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LRSS

& a hadron machine QCD-based processes

¥ a high-energy machine complex processes

¥ entering a high-precision phase theory must follow
¥ searching new physics must control SM background

High precision computation in QCD needed

¢ PDFs, resumation, parton shower, hadronization and ...
¢ ... fixed order computations
Ambitious goal:

¥ Loop computations and ...
¢ ... cancellation of soft and collinear singularities this talk



Well established subtraction schemes at NLO

o Frixione-Kunst-Signer (FKS) subtraction Frixione, Kunszt, Signer
e Catani-Seymour (CS) Dipole subtraction Catani, Seymour
o Nagy-Soper subtraction Nagy, Soper
Many methods available at NNLO
® Antenna subtraction Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al.
o CoLoRFul subtraction Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al.
e Sector-improved residue subtraction Czakon et al.
o Nested soft-collinear subtraction Melnikov et al.
e Local analytic sector subtraction Magnea, Maina, Torrielli, U. et al.
e qT-slicing Catani, Grazzini, et al.
o N-jettiness slicing Boughezal, Petriello, et al.
® Projection to Born Cacciari, Salam, Zanderighi, et al.
® Sector decomposition Anastasiou, Binoth, et al.
o E-prescription Frixione, Grazzini
e Unsubtraction Rodrigo et al.

o Geometric Herzog
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Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /d(I)nVV 5Xn +/dq)n+1RV 5Xn_|_1 _l_/dq)TH—Q RR5Xn—|—2

V¥V and RV have poles in €, RV and RR diverge in phase space
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Structure of subtraction at NNLO

dUNNLo s dUNLo

dX

= /dcbnvv Ox.. +/d<I>n+1RV 0,44 +/d<I>n+2 R0
V¥V and RV have poles in €, RV and RR diverge in phase space

Let’s insert counterterms !
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Counterterms for RR



Counterterms for RR

® Partition of phase space through sector functions
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Counterterms for RR

® Partition of phase space through sector functions
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' In each sector "few” singular limits survive
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Counterterms for RR

® Partition of phase space through sector functions
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2-unresolved limits



Counterterms for RR
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Counterterms for RR

® Partition of phase space through sector functions
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In each sector "few” singular limits survive
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® Partition of phase s

045kl
o

Wikl =

|

Sum rules

(230 W+ 3 S i) = '

i 10,k £k 120,k
Ciik (Wijjk + Wikkj) + perm. of 7,j,k =1 |

Sik Cijik (Wz'k;kj + Whiij + Wijk; + ijij) =1
Cijki (Wz'jkl‘|‘Wijlk‘|‘Wjikl‘|'Wjilk‘|‘Wklij +Wiiji +Wikij +W1ka') =1}
Sik Cijri (Wijkl + Wklz’j) =1
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| Get rid of sector functions for analytical integration !! |



Counterterms for RR

® Partition of phase space through sector functions G = Z Z RR Wijk
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Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
Wijik S @S ”’“zi’fl
Wit " Sit Cijrk SCijk SCrij | _
Wik ! Sir. Cijmi SCiny SChryj

® |dentify counterterms through IR limits
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Counterterms for RR

® Partition of phase space through sector functions

Wiiik s [ Sij  Cijk SCyjk
Wik . .» Sk Cijk SCZ-jk SC]m‘j s
W@'jkl ; " Sz‘k Cijkl SCikl SCkz‘j

® Identify counterterms through IR limits
i — 85 )(1 — Cy5)(1 — SCyu JRR Wi, = linite
‘ e

179k

A1~ Sik)(1 — Cij) (1 — SCije)(1 — SCpiy )RR Wyjr; = finite

(1 — Si) (1 — Cijer)(1 — SCipr) (1 — SCrys)IRR Wijpy = finite
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Counterterms for RR

® Partition of phase space through sector functions

Wiiik ';' Sij  Cijk SCyjk
Wik i§ Sk Cige SCiyjp SCrij |
W@'jkl "ﬁ Sik Cijkl SCiki SCkij

® Identify counterterms through IR limits
B — 85 )(1 — Cy5)(1 — SCyu JRR Wi, = linite
‘ 1.9

179k

NI = Six) (1 — Ciji)(1 — SCij)(1 — SCriy) RR Wijs; = finite

N1 —Sik)(1 — Cijrr) (1 — SCisg)(1 — SChij)IRR Wij = finite
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(1-L3) (1 - LG )RR Wi = [RR L(l)RR Lgf,ilRR + L(1>L§f,1l RR} kaz = finite]
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Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
1,971 ki
® Identify counterterms through IR limits e

(1-L3) (1 - LE) )RR Wi = [RR L(l)RR L,fj,ilRR + L“)Lﬁj,il RR] kaz finite



Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
i,j#41 ki
® Identify counterterms through IR limits ik

(1-L3) (1- L3 )RR Wi = [RR L<1>RR L,ffglRR 2 L(”ng,il RR] kal — finite

® Remapping of momenta

* to have and momenta in matrix
elements of counterterms

* to have factorisation of (n+2) phase space

1 2 1 2
LD, 1, 1L £ 52, LT

1 ij » Hijkl 1jkl

Barrezci i;mu%s = L.c,m:,%s + Rema




Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
i,j#41 ki
® Identify counterterms through IR limits ik

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

® Remapping of momenta DELICATE !V

* to have and momenta in matrix
elements of counterterms

* to have factorisation of (n+2) phase space

1 2 1 2
LD, 1, 1L £ 52, LT

1 ij » Hijkl 1jkl

Barrezci i;m&s = meu%s + Rema

* must fulfi RR L(l)RR Lff;lRR+L<1)L<J;l RR}WZ]-M ~ finite |

* carry the same symmetrles as unbarred Ilmlts

to use sum rules of sector functions



Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
eI )
® Identify counterterms through IR limits e

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

® Remapping of momenta DELICATE !

NESTED CATANI-SEYMOUR REMAPPINGS | {k}%{k}(abc) — { }(abc,de )]
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Counterterms for RR

® Partition of phase space through sector functions RR=Y N REW/E
i,j#1 ki
® |dentify counterterms through IR limits A

(1-L3) (1 - L) )RR Wi = |RR - LRR - LE) RR + LYLE), RR| Wi = finite

® Remapping of momenta DELICATE !V

)]
|

NESTED CATANI-SEYMOUR REMAPPINGS ik {k} e {%}(abc) — { E}(abcadef |

!

* simple phase-space factorisation

* simple expressions for invariants

* flexible freedom in choosing (abc,def)
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To give an idea ...
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They coincide in the soft limit S;



Counterterms for RR

doxnro — d0nLo i /dq) (VV ) 5o

+ / A, . 1 :(RV ) o }

+ [ o1z [RRx,.

dX

K 3 barred limits

K@) 11 barred limits

kT el 21 barred limits




Counterterms for RR

dUNNLO_dUNLO o /dq) (VV ) 5X

+ / A, . 1 :(RV )5Xn+1 }

o / d®, .5 | RR 6

dX

K 3 barred limits
K 11 barred limits
s ':"1,‘».*; -~ "~
L L?, RR W’L \‘ I I
kil i 2) 21 barred limits

We have verified that

* Each barred limit carries the right symmetries

* RR + K+ k¥ + k12 no IR singularities




Integrated counterterms for RR

® |ntegration of I® feasible

19 = 12 12 41 1D

hcc



Integrated counterterms for RR

dUNNLo = dUNLo

dX
) ox.|
To give an idea ... |
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Integrated counterterms for RR




Integrated counterterms for RR

dX
) 8x.|
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Integrated counterterms for RR

_I_/dq)n—l—l
—I_/dq)n—l—Q

We have verified that

o RV + [V no & poles

o 714 j(12) no IR singularities | j




Counterterm for RV
d”NNLZ < LT / o, (VV + 1 ) 0X,
+ / A1 |(RV +1D ) bx,,, + (102 ) ox. |

+/d€[>n+2 RR Do = — (K(Z) 8 K(lz)) 5)(”}




Counterterm for RV

doxnLo — dOnLo o (2)
. = /d@n (VV+I )5Xn

+ / Ay [(RV + 1)) o, ., + (102 —f=V)

i / B | IETE e o — R (K<2> i K<12>) 5Xn}
The counterterm K'®Y) must satisfy

e RV- KRV no IR singularities

o 12 _ KRV no & poles



Counterterm for RV

doxnLo — d0nLo
= [do, (Vv +1® K
dX / e e

+ / Ay [(RV + 1)) 6., + (102 —fK V]

+/d€[>n+2 RR Do = — (K(z) 8 K(lz)) 5)(”}

® Partition of phase space through sector functions

WZJ:% Vi — 1 O':ZO'Z'J' ZWij:l RV:ZRVW@J

o 57; Wy 4 e i,jF0 WE)




Counterterm for RV

doxnLo — d0nLo
— ( @ )
. / VV + D

4 / Ay [(RV + 1)) o, ., + (102 —f=V)

+/d€[>n+2 RR Do = — (K(Z) 8 K(lz)) 5)(”}

® Partition of phase space through sector functions

WZ]:% Vi — 1 O':ZO'Z'J' ZWij:l RV:ZRVWZ]

o Ei Wij i i i

® |dentify counterterms through IR limits

(1-8:)(1 - Cy)RV Wy = (RV LY RV)W,; = finite



Counterterm for RV

doxnLo — d0nLo
— ( @ )
. / VV + D

—|—/dq)n_|_1 —(RV—|_I(1) ) 5Xn+1 oL (1(12) -

+/d<1>n+2 RR Do = — (K(Z) 8 K(lz)) 5X”}

® Partition of phase space through sector functions

WZ]:% Uij: 1 O':ZO'Z'J' ZWij:l RV:ZRVWZ]

o Ei Wij i i i

® |dentify counterterms through IR limits
(1-8:)(1 - Cy)RV Wy = (RV LY RV)W,; = finite

® Remapping of momenta

(RV - L) RV)Wi; = RVWi; — [S:RV +Cy;(1 - §:)RV|Wi; = finite



The interesting case of Cj RV

M ” as . (Sii\ A as Bo . -
| CaltV = iy [Pz'? Vuv({k}[ij])ﬂL%Fe(uz) ig = Buv({k}[m)] T o9
as Te (sij\
tor 3 (18) (GGG + (Cros+Cr—Cp,) + Fy (Cry—Cri+ Cy,) | G R

Wi = (RV L RV)W;; = finite

® Remapping of momenta

(RV - g RV )W = RV W — [SiRV +Cy(1 - Si)RV |Wy; = finite



The interesting case of Cj RV

Nl v aS Sij \ 1/
| CZ]RV — Szj [le; 224 ({k} [i]] ) 27.‘_ Fe (/é) le; 224 ({k} [27] )] 9o, |
as Te (si\ -. o h | | : | SN
t o2 (/ﬂ) Cf Mfz Cf + (Cf[ +sz Cfg>F (Cf szf)]R _,
Alternative formulation more approprlate to match 1“2 e poles 1
l
Nl vy s Sij \ v B as Bo }
CultV = o [PZL ,Lbl/({k}[w]) 5 Le (é) Pf /ﬂ/({k}[ij])] — 5o Ciu it P |
-+ ;:_ 2 (Z;) Cij Rij — 2 Z <Fz C,,;j Ric + Fj C,L'j ch> 1
|
finite
® Remapping of momenta
e =5 ot ia, :
(RV - L3 RV)Wi; = RV Wi; — [SiRV + Cy(1 - S5)RV|W,; = finite



(RV -

Alternative formulation more approprlate to match 1“2 e poles

C;;RV

Corresponding barred limit

)
Hi EiJRV — N [PW W({k}(w’r)) o - T, (8%”27) Pngw uu({k}(ijr))] — (;—;g—g(} R l

The interesting case of Cj RV

- e V) + 52 r() AL B (1) -

Sij 27T ,u2

B - — ~ - " = B =
oS - ~ = B NI ‘

L. ( \ ” h ]
+(;; = (Zé) Cf —sz Cf +F(Cf[ +sz Cfg>+F(Cf —Cfﬁcf)]C B

Nl vy Qs Sz'j_ v B as Bo
= [PZL W({k}[zyl) WFG(HQ PE” By, ({k} i) — 5o, Cii £t |

0 T /5N [ o

7
Szj J

as Te (si\  [.=
Tor @ <u2> [2 ot

L, RV)Wi = RVW;; — [SiRV +{Cif1 - Sirv]Wi; = finite



The interesting case of Cj RV

N sV1 v Qg Sii\ v as Bo T
' CulV = [Pf; Vi (R} i) + 5 Te (ﬁ) P uv({k}[z‘ﬂ)] — 5o, Ci ft |
as Te (sii\ |
+ 2; €2 (Ug) [Cf[ij]_cfi_cfj + F; (Cf[z’j]—l_cfi_cfj) + Fj (Cf[ij]_cfi+0fj)] Cin

Alternative formulation more appropriate to match 1'% € poles
|
Nl 1/ Qs Sij \ y 058 50
Ci;RV = o [Pfﬁ Vi (k1)) + 5 Fe( ; PZ By ({k}i) | — 5-3, Cis B P

as e (S

P i 2 €? < \ |

i Sir T Sjr
| S—— - ' ' —
F — Nl — o . . A — . . a /BO
C,. — pPH Y V( L (’LJ"“)) il o H V( L (ZJ?“)) _ _S_C
Hl il Si; [ i Vi (16 T 9 o (1R} 21 € s
as I Sij —c — :1 P (e

(RV —T; RV)W;; = RVW,; — |S;RV +‘6ijl( 1 - S)RViw;, = finite



Counterterm for RV

doxnLo — d0nLo ¥l (2)
e = /dcbn (Vvv+r ) bx,

+ / Ay [(RV + 1)) o, ., + (102 —f=V)

+/d€[>n+2 RR Do = — (K(z) 8 K(lz)) 5)(”}

) = 5 [T RV + ATws Wy

__~ -



Counterterm for RV
do — do
NNLO NLO ! (2)
e = /dcbn (Vvv+r ) bx,

+/d€[>n+2 RR Do = — (K(z) 8 K(lz)) 5)(”}

K<RV> Z [L(l) RV + Amappmg} Wz

We have verified that
e RV - KRV no IR singularities
S,L,; ) RV = SRV S, AZPRIE
e E“) RV = CyRV C,; ATRRE e

B KRV no & poles



Integrated counterterm for RV

dUNNLo = dUNLo

dX




Integrated counterterm for RV

dUNNLo = dUNLo

dX

® Integration of IRV feasible I(BY) = IS?RV) =I5 [}(lljv) s fg;;/;mg

® Final check

[ VV + 19 - [(RY) no & poles

————— —_ =




State-of-the-art at NLO

o |nitial and final state radiation in the massless case
® Dumping factors to improve convergence

® Final state radiation with massive particles

¢ Numerical implementation

i ¢ Complete treatment of ‘the masis | ;




State-of-the-art at NNLO

massless final state radiation

® Verified cancellation of phase space singularities for RR and RV

® Verified cancellation of virtual singularities for RV

| ¢ Verify cancellation of virtqal ingularities for VV |

Outlook

o |nitial state radiation at NNLO

® The massive case at NNLO



Thanks for your attention



