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a tension between
inclusive and
exclusive
determinations

® current uncertainty on
[Vep|: = 2% = 1% (?)
important for
Bs — ptp~
K — v
€K

® | Vopline, = (42.19£0.78) x 10°° - 0.78 = /(0.50r_ )2 + ...

| Viblinel, = ((4.32 4 01205, £ 0.13¢,) x 1073
theory uncertainties dominate
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= _r r0 + r// + r//sz + r,OD mS + rpLS m3
|l
up to O(Oci) [Jezabek,Kiihn'89; Nir'9 .. .; Gambino et al.05; Melnikov'08; Biswas,Melnikov'08; Pak,Czarnecki'08;

Dowling,Piclum,Czarnecki’08]
NEW: O(ag) [Fael,Schénwald,Steinhauser’20] partial cross checks: [Czakon,Czarnecki,Dowling'21]

a r/’ ol |_/‘ G
up to O(Ocs)i [Becher,Boos,Lunghi’07; Alberti,Gambino,Nandi'14; Mannel,Pivovarov,Rosenthal’15]

a rPD
up to O(Oés)i [Mannel,Pivovarov'19]

1 /mé, 1/mf,: [Dassinger,Mannel, Turczyk’07; Mannel, Turczyk,Uraltsev’10; Mannel,Vos'18; Fael,Mannel,Vos'19]

lepton energy moments and hadronic invariant mass moments
o> fit: compare theory to experiment (Belle,Babar,CDF,CLEO,DELPHI)

[Gambino,Schwanda’14; Alberti,Gambino,Healey,Nandi'15;
Gambino,Healey, Turczyk'16; Bordone,Capdevila, Gambino'21]

> |Veo| and 12, 1%, p3, piss Mb, Me
important: proper definition of bottom and charm quark masses
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Method — key ideas

a optical theorem

integrate out (¢7) loop

a loop momentum through (¢7) loop: q
1-loop integration over g possible
remaining 0, 1, 2, 3 loops

a asymptotic expansion (seneke smimove7)
mp~meg:d=1—my/mp

[Dowling,Piclum,Czarnecki'08]
k| ~ myp (hard)
K| ~ & - mp ( ) /7, -

<
rd
® expansion up to §'2 /, q
a analytic calculation ?
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Method - key ideas A“(IT

a 1450 5-loop diagrams P NN

m asymptotic expansion cross checked —>b——>
against asy (paksminovio

a automated partial fraction
decomposition: LIMIT verrenz0)

a number of 3-loop integrals:
~ 25000 000

a reduction to Mls:
FIRE (smimov.chunarevie] aNd LiteRed jLeeiz)

a scalar integrals with PO NN
powers up to £12 % q
> interm. expr. ~ 100 GB : :

= number of Mls: O

2 |OOpS 3+3, 3-|OOpS: 20+1 g [Lee,Smirnov’'10; Fael,Schénwald,Steinhauser'20]
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NNLO AT

Karlsruhe Institute of Technology

3.5j ///’—“\\\
3.0
2.5+ m 6°
] m 5°
oW 20{ m 6’
Ntsm ] 6:
B 6
1.5 510
] 611
1.0 612
4 613
] m 5
0.57 m 55
| m/my—0
0.0 T T T T T T T [ T ‘' T T T T T .
0.0 0.2 0.4 0.6 0.8 1.0 p—0:

[Pak,Czarnecki'08]

Matthias Steinhauser — Third-order corrections to b — cf2 — A Loop Summit 2021 5



NNLO AT
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p=mc/mp
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N3LO: (B X.t0) =g [Xo + Cr pORE (%)”Xn} +... AT
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p = mc/mb uncertainty from difference of
5" and 6'? expansion x5

Xs(p=0.28) = —68.4+0.3
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Renormalization schemes AT
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pole masses: bad convergence behaviour
MS scheme (mp): better but still not good
kinetic scheme: optimal for B decays
G2V |2 —\5 e
@ [Bigi,Shifman,Uraltsev, Vainshtein'96] '::> rsl ~ % (MB - /\> é\f‘BbrI;fIsr:)gn energy
. — 2 o 12 kinetic energy
a mlgm(ﬂ) = mg)s — [/\(M)]pert — % — ... of b quark inside B
b meson

[Bigi, Shifman,Uraltsev,Vainshtein'97; 2 loops: Czarnecki,Melnikov,Uraltsev'98; 3 loops: Fael,Schonwald,Steinhauser'20]

mEn(1 GeV) = 4163 + 259 + 78 + 26 MeV = 4526 MeV

Starting point: mgS, m@®
©> mp: transform to mi™
kin

= me: transform to m$™ or mg(fuc) e =2GeV,3GeV,...

1S (Hoang,Ligeti,Mancharag], PS [Benekess)

Matthias Steinhauser — Third-order corrections to b — cf2 — A Loop Summit 2021 7



Numerical results A“(IT

(B = Xob?) = ToXo |1+ X pnq (2)" Vo] + O ("?QCD>

2
Y1 erem BO YZBO Yéem ﬂg on

mgS, m9S —1.72 3.08 —16.17 488 —2121
mEin, mkin —0.94 0.33 —4.08 —-54 —154
mi, ms(3GeV) | —1.67 —-3.39 -3.85 —97.7 69.1
mg, m(2GeV) | —1.25 121 -243 688  67.9
mp(mp), M(3GeV) | 3.07 —21.81 3517 567 119.4
mbS, m,(2GeV) | —0.47 —6.10 —231 931 —7.19
mgS, me(mg®) —-3.59 -0.98 -19.39 -39.83 —80.22

m,})S,mc via HQET | —1.38 0.73 —7.05 5.04 —-38.09

HQET: m§S — m9S = Mg — Mp + (1/Mg — 1/Mp)X1/2 + . ..
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Numerical results A“(IT

(B = Xob?) = ToXo |1+ X pnq (2)" Vo] + O ("%CD>

2
M,

(4)

g = Qg

2
Y1 erem BO YZBO Yéem ﬂg on

mgS, m9S —1.72 3.08 —16.17 488 —2121
mEin, mkin —0.94 0.33 —4.08 —-54 —154
mi, ms(3GeV) | —1.67 —-3.39 -3.85 —97.7 69.1
mgn, me(2GeV) | —1.25 121 -243 6838 67.9
mp(mp), M(3GeV) | 3.07 —21.81 3517 567 119.4
mbS, m,(2GeV) | —0.47 —6.10 —231 931 —7.19
mgS, me(mg®) —-3.59 -0.98 -19.39 -39.83 —80.22

m,})S,mc via HQET | —1.38 0.73 —7.05 5.04 —-38.09

HQET: m§S — m9S = Mg — Mp + (1/Mg — 1/Mp)X1/2 + . ..
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Numerical results A“(IT

[(B = Xol?) = ToXo |1+ sy (2)" Ya| + O <"50D

L
g = ag4)

Y; Y Ys

mgS, m9S —1.72 —13.09 —163.3
miin, miin -0.94 375 —208
mg me(3GeV) | —1.67 —7.24 —28.6
mgn, m.(2GeV) | —1.25 -3.64  —0.9
mp(Mp), Me(3 GeV) |  3.07 —13.36 62.7
mpS, me(2GeV) | —0.47 —8.41 —100.3
me>, me(mp®) —3.59 —20.37 —120.1
miS, mg viaHQET | —1.38  —7.78 —33.05
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1+ dependence AT
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Numerical results (2) A“(“

M(B— Xoto) = ToXo [1 + 2> ()" Yf’] +0 <A%7%D>

[(B — Xof0)/To =
miin, mgin 0.633 (1 — 0.066 — 0.018 — 0.007 ) ~ 0.575
my™, mc(3GeV): 0.700(1—0.116 —0.035 — 0.010 ) ~ 0.587
mg®, mc(2GeV): 0.648 (1 —0.087 —0.018 — 0.0003) ~ 0.580
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Updated fit [Bordone,Capdevila,Gambino’21] ﬁgl"‘T

experimental moments from 2014 (selie Bavar,cDFCLEO,DELPHI

O 0[3 correctionsto (B — X Elj [Fael,Schénwald,Steinhauser'20]
S C

O(a?3) corrections to mp — MK relation irastschomwaidsteinhasser20]
s b b

[FLAG'19]
(3 GeV) = 0.988(7) GeV
mp(Mp) = 4.198(12) GeV — mii™ = 4.565(19) GeV

| Veb| = 42.16(30)¢1(82)exp(25)r x 1073

a r(B — Xcelj)o(ag)
shift | Vep| by 40.6%
reduce uncertainty: (50)r = (25)r

1.2% uncertainty

(32)exp = improvements from Belle Il
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1 _ _ _ =
= =M(p~ — e vule) :
GZ m 16
= Joz3 (1 +Aq) -1
000 005 040 005 020 03 030
p=me/my

Ag() ~ a(my) ( 3{2) [Kinoshita,Sirlin’69; Berman's8]

s
2).
Aq( ) [van Ritbergen,Stuart'98; Seidensticker,Steinhauser’99]

3
Aq(3) ~ <@) (—15.3 + 2.3) [Fael,Schénwald,Steinhauser'20]

7,7 = (2.1969811 + ) us
0Ty , = s
o
0Tyl . = us
a3
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oLrpe iy

al(b— clp)to O(ad) W

m expansion around m, ~ mj

m good convergence in physical point
my/mp ~ 0.3

m use mi™, m>, mb° and m
a2 corrections < 1%

® §| V| = 40.6%; reduction of uncertainty

m m; — 0= a3 corrections to (b — ulD)

u 3" order corrections to (11~ — e V)

m outlook: apply similar approach to moments

(E€! qz! q05 MX! - ')
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