order in perturbation theory. In order words, Prescription A appears

to account for the e↵ect of missing higher orders even though it estimates relatively small

residual uncertainties for the point Q = mW . Below we study ratios of cross sections as a

function of a range of di↵erent values of Q allowing us to comment on Prescription A in

more detail.

– 12 –

<latexit sha1_base64="o+Lf/RrMDG5twjds3kG50KatLtQ=">AAACEXicbZDNSsNAFIUn9a/Wv1SXboJFqIglkYJuhIIbl61YU2jTMJlO2qEzkzAzUUoo+Azu3eoruBS3PoFv4GM4abuwrQcGDufeuffyBTElUtn2t5FbWV1b38hvFra2d3b3zOL+vYwSgXATRTQSrQBKTAnHTUUUxa1YYMgCit1geJ3V3QcsJIn4nRrF2GOwz0lIEFQ68s3irZ+63VO3ezYuN66Y7574Zsmu2BNZy8aZmRKYqe6bP51ehBKGuUIUStl27Fh5KRSKIIrHhU4icQzREPZxW1sOGZZeOjl9bB3rpGeFkdCPK2uS/v2RQibliAW6k0E1kIu1LPyv1k5UeOmlhMeJwhxNF4UJtVRkZRysHhEYKTrSBiJB9K0WGkABkdK05rZks4UM5big0TiLIJaNe15xqhXHaVRLtdrTlFIeHIIjUAYOuAA1cAPqoAkQeAQv4BW8Gc/Gu/FhfE5bc8aM7AGYk/H1CzSanNw=</latexit>

RW+W�(Q = mW )
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Figure 9: The upper panels show the ratio RW+W� (left) with bands computed with

Prescription A (left), Prescription B (middle) and Prescription C (right). The lower panels

show the same normalised to the value of the ratio computed at N3LO. The dashed magenta

line indicates the physical W boson mass, Q = mW .

Figure 9 shows the ratio RW+W� as a function of the virtuality Q. The bands were

created using Prescription A (left), B (middle) and C (right). Just like for on-shell produc-

tion, we observe that correlated and uncorrelated scales lead to vastly di↵erent estimates

for the size of the bands. In particular, Prescription B gives an extremely conservative es-

timate of the bands over the whole range of Q considered. Unlike for on-shell production,

the bands obtained from Prescription A do not overlap for Q > 200GeV, which indicates

that Prescription A does not correctly capture the size of higher-order corrections in this

range of virtualities. In general, this calls into question whether correlated scale variations

should be used as an uncertainty estimator for ratios of cross sections with very similar

K-factors. Instead, Prescription C seems to give the most reliable estimator of the size of

the residual perturbative corrections for ratios of cross sections over the whole range of

virtualities considered.

Figure 10: The ratios RW+W� (left), RW+�⇤ (middle) and RW+�⇤ (right) as a function of

the virtuablity Q. The uncertainty bands are obtained with Prescription C for the central

scale µcent = Q. The dashed magenta line indicates the physical W boson mass, Q = mW .

In fig. 10 we extend our analysis from RW+W� (left) to RW+�⇤ (middle) and RW+�⇤

(right). In all cases the bands are estimated using Prescription C. Similar to our discussion

in the previous paragraph, we find that Prescription C delivers reliable estimates also for

the latter two ratios. In all cases we find that the residual perturbative uncertainty is very

small, making ratios of production cross sections of electroweak gauge bosons very stable

under perturbative corrections, and therefore ideal precision observables.

While Prescription C seems to give reliable estimates for all cross section ratios con-

sidered over a wide range of kinematics, we have to point out that Prescription C has the

obvious shortcoming that it gives a vanishing result whenever two consecutive perturbative

– 13 –
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Figure 9: The upper panels show the ratio RW+W� (left) with bands computed with

Prescription A (left), Prescription B (middle) and Prescription C (right). The lower panels

show the same normalised to the value of the ratio computed at N3LO. The dashed magenta

line indicates the physical W boson mass, Q = mW .

Figure 9 shows the ratio RW+W� as a function of the virtuality Q. The bands were

created using Prescription A (left), B (middle) and C (right). Just like for on-shell produc-

tion, we observe that correlated and uncorrelated scales lead to vastly di↵erent estimates

for the size of the bands. In particular, Prescription B gives an extremely conservative es-

timate of the bands over the whole range of Q considered. Unlike for on-shell production,

the bands obtained from Prescription A do not overlap for Q > 200GeV, which indicates

that Prescription A does not correctly capture the size of higher-order corrections in this

range of virtualities. In general, this calls into question whether correlated scale variations

should be used as an uncertainty estimator for ratios of cross sections with very similar

K-factors. Instead, Prescription C seems to give the most reliable estimator of the size of

the residual perturbative corrections for ratios of cross sections over the whole range of

virtualities considered.

Figure 10: The ratios RW+W� (left), RW+�⇤ (middle) and RW+�⇤ (right) as a function of

the virtuablity Q. The uncertainty bands are obtained with Prescription C for the central

scale µcent = Q. The dashed magenta line indicates the physical W boson mass, Q = mW .

In fig. 10 we extend our analysis from RW+W� (left) to RW+�⇤ (middle) and RW+�⇤

(right). In all cases the bands are estimated using Prescription C. Similar to our discussion

in the previous paragraph, we find that Prescription C delivers reliable estimates also for

the latter two ratios. In all cases we find that the residual perturbative uncertainty is very

small, making ratios of production cross sections of electroweak gauge bosons very stable

under perturbative corrections, and therefore ideal precision observables.

While Prescription C seems to give reliable estimates for all cross section ratios con-

sidered over a wide range of kinematics, we have to point out that Prescription C has the

obvious shortcoming that it gives a vanishing result whenever two consecutive perturbative

– 13 –
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FIG. 1 The light red area in the left plot represents the PDF uncertainty, the dark red area corresponds to the
combination in quadrature of PDF+↵s uncertainty. The right plot shows the uncertainty on the cross section due to

missing N3LO PDFs.

and µf denote the renormalisation and factorisation
scales respectively. We have computed the partonic cross
sections analytically through N3LO for all partonic chan-
nels. At NLO and NNLO we reproduce the results of
refs. [3–11]. Our computation follows closely the one for
the inclusive cross sections for Higgs production in gluon-
fusion [16–18] and bottom-quark fusion [19]. All relevant
Feynman diagrams are generated with QGraf [20] and
sorted into scalar integral topologies, which are then re-
duced to a set of master integrals via integration-by-parts
identities [21, 22] using an in-house code. The master in-
tegrals are computed analytically as a function of z using
the di↵erential equations method [23–27]. The master
integrals contributing to the N3LO cross section can be
subdivided into several classes. Firstly, there are purely
virtual three-loop integrals, which are encoded in the
quark form factor up to three loops [28–34]. We have re-
computed the purely virtual corrections, and we find per-
fect agreement with the existing results in the literature.
The N3LO cross section also receives contributions from
partonic subprocesses describing additional final-state ra-
diation. The master integrals describing the emission of
a single massless parton at this order in perturbation
theory have been computed in ref. [35–39]. Similarly,
the master integrals for double-real virtual and triple-
real contributions have been computed in refs. [16, 40–44]
as an expansion around the production threshold of the
Higgs boson and exactly as a function of z in ref. [18].
We work exclusively with the master integrals of ref. [18].
All master integrals have already been evaluated in the
context of the N3LO corrections to the gluon-fusion and
bottom-quark-fusion cross sections.

The di↵erent contributions that we have described are
not yet well-defined in four space-time dimensions. They
are individually ultraviolet (UV) and infrared (IR) di-
vergent, and we regulate both UV and IR using con-
ventional dimensional regularisation, i.e., we work in
D = 4� 2✏ space-time dimensions. The UV divergences

are absorbed by replacing the strong coupling constant
by its renormalised value in the MS-scheme. The UV-
counterterm for the strong coupling constant has been
computed through five loops in refs. [45–49]. After UV
renormalisation, all remaining divergences are of IR ori-
gin. They can be absorbed into the definition of the
PDFs using mass factorisation at N3LO [50–52], which
involves convoluting lower-order partonic cross sections
with the three-loop splitting functions of refs. [53–55].
All convolutions are computed analytically in z space us-
ing the PolyLogTools package [56]. We observe that
after UV renormalisation and mass factorisation, all poles
in the dimensional regulator cancel and we obtain finite
results for all partonic channels.
Besides the explicit analytic cancellation of the UV

and IR poles, we have performed various checks to
establish the correctness of our computation. First,
we have reproduced the soft-virtual N3LO cross sec-
tion of refs. [41, 57–60] and the physical kernel con-
straints of ref. [61–63] for the next-to-soft term of the
quark-initiated cross section. Second, we have checked
that our partonic cross sections have the expected be-
haviour in the high-energy limit, which corresponds to
z ! 0 [64, 65]. Finally, we have also checked that all
logarithmic terms in the renormalisation and factorisa-
tion scales produced from the cancellation of the UV and
IR poles satisfy the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equation [66–68].

PHENOMENOLOGICAL RESULTS

In this section we present our phenomenological re-
sults for lepton-pair production via an o↵-shell photon at
N3LO in QCD. The strong coupling is ↵s(m2

Z) = 0.118,
and we evolve it to the renormalisation scale µr using the
four-loop QCD beta function in the MS-scheme assuming
Nf = 5 active, massless quark flavours. In the remainder
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Figure 16: Higgs production cross-section and the relative PDF+↵s uncertainty at 68% C.L.
using the CT14, MMHT2014 and NNPDF3.0 sets, normalized by the central value obtained with
the PDF4LHC15 combination.

The situation is very di↵erent for the ABM12 set, which uses a lower central value of

the strong coupling constant

↵ABM
s = 0.1132± 0.0011 . (7.3)

This value is the result of the ABM fit. As one can see from Fig. 18, the ABM12 set gives

a prediction that is about 23% lower than the one from PDF4LHC15 at Tevatron energies,

and 9 � 7% lower at LHC energies. The PDF+↵s error is 1.2%, which does not account

for this discrepancy. We note here that the variation range for ↵s used for the PDF+↵s

variation in the ABM12 set is determined by the fitting procedure and is slightly smaller

than the range suggested by the PDF4LHC recommendation [109].

To understand how much of this di↵erence comes from the choice of a di↵erent value

of the strong coupling constant, we plot in Fig. 18 the prediction from CT14 at the same

value of ↵s as the one obtained by ABM12. At ↵s = 0.118 the predictions from CT14

are in very good agreement with those from PDF4LHC15 (Fig. 16). At a lower value of

↵s, CT14 gives a cross-section that is about 10% smaller than the result at ↵s = 0.118

(12% at Tevatron energies). The dependence on the center-of-mass energy appears to be

much milder than the one exhibited by ABM12. However, the PDF+↵s uncertainty might

improve the agreement between the two sets. Unfortunately, only one error set for CT14

at ↵s = 0.113 is available, and we cannot assess this uncertainty.

– 36 –

ggH DY

• Dependence of the cross on PDF+      : ~2—9% at LHC 
energies.

↵s
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➡ Central set: pdf4lhc_nnlo_mc.
➡ Uncertainty band obtained following PDF4LHC 

recommendation.



• This introduces a mismatch in our calculation.

• We do not have N3LO PDFs
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Figure 16: The perturbative expansion of the non-singlet structure function F2,ns up to three loops
(N3LO). On the left all curves are normalized to the leading-order result F LO

2,ns = qns given by
Eq. (5.2), on the right we show the relative effects of the two-loop and three-loop corrections.
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Figure 17: As Fig. 16, but for FL where the terms up to order αn+1
s form the NnLO approximation.

Also here the left plot is normalized to qns, facilitating a direct comparison with F2,ns.
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[Moch, Vermaseren, Vogt]

• The factor 1/2 takes into account that this 
estimate is most likely overly conservative. 

➡ cf. convergence pattern of DIS.

• Estimate of the uncertainty:
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FIG. 1 The light red area in the left plot represents the PDF uncertainty, the dark red area corresponds to the
combination in quadrature of PDF+↵s uncertainty. The right plot shows the uncertainty on the cross section due to

missing N3LO PDFs.

and µf denote the renormalisation and factorisation
scales respectively. We have computed the partonic cross
sections analytically through N3LO for all partonic chan-
nels. At NLO and NNLO we reproduce the results of
refs. [3–11]. Our computation follows closely the one for
the inclusive cross sections for Higgs production in gluon-
fusion [16–18] and bottom-quark fusion [19]. All relevant
Feynman diagrams are generated with QGraf [20] and
sorted into scalar integral topologies, which are then re-
duced to a set of master integrals via integration-by-parts
identities [21, 22] using an in-house code. The master in-
tegrals are computed analytically as a function of z using
the di↵erential equations method [23–27]. The master
integrals contributing to the N3LO cross section can be
subdivided into several classes. Firstly, there are purely
virtual three-loop integrals, which are encoded in the
quark form factor up to three loops [28–34]. We have re-
computed the purely virtual corrections, and we find per-
fect agreement with the existing results in the literature.
The N3LO cross section also receives contributions from
partonic subprocesses describing additional final-state ra-
diation. The master integrals describing the emission of
a single massless parton at this order in perturbation
theory have been computed in ref. [35–39]. Similarly,
the master integrals for double-real virtual and triple-
real contributions have been computed in refs. [16, 40–44]
as an expansion around the production threshold of the
Higgs boson and exactly as a function of z in ref. [18].
We work exclusively with the master integrals of ref. [18].
All master integrals have already been evaluated in the
context of the N3LO corrections to the gluon-fusion and
bottom-quark-fusion cross sections.

The di↵erent contributions that we have described are
not yet well-defined in four space-time dimensions. They
are individually ultraviolet (UV) and infrared (IR) di-
vergent, and we regulate both UV and IR using con-
ventional dimensional regularisation, i.e., we work in
D = 4� 2✏ space-time dimensions. The UV divergences

are absorbed by replacing the strong coupling constant
by its renormalised value in the MS-scheme. The UV-
counterterm for the strong coupling constant has been
computed through five loops in refs. [45–49]. After UV
renormalisation, all remaining divergences are of IR ori-
gin. They can be absorbed into the definition of the
PDFs using mass factorisation at N3LO [50–52], which
involves convoluting lower-order partonic cross sections
with the three-loop splitting functions of refs. [53–55].
All convolutions are computed analytically in z space us-
ing the PolyLogTools package [56]. We observe that
after UV renormalisation and mass factorisation, all poles
in the dimensional regulator cancel and we obtain finite
results for all partonic channels.
Besides the explicit analytic cancellation of the UV

and IR poles, we have performed various checks to
establish the correctness of our computation. First,
we have reproduced the soft-virtual N3LO cross sec-
tion of refs. [41, 57–60] and the physical kernel con-
straints of ref. [61–63] for the next-to-soft term of the
quark-initiated cross section. Second, we have checked
that our partonic cross sections have the expected be-
haviour in the high-energy limit, which corresponds to
z ! 0 [64, 65]. Finally, we have also checked that all
logarithmic terms in the renormalisation and factorisa-
tion scales produced from the cancellation of the UV and
IR poles satisfy the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equation [66–68].

PHENOMENOLOGICAL RESULTS

In this section we present our phenomenological re-
sults for lepton-pair production via an o↵-shell photon at
N3LO in QCD. The strong coupling is ↵s(m2

Z) = 0.118,
and we evolve it to the renormalisation scale µr using the
four-loop QCD beta function in the MS-scheme assuming
Nf = 5 active, massless quark flavours. In the remainder
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• In all cases we observe                             .                              �(PDF-TH) ⇠ 1� 3%
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• N.B.: Current PDF sets use NNLO Drell-Yan data in the fits.
➡ Some higher-order corrections fitted into PDFs?
➡ Impact on scale variation for DY?
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scale dependence:

Typical PDF uncertainty:

Missing N3LO PDFs:
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that the t-channel singularity in the gluon-initiated pro-
cess gb ! bH leads to a collinear logarithm of the form
log(4µf/mH) in the inclusive cross section. Based on
this observation, it was argued that is natural to vary
to factorisation scale at NLO in an interval around the
central scale µf = mH/4 [83–86]. This choice is corrob-
orated by the fact that it reduces the size of the NLO
corrections. An improved convergence of the perturba-
tive expansion for µf = mH/4 was later also observed at
NNLO [19, 77, 82]. We see from our calculation that this
trend continues at N3LO. We observe that for higher val-
ues of µf , the convergence behaviour of the cross section
with the perturbative order deteriorates. In particular,
choosing µf = µr = mH reduces the overlap of the scale
variation bands between NNLO and N3LO. We therefore
conclude that µf = mH/4 remains a good choice for the
factorisation scale even at N3LO.

Tab. II presents results for the inclusive cross section
for a proton-collider for various hadronic centre-of-mass
energies, and we show the main uncertainties a↵ecting
the cross section. To obtain central values and PDF un-
certainties we use the Monte-Carlo replica method fol-
lowing the PDF4LHC recommendation [80]. All other
uncertainties are computed with a fixed PDF set, namely
the zeroth member of the PDF4LHC15 nnlo mc set. The
QCD scale uncertainty is estimated by varying µr and µf

as described in the previous paragraph. We also include
an uncertainty reflecting the fact that currently there are
no N3LO PDF sets available. The estimate of this un-
certainty was obtained following the recipe introduced
in Ref. [29]. The bottom quark mass is a↵ected by an
uncertainty of +0.04

�0.03
GeV [79] and we display the result-

ing uncertainty of our cross section. A more detailed
discussion of the uncertainties, including a more compre-
hensive study of the impact of di↵erent PDF sets, will be
presented in Ref. [78].

S [TeV] �bbH [pb] scale PDF+↵s mb N3LO PDFs

7 0.174 +3.0%
�3.3% ±9.2% +2.3%

�1.7% ±3.9%

8 0.226 +3.0%
�3.6% ±9.2% +2.3%

�1.7% ±3.5%

13 0.542 +3.0%
�4.8% ±8.5% +2.3%

�1.7% ±2.5%

14 0.614 +3.0%
�5.0% ±8.5% +2.3%

�1.7% ±2.3%

27 1.69 +3.2%
�6.8% ±7.7% +2.3%

�1.7% ±1.2%

100 9.20 +3.8%
�11.% ±6.8% +2.3%

�1.7% ±0.76%

TABLE II The hadronic bottom-quark-fusion Higgs
boson production cross section at various centre of mass
energies. For a description of the uncertainties, see main

text.

COMMENT ON THRESHOLD EXPANSIONS

Let us comment on the value of the N3LO cross sec-
tion and how it compares to results obtained by approx-
imations based on incomplete calculations at N3LO. In
particular, the contribution to the cross section when the
Higgs boson is produced at threshold and all QCD radia-
tion is soft corresponds to the limit z ! 1. In this limit,
the cross section develops large logarithms, which can be
resummed to all orders. In Ref. [73] the universal struc-
ture of the threshold logarithms was combined with the
three-loop form factor of Ref. [39] and the constant term
for Higgs production at threshold at N3LO of Ref. [53] to
obtain the analytic result for the partonic cross section
at N3LO at threshold (at threshold only the bb̄ chan-
nel contributes), and predictions for the inclusive cross
section were presented. We can use our exact result for
cross section at N3LO and confront it with the threshold
approximation.

Fig. 2 shows a comparison of the expansion of the par-
tonic cross sections around the production threshold of
the Higgs boson to our exact result after convolution
with the PDFs. To this end we performed a series ex-
pansion of the partonic cross section around z = 1 and
we study the convergence of the threshold expansion in
Fig. 2. While the series stabilises after several terms,
the value of the cross section varies widely if only a few
terms are included. Alternatively, one can consider the
threshold expansion after transforming the cross section
to Mellin-space, where the threshold limit corresponds
to the expansion in large values of the Mellin variable
N . This corresponds to a reorganisation of the terms
in the expansion, and it was observed that in N -space
the logarithmic expansion at leading (and possibly fixed
sub-leading) power of the cross section shows a better
convergence. Here, however, we study the convergence
of the threshold expansion far beyond leading power.

Fig. 3 shows the comparison of the z-space and N -
space expansion. We find that the threshold expansion in
N -space is an alternating series at every order in the per-
turbative expansion, and the amplitude of the oscillation
increases with both the perturbative order and the order
in the threshold expansion, reaching O(1022) at N3LO af-
ter 50 terms in the threshold expansion. This invalidates
the use of a pure Mellin-space approach (i.e., a truncated
expansion in logk N/N

p) to obtain reliable predictions at
N3LO. Using an algorithm to sum alternating series [87],
we can replace the pure Mellin-space expansion by a con-
verging series, which reaches a plateau at the correct
value after several terms in the expansion (while it di-
verges later due to numerical instabilities due to the large
oscillation amplitude). The method chosen in ref. [87] to
arrive at a convergent series represents only one partic-
ular scheme and this choice should be associated with
a scheme uncertainty itself if the series is truncated be-

bbH 0.978
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Next, let us analyze the uncertainties quoted in our cross-section prediction. We

present our result in eq. (8.1) with two uncertainties which we describe in the following. The

first uncertainty in eq. (8.1) is the theory uncertainty related to missing corrections in the

perturbative description of the cross-section. Just like for the central value, it is interesting

to look at the breakdown of how the di↵erent e↵ects build up the final number. Collecting

all the uncertainties described in previous sections, we find the following components:

�(scale) �(trunc) �(PDF-TH) �(EW) �(t, b, c) �(1/mt)

+0.10 pb

�1.15 pb
±0.18 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb

+0.21%
�2.37% ±0.37% ±1.16% ±1% ±0.83% ±1%

In the previous table, �(scale) and �(trunc) denote the scale and truncation uncertainties

on the rEFT cross-section, and �(PDF-TH) denotes the uncertainty on the cross-section

prediction due to our ignorance of N3LO parton densities, cf. Section 3. �(EW), �(t, b, c)

and �(1/mt) denote the uncertainties on the cross-section due to missing quark-mass e↵ects

at NNLO and mixed QCD-EW corrections. The first uncertainty in eq. (8.1) is then

obtained by adding linearly all these e↵ects. The parametric uncertainty due to the mass

values of the top, bottom and charm quarks is at the per mille level, and hence completely

negligible. We note that including into our prediction resummation e↵ects in the schemes

that we have studied in Section 4 would lead to a very small scale variation, which we

believe unrealistic and which we do not expect to capture the uncertainty due to missing

higher-order corrections at N4LO and beyond. Based on this observation, as well as on the

fact that the definition of the resummation scheme may su↵er from large ambiguities, we

prefer a prudent approach and we adopt to adhere to fixed-order perturbation theory as

an estimator of remaining theoretical uncertainty from QCD.

The second uncertainty in eq. (8.1) is the PDF+↵s uncertainty due to the determina-

tion of the parton distribution functions and the strong coupling constant, following the

PDF4LHC recommendation. When studying the correlations with other uncertainties in

Monte-Carlo simulations, it is often necessary to separate the PDF and ↵s uncertainties:

�(PDF) �(↵s)

±0.90 pb +1.27pb
�1.25pb

±1.86% +2.61%
�2.58%

Since the �(↵s) error is asymmetric, in the combination presented in eq. (8.1) we conser-

vatively add in quadrature the largest of the two errors to the PDF error.

As pointed out in Section 7, the PDF4LHC uncertainty estimate quoted above does

not cover the cross-section value as predicted by the ABM12 set of parton distribution func-

tions. For comparison we quote here the corresponding cross-section value and PDF+↵s

– 39 –
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FIG. 2 The cross section as a function of the invariant mass Q2 of the lepton pair for small (left) and large (right)
values of Q.

of this section we present our results for the cross section
as a function of the invariant mass of the lepton pair, and
we discuss the sources of uncertainty that a↵ect it.

Tab. I contains numerical values for the QCD K-factor,
i.e., the ratio of the N3LO cross section over the NNLO
cross section. We observe that for all values of the invari-
ant mass Q considered, the cross section receives negative
corrections at the percent level at LHC center-of-mass
energies. We include numerical estimates of the size of
the three uncertainties discussed. The central values and
scale variation bands for the K-factor are obtained with
the zeroth member of the PDF4LHC15 nnlo mc set. We
define

KN
3
LO

QCD
=

�(3)(µf = µr = Q)

�(2)(µf = µr = Q)
,

�(X) =
�X(�(3))

�(3)(µf = µr = Q)
,

(2)

where �(n)(µf = µr = Q) is the hadronic cross section
including perturbative corrections up to nth order evalu-
ated for µF = µR = Q and �X(�(n)) is the absolute un-
certainty of the cross section from source X as described
below.

Q/GeV KN
3
LO

QCD �(scale) �(PDF+↵S) �(PDF-TH)

30 0.952 +1.5%
�2.5% ±4.1% ±2.7%

50 0.966 +1.1%
�1.6% ±3.2% ±2.5%

70 0.973 +0.89%
�1.1% ±2.7% ±2.4%

90 0.978 +0.75%
�0.89% ±2.5% ±2.4%

110 0.981 +0.65%
�0.73% ±2.3% ±2.3%

130 0.983 +0.57%
�0.63% ±2.2% ±2.2%

150 0.985 +0.50%
�0.54% ±2.2% ±2.2%

TABLE I Numerical predictions for the QCD
K-factor at N3LO.

Let us now analyse the two sources of uncertainty re-
lated to the PDFs (PDF+↵S an PDF-TH) and the de-
pendence of the cross section on the renormalisation and
factorisation scales. Fig. 1 displays the impact of our im-
precise knowledge of parton distribution functions and
the strong coupling constant on our abilities to predict
the DY cross section. The PDFs and the strong coupling

constant cannot be computed from first principle but
they need to be extracted from measurements. In order
to study the PDF+↵s uncertainties we use the Monte-
Carlo replica method following the PDF4LHC recom-
mendation [69]. In addition, we study the uncertainty
reflecting the fact that currently there are no N3LO PDF
sets available. The estimate of this uncertainty was ob-
tained following the recipe introduced in Ref. [17]. As
shown in Fig. 1 each of the two uncertainties is of the
order of ±2% over the whole range of invariant masses
considered.

Fig. 2 shows the value of the NLO, NNLO and N3LO
cross sections normalised to the central N3LO value as
a function of the invariant mass Q2 of the lepton pair.
The bands indicate the dependence of the cross section
at di↵erent orders on the choice of the renormalisation
and factorisation scales. We choose Q as a central scale
and increase and decrease both scales independently by
a factor of two with respect to the central scale while
maintaining 1
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 µR/µF  2. We observe that at N3LO

the cross section depends only very mildly on the choice
of the scale. In particular, for small and very large invari-
ant masses the dependence on the scale is substantially
reduced by inclusion of N3LO corrections compared to
NNLO. Remarkably, however, we find that for invariant
masses 50 GeV . Q . 400 GeV, the bands obtained by
varying the renormalisation and factorisation scales at
NNLO and N3LO do not overlap for the choice of the
central scale Q that is conventionally chosen in the liter-
ature. This is in stark contrast to the case of the N3LO
corrections to the inclusive cross section for Higgs pro-
duction in gluon and bottom-quark fusion [16, 18, 19],
where the band obtained at N3LO was always strictly
contained in the NNLO band (for reasonable choices of
the central scales). We note that this behaviour does not
depend on our choice of the central scale, but we observe
the same behaviour when the central scale is chosen as
Q/2. Since this is a new feature which has not been ob-
served so far for inclusive N3LO cross section, we analyse
it in some detail.

Fig. 3 shows the dependence of the cross section for
an invariant mass Q = 100 GeV on one scale with the
other held fixed at the central scale Q = 100 GeV. The
bands are again obtained by varying the scale by a factor
of two up and down around the central scale. We see
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FIG. 2 The cross section as a function of the invariant mass Q2 of the lepton pair for small (left) and large (right)
values of Q.
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as a function of the invariant mass of the lepton pair, and
we discuss the sources of uncertainty that a↵ect it.
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i.e., the ratio of the N3LO cross section over the NNLO
cross section. We observe that for all values of the invari-
ant mass Q considered, the cross section receives negative
corrections at the percent level at LHC center-of-mass
energies. We include numerical estimates of the size of
the three uncertainties discussed. The central values and
scale variation bands for the K-factor are obtained with
the zeroth member of the PDF4LHC15 nnlo mc set. We
define

KN
3
LO

QCD
=

�(3)(µf = µr = Q)

�(2)(µf = µr = Q)
,

�(X) =
�X(�(3))

�(3)(µf = µr = Q)
,

(2)

where �(n)(µf = µr = Q) is the hadronic cross section
including perturbative corrections up to nth order evalu-
ated for µF = µR = Q and �X(�(n)) is the absolute un-
certainty of the cross section from source X as described
below.

Q/GeV KN
3
LO

QCD �(scale) �(PDF+↵S) �(PDF-TH)

30 0.952 +1.5%
�2.5% ±4.1% ±2.7%
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TABLE I Numerical predictions for the QCD
K-factor at N3LO.
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lated to the PDFs (PDF+↵S an PDF-TH) and the de-
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precise knowledge of parton distribution functions and
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the DY cross section. The PDFs and the strong coupling

constant cannot be computed from first principle but
they need to be extracted from measurements. In order
to study the PDF+↵s uncertainties we use the Monte-
Carlo replica method following the PDF4LHC recom-
mendation [69]. In addition, we study the uncertainty
reflecting the fact that currently there are no N3LO PDF
sets available. The estimate of this uncertainty was ob-
tained following the recipe introduced in Ref. [17]. As
shown in Fig. 1 each of the two uncertainties is of the
order of ±2% over the whole range of invariant masses
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a factor of two with respect to the central scale while
maintaining 1

2
 µR/µF  2. We observe that at N3LO

the cross section depends only very mildly on the choice
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ant masses the dependence on the scale is substantially
reduced by inclusion of N3LO corrections compared to
NNLO. Remarkably, however, we find that for invariant
masses 50 GeV . Q . 400 GeV, the bands obtained by
varying the renormalisation and factorisation scales at
NNLO and N3LO do not overlap for the choice of the
central scale Q that is conventionally chosen in the liter-
ature. This is in stark contrast to the case of the N3LO
corrections to the inclusive cross section for Higgs pro-
duction in gluon and bottom-quark fusion [16, 18, 19],
where the band obtained at N3LO was always strictly
contained in the NNLO band (for reasonable choices of
the central scales). We note that this behaviour does not
depend on our choice of the central scale, but we observe
the same behaviour when the central scale is chosen as
Q/2. Since this is a new feature which has not been ob-
served so far for inclusive N3LO cross section, we analyse
it in some detail.

Fig. 3 shows the dependence of the cross section for
an invariant mass Q = 100 GeV on one scale with the
other held fixed at the central scale Q = 100 GeV. The
bands are again obtained by varying the scale by a factor
of two up and down around the central scale. We see
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ant masses the dependence on the scale is substantially
reduced by inclusion of N3LO corrections compared to
NNLO. Remarkably, however, we find that for invariant
masses 50 GeV . Q . 400 GeV, the bands obtained by
varying the renormalisation and factorisation scales at
NNLO and N3LO do not overlap for the choice of the
central scale Q that is conventionally chosen in the liter-
ature. This is in stark contrast to the case of the N3LO
corrections to the inclusive cross section for Higgs pro-
duction in gluon and bottom-quark fusion [16, 18, 19],
where the band obtained at N3LO was always strictly
contained in the NNLO band (for reasonable choices of
the central scales). We note that this behaviour does not
depend on our choice of the central scale, but we observe
the same behaviour when the central scale is chosen as
Q/2. Since this is a new feature which has not been ob-
served so far for inclusive N3LO cross section, we analyse
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momentum of the Higgs pair system is imposed to be
larger than the cuto↵ parameter pvetoT . In such a case,
there must be an additional jet in accompany with the
Higgs pair. Therefore, in order to have NNLO cross sec-
tion of class-b, we only need to calculate the NLO cor-
rections to hh plus a jet, of which the underlying Born
is represented for example by Fig.1(b) but with an ad-
ditional gluon emission. In this work, we use the Mad-

Graph5 aMC@NLO [78] framework to perform such cal-
culations. The two Wilson coe�cients are also expanded
in a series of ↵s. Since the contribution of this class is
from the interference between the amplitudes with only
one e↵ective vertex insertion and with two e↵ective ver-
tices, one has to organize these coe�cients and ampli-
tudes in an appropriate way. Thanks to the recent de-
velopment [79] to handle mixed-order scenarios, we are
able to obtain the results order-by-order in ↵s. To calcu-
late the one-loop amplitudes automatically, we prepare
the model files by using FeynRules [80], FeynArts [81]
and an in-house Mathematica program, which has been
validated in [82, 83]. The counter-terms, especially the
rational R2 terms, have been extensively checked with
the results in the literature [84, 85]. The tensor inte-
grals appearing in the one-loop amplitudes are evalu-
ated by MadLoop [78, 86] equipped with Collier [87],
while the real emission contribution is computed with
the module MadFKS [88, 89] with the FKS subtraction
method [90, 91]. We want to stress that the inclusion
of the contribution from class-b is indispensable in the
sense that it not only contributes to the same order in ↵s

but also cancels the remaining scale dependence in class-
a at N3LO (details shown in the supplemental material).
Finally, since the NLO cross sections of class-c can be
obtained with full-fledged methods, we refrain ourselves
from presenting details about them, but they have been
routinely included in our final results.

We have performed many cross checks and validations
in our calculations. All the terms except for O(↵5

s) terms
of class-a and class-b listed in Table I have been cross
checked at least by two independent calculations at the
inclusive total cross section level. Specifically, we have
reproduced the cross section of a single Higgs boson pro-
duction up to NNLO in iHixs2 by using our program.
This agreement can check our implementations of the
two-loop beam and soft functions, as well as the calcula-
tion of one-loop amplitudes with one e↵ective vertex. In
addition, we have calculated the NLO and NNLO correc-
tions to Higgs pair production in the infinite top-quark
mass limit, and found agreement with HPair2 [12, 13]
and Ref.[18], respectively. This helps to check Eq.(3)
and the calculation of one-loop amplitudes with two ef-
fective vertices. These nontrivial checks already ensure
the correctness of many components of our calculations.
For the O(↵5

s) term of class-a, we simply used iHixs2 by
employing Eq.(3). Such a program has been validated
with the Higgs pair cross sections from LO to NNLO,

which makes us convinced that the O(↵5
s) piece of class-

a is correct. For the remaining O(↵5
s) part of class-b,

we carefully checked the various pieces that are used in
our calculation. In particular, we have checked the scale
dependence of the finite part in the two-loop amplitudes
with two e↵ective vertices [74] by the renormalization
group equation that the hard function should satisfy.
The one-loop amplitude can also been extracted from the
scale-dependent part of the two-loop amplitudes, and it
has been compared against the analytical result we cal-
culated with fire [92] and to the numerical result from
MadLoop. Again, we find perfect agreements. Moreover,
we have checked the independence of the final NNLO re-
sults for class-b on the values of pvetoT over the range from
4 GeV to 20 GeV (see the supplemental material).
Results – In our numerical calculations, we take

v = 246.2 GeV and the Higgs boson mass mh =
125 GeV. The top-quark pole mass, which enters only
into the Wilson coe�cients, is mt = 173.2 GeV. We
use the PDF4LHC15 nnlo 30 PDF [93–96] provided by
LHAPDF6 [97], and the associated strong coupling ↵s.
The default central scale is chosen to be the invariant
mass of the Higgs pair divided by 2, i.e. µ0 = mhh/2,
and the scale uncertainty is evaluated through the 9-point
variation of the factorization scale µF and the renor-
malization scale µR in the form of µR,F = ⇠R,Fµ0 with
⇠R, ⇠F 2 {0.5, 1, 2}.

order

p
s

13 TeV 14 TeV 27 TeV 100 TeV

LO 13.80+31%
�22% 17.06+31%

�22% 98.22+26%
�19% 2015+19%

�15%

NLO 25.81+18%
�15% 31.89+18%

�15% 183.0+16%
�14% 3724+13%

�11%

NNLO 30.41+5.3%
�7.8% 37.55+5.2%

�7.6% 214.2+4.8%
�6.7% 4322+4.2%

�5.3%

N3LO 31.31+0.66%
�2.8% 38.65+0.65%

�2.7% 220.2+0.53%
�2.4% 4438+0.51%

�1.8%

TABLE II: The inclusive total cross sections (in unit of fb)
of Higgs boson pair production at di↵erent center-of-mass en-
ergies from LO to N3LO. The quoted relative uncertainties
are from the 9-point scale variations µR,F = ⇠R,F

mhh
2 with

⇠R, ⇠F 2 {0.5, 1, 2}. The errors due to the numerical Monte
Carlo integration are well below 1h.

We present the inclusive total cross sections (from LO
to N3LO) of the Higgs boson pair production at di↵erent
center-of-mass energies in Table II and Fig. 2. Similarly
to the single Higgs case, the QCD higher-order correc-
tions are prominent. The NLO corrections increase the
LO cross section by 87% (85%) at

p
s = 13 (100) TeV.

The NNLO corrections improve the NLO cross section
further by 18% (16%), reducing the scale uncertainty by
a factor of 2 to 3 to be below 8%. Finally, the N3LO
corrections turn out to be 3.0% (2.7%), which lies well
within the scale uncertainty band of the NNLO result.
Now, the scale uncertainty at N3LO is less than 3% (2%),
with another significant reduction of 2-3 times. For the
purpose of the comparison, the PDF parameterization
uncertainty at 13 TeV amounts to ±3.3%, which is larger
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