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Groomed event shapes

designed to reduce contamination from non-perturbative 
effects
have complex definition
simplest one: modified mass drop tagger: 

essentially removes the soft particles from the event
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mMDT grooming algorithm

1. Divide the final state of an e+e− → hadrons event into two 
hemispheres in any infrared and collinear safe way. 

2. In each hemisphere, run the Cambridge/Aachen jet algorithm to  
produce an angular-ordered pairwise clustering history of particles.

3. Undo the last step of the clustering for the one hemisphere, and 
split it into two particles; check if these particles pass the mass 
drop condition, which is defined for e+e- collisions as: 

                                                           

where Ei and Ej are the energies of the two particles
3. If the splitting fails this condition, the softer particle is dropped and 

the groomer continues to the next step in the clustering at smaller 
angle.

4. If the splitting passes this condition the procedure ends and any 
observable can be measured in the remaining hemispheres

3. If the splitting fails this condition the softer subjet is dropped and the groomer continues to the
next step in the clustering. In other words the jet J is set to be the harder of the two subjets.

4. If the splitting passes this condition the procedure ends and the jet J is the soft-drop jet.

Soft drop has two different parameters: zcut, which is an energy threshold, and �, which is the angular
exponent that controls how strongly wide-angle emissions are discarded. In the limit � ! 1 the
ungroomed jet is recovered, while � = 0 corresponds to mMDT [34]. In our studies, we will heavily
use jets defined by a hemisphere of the event. In this case, we find it more convenient to work with a
soft-drop condition defined with a slightly different normalisation:

min[Ei, Ej ]

Ei + Ej

> zcut(1� cos ✓ij)
�/2. (2.2)

The observable we will be making use of for most of this work is thrust [24], which is defined by

T = max
~n

✓P
i2E

|~n · ~pi|P
i2E

|~pi|

◆
, (2.3)

where the ~pi are the three-momenta of all the different particles i in the event E . The unit vector
~nT which maximizes the sum is called the thrust axis. Often, especially in the context of all-order
calculations, the variable

⌧ = 1� T = min
~n

✓
1�

P
i
|~n · ~pi|P
i
|~pi|

◆
(2.4)

is defined. This observable is equal to zero for two back to back particles, however with additional
emissions the observable moves away from zero. The ⌧ ⌧ 1 region, often referred to as the two-jet
region, is characterised by soft and collinear emissions, while larger values of ⌧ require hard emissions
to contribute. Given the above considerations, we are tempted to define soft-drop thrust as follows:

(a) the thrust axis nT is calculated, thus dividing the event into two hemispheres;

(b) the soft-drop algorithm is applied in each hemisphere;

(c) the set of particles which are left after soft drop constitutes the soft-drop event ESD, on which
the soft-drop thrust TSD is defined as

TSD = max
~n

 P
i2ESD

|~n · ~pi|P
i2ESD

|~pi|

!
. (2.5)

Furthermore, in analogy with Eq. (2.4), we also introduce ⌧SD = 1� TSD. The above definition seems
very natural, as it is a straightforward extension of the ungroomed thrust. However step (c) does result
in undesirable features. Let us consider for instance the � = 0 case, for which soft drop coincides with
mMDT. Due to the close resemblance of the ⌧ variable with the hemisphere jet mass [9, 50] in the
soft-collinear region, we expect the ⌧SD distribution, for � = 0, to only exhibit single logarithms at
small ⌧SD, which are of collinear origin. However, this expectation is broken already at LO. In order
to see this let us consider a three-particle configuration, which at parton level is realized by allowing
one emission from the quark-antiquark dipole. If this emission is soft, it is then groomed away and the
groomed event is now constituted by just two partons. However, these are not aligned and therefore
they provide a non-zero value of ⌧SD. This has to happen at values of ⌧SD which are parametrically
rather small, suppressed by two powers of zcut. The first power of zcut comes about because we are in
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Resummation formula

Factorization formula for 

C. Frye et al, arXiv: 1603.09338

Convolutions —                                
true product for Laplace transforms:

From this procedure, Ref. [8] proved an all-orders factorzation theorem for the cross

section di↵erential in the groomed hemisphere masses ⌧L and ⌧R, where

⌧i =
m

2

i

E
2

i

, (6)

for massmi and energy Ei of hemisphere i. For ⌧L, ⌧R ⌧ zcut ⌧ 1, the cross section factorizes

into:
1

�0

d2
�

d⌧L d⌧R
= H(Q2)S(zcut) [J(⌧L)⌦ Sc(⌧L, zcut)] [J(⌧R)⌦ Sc(⌧R, zcut)] , (7)

where �0 is the leading-order cross section for e
+
e
�

! qq̄, H(Q2) is the hard function

for quark–anti-quark production in e
+
e
� collisions, S(zcut) is the global soft function for

mMDT grooming, J(⌧i) is the quark jet function for hemisphere mass ⌧i, Sc(⌧i, zcut) is the

collinear-soft function for hemisphere mass ⌧i with mMDT grooming, and we suppressed the

dependence on the renormalization scale µ in all these functions. The symbol ⌦ denotes

convolution over the hemisphere mass ⌧i. In most of the expressions that follow, we will set

�0 = 1GeV�2. While we will calculate data relevant for the functions in this factorization

theorem in this paper, we will do so through the single-di↵erential cross section of the

groomed heavy hemisphere mass, defined as

1

�0

d�g

d⇢
⌘

Z
d⌧L d⌧R

1

�0

d2
�

d⌧L d⌧R
[⇥(⌧L � ⌧R) �(⇢� ⌧L) +⇥(⌧R � ⌧L) �(⇢� ⌧R)] . (8)

The subscript g on the cross section denotes that this is groomed. Additionally, we note

that this definition of the heavy hemisphere mass di↵ers from the standard definition in the

ungroomed case when the heavy hemisphere mass is defined as:

⇢ =
max[m2

L
,m

2

R
]

Q2
, (9)

with Q being the center-of-mass energy. When hemispheres are groomed, the grooming

eliminates their dominant correlations, and so it is more natural to define the groomed mass

with respect to the hemisphere energy, and not the center-of-mass energy.

The factorization theorem is simplest to analyze in Laplace space, where we Laplace

transform in both ⌧L and ⌧R to eliminate the convolutions. In Laplace space, the cross

section becomes a simple product:

�(⌫L, ⌫R)

�0

= H(Q2)S(zcut)J̃(⌫L)S̃c(⌫L, zcut)J̃(⌫R)S̃c(⌫R, zcut) , (10)
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Modified mass drop tagger groomed heavy jet mass:
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Resummation by RGE

�cusp �F � cF Matching

LL ↵s - ↵s - -

NLL ↵2
s ↵s ↵2

s - ↵s

NNLL ↵3
s ↵2

s ↵3
s ↵s ↵2

s

NNNLL ↵4
s ↵3

s ↵4
s ↵2

s ↵3
s

TABLE I. ↵s-order of ingredients needed for resummation to the logarithmic accuracy given. �cusp

is the cusp anomalous dimension, �F is the non-cusp anomalous dimension for function F̃ , � is the

QCD �-function, and cF are the low-scale constants for function F̃ . The final column shows the

relative order to which the resummed cross section can be additively matched to fixed-order.

where ⌫L (⌫R) is the Laplace conjugate of ⌧L (⌧R). In this product form, each function in

the factorization theorem satisfies a simple renormalization group equation (RGE),

µ
@F̃

@µ
=

✓
dF�cusp log

µ
2

µ
2

F

+ �F

◆
F̃ , (F̃ = H , S , J̃ , S̃c) (11)

where dF is a constant, µF is the canonical scale, and �F is the non-cusp anomalous dimension

particular to F̃ . �cusp is the cusp anomalous dimension for back-to-back light-like Wilson

lines in the fundamental representation of color SU(3). Large logarithms of hemisphere

masses can be resummed to all orders in ↵s through this renormalization group equation. It

can be solved exactly, and we present its explicit solution through ↵
3

s
in App. B.

The order to which logarithms can be resummed through this renormalization group

equation depends on the accuracy to which its components are calculated. For the canonical

definition of logarithmic accuracy [58], Table I shows the order in ↵s to which the compo-

nents of the renomalization group equation are needed. In this table, “LL” denotes leading

logarithmic accuracy, “NLL” is next-to-leading logarithmic accuracy, etc. Ref. [8] resummed

the mMDT groomed mass distribution to NNLL accuracy,1 requiring the new calculation of

one-loop constants and two-loop non-cusp anomalous dimensions. The goal of this paper is

to extend the order of the known components to accomplish NNNLL resummation.

1 The logarithmic counting of mMDT groomed mass is actually modified from the traditional counting.

mMDT grooming completely eliminates double logarithms of the mass in the cross section, so what is

labeled NLL in Table I is actually LL for mMDT groomed mass, and similar for higher accuracy. However,

we keep with the counting as in Table I because it corresponds to the logarithms that are resummed in any

individual function in the factorized cross section. Only when all functions are multiplied, as in Eq. (10),

do double logarithms vanish. 8

Resummation is made possible by the RGEs:

The factorization theorem successfully resums 
all logarithms of both ρ and zcut simultaneously, 
to leading power in the limit where ρ ≪ zcut ≪ 1 
in the exponent of the cross section cumulative 
in the mass ρ

Thus NnLL refers to the resummation of all terms of the form 

↵m
s logm+1�n ⇢, ↵m

s logm+1�n zcut, ↵
m
s logm+1�n ⇢

zcut
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order of ingredients needed for NnLL resummation 
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groomed mass distribution to NNLL accuracy, requiring the new calculation of one-loop con-

stants and two-loop non-cusp anomalous dimensions. The goal of this paper is to extend

the order of the known components to accomplish NNNLL resummation.

The cusp anomalous dimension is now known to four-loop order [61–74], and the QCD

�-function is as well [75]. The hard and jet functions are known through three-loop order

[45, 75–81], as they are relevant for resummation of a broad class of observables. The

global mMDT soft function is now completely known to two-loops [8, 49–51], while only

the two-loop non-cusp anomalous dimension of the collinear-soft function is known. Thus,

to achieve NNNLL accurate resummation of mMDT groomed mass, we need the two-loop

collinear-soft function constants, and the three-loop non-cusp anomalous dimensions of the

soft and collinear-soft functions. Actually, because the cross section is renormalization-group

invariant, the sum of non-cusp anomalous dimensions of the functions in the factorization

theorem must vanish:

0 = �H + �S + 2�J + 2�Sc . (12)

Hence, only the two-loop constants of the collinear-soft function and the three-loop non-cusp

anomalous dimension of the global soft function are needed to accomplish resummation at

NNNLL accuracy. In the following sections, we numerically extract these values from fixed-

order codes. All results needed for solving the renomalization group equations to O(↵3

s
) are

provided in the appendices.

Before moving to the numerical extraction, it is useful to comment on the region of phase

space in which mMDT grooming acts non-trivially. Assuming that the grooming parameter

8
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lines in the fundamental representation of color SU(3). Large logarithms of hemisphere
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one-loop constants and two-loop non-cusp anomalous dimensions. The goal of this paper is
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1 The logarithmic counting of mMDT groomed mass is actually modified from the traditional counting.

mMDT grooming completely eliminates double logarithms of the mass in the cross section, so what is
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where �0 is the leading-order e+e� ! qq̄ cross section, zcut is a parameter of the mMDT/soft

drop groomer, and ⌧L, ⌧R are the left- and right-hemisphere masses, respectively. Extending

this factorization theorem beyond NNLL requires knowing two-loop constants for each of the

functions on the right, as well as their three-loop anomalous dimensions. The hard H(Q2)

and jet functions J(⌧) are known completely through three loops, and the global soft function

S(zcut) is known completely through two loops [49, 50]. Consistency of the factorization

theorem requires the sum of anomalous dimensions of the functions to vanish so that the

cross section is renormalization-group invariant. Therefore, for NNNLL resummation, we

only need to calculate the two-loop constants of the collinear-soft function Sc(⌧, zcut) and

the three-loop global soft function anomalous dimension.

In this paper, we use numerical fixed-order event generators to extract these necessary

ingredients. We will restrict our analysis to jet masses groomed with mMDT for simplicity

and compactness. In this case, we use EVENT2 [51] to find the two-loop constants cmMDT
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of

the collinear-soft function (in Laplace conjugate space) to be

c
mMDT
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4⇡
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2

F
(22± 4) + CFCA (41± 1) + CFTRnf (14.4± 0.1)

⇤
, (verify –ajl)

(2)

separated into distinct color channels where CF = 4/3, CA = 3, and TR = 1/2 in QCD, and

nf is the number of active quark flavors. Using MCCSM, we find the three-loop anomalous

dimension of the global soft function �
mMDT

S
to be

�
mMDT

S
=

⇣
↵s

4⇡

⌘3

[�11600± 2000] (nf = 5) , (3)

where here we fix the number of active quarks to nf = 5. These results enable resummation

to NNNLL accuracy for jet substructure observables for the first time.

The outline of this paper is as follows. In Sec. II, we review the mMDT grooming

algorithm and its all-orders factorization theorem. In Sec. III, we discuss our procedure

for extracting the two-loop constants of the collinear-soft function. In Sec. IV, we extract

the three-loop anomalous dimension of the global soft function using numerical results from

MCCSM. We conclude in Sec. V. Several appendices provide the analytical and numerical

details of the results provided in the main text.
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mMDT groomed heavy jet mass

A, B and C are computed with 
MCCSM (=Monte Carlo for the 
CoLoRFulNNLO Subtraction 
Method) 

A. Kardos et al, arXiv: 1807.11472

Converges for ρ > 0.1,                      
cannot be trusted for ρ < 0.1

(times their respective coupling factors) in the di↵erential distribution

⇢
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d⇢
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Bg + Ag�0 log
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+
⇣
↵s

2⇡
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Cg + 2Bg�0 log

µ

Q
+ Ag

✓
�1

2
log

µ

Q
+ �

2

0
log2

µ

Q

◆� (11)

where ↵s = ↵s(µ) is the strong coupling evaluated at the renormalization scale µ, �0 and

�1 are the first two coe�cients in the perturbative expansion of the QCD �-function and Q

is the center-of-mass collision energy. For selected values of zcut and small values of ⇢ the

numerical integration needed for the computation of the Cg coe�cient requires significant

CPU time, so we use the values for Cg/�0 as tabulated in Ref. []. We present the predictions

of MCCSM for the normalized cross section ⇢
�0

d�g

d⇢ at the first three orders in perturbation

theory (LO, NLO ans N2LO) in Fig. 1 (left). The lower panels exhibit the K-factors defined

as

KFO/LO(⇠) =
(d�g,FO(µ = ⇠Q)/d⇢)

(d�g,LO(µ = Q)/d⇢)
, (12)

and the ratio KNNLO/NLO

All functions that appear in the factorization formula (5) can also be found explicitly

in Ref. []. SOME TEXT ON THE COMPUTATION OF THE RESUMMED CROSS SEC-

TIONWe present the resummed predictions at N2LL and N3LL accuracies for the normalized

cross section ⇢
�0

d�g

d⇢ at N3LL accuracy in Fig. 1 (right). We see that these predictions are sta-

ble against the variation of the renormalizations scale, but the range of validity is confined

to ⇢ ⌧ 1.

The regions of validity of the predictions at N2LO and at N3LL are complementary, the

former gives a good description for large, while the latter for small values of ⇢. In order

to extend the precise description over the full phase space, the fixed-order and resummed

predictions have to be matched. The additive matching requires the elimination of the

logarithmic terms that are present in both predictions. The coe�cients in the expansion of

the resummed prediction in ↵s,

d�g,LP

d⇢
= �(⇢)D�,g +

↵s

2⇡
(DA,g(⇢))+ +

⇣
↵s

2⇡

⌘2

(DB,g(⇢))+ +
⇣
↵s

2⇡

⌘3

(DC,g(⇢))+ . (13)

can be found in Ref. [] including the O(↵s
3) coe�cient. For ⇢ > 0 the � and +-distributions

can be discarded. We compare the DC,g(⇢) function to the Cg(⇢) coe�cient in the fixed-

order expansion in Fig. 2 (left). SOME DISCUSSION Subtracting those from the sum of

7
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mMDT groomed heavy jet mass

N3LL can be matched to N2LO additively by 
subtracting the expansion of N3LL through O(αs3)

(times their respective coupling factors) in the di↵erential distribution
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We see that the O(↵s
3) corrections stabilize the dependence on the renormalization scale for large

values of ⇢ (⇢ > 0.1) as expected, while the predictions are clearly not reliable for ⇢ ⌧ 0.1. To

stabelize the latter we need to resum the large logarithmic contributions.

FIG. 1. Predictions for the groomed heavy jet mass in perturbation theory at zcut = 0.1. left: at

LO, NLO and NNLO accuracies, and their ratios; right: at NnLL accuracy (for n = 2 and 3). The

bands represent the uncertainties due to the variation of the renormalization scale µ = ⇠Q in the

range ⇠ 2 [1/2, 2].

the N2LO and N3LL, we obtain a prediction in perturbation theory with highest available

accuracy:
⇢

�0

d�g,FO+res

d⇢
=

⇢

�0

✓
d�g,N3LL

d⇢
+

d�g,N2LO

d⇢
� d�g,LP

d⇢

◆
, (14)

which we present in Fig. 2 (right). SOME DISCUSSION

IV. CONCLUSIONS
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Conclusions

✓ Precise determination of the strong coupling using hadronic final 
states in electron-positron annihilation requires

careful selection of observables with small perturbative and             
non-perturbative corrections (and data — not discussed here)

✓ MCCSM was used to compute differential distributions for groomed 
event shapes — mMDT groomed heavy jet mass among others

✓  Our predictions

- show good perturbative stability for ρ > 10-1 (smaller scale 
dependence than un-groomed event shapes)

- are stable numerically to ρ ~ 10-4

- were used to extract unknown constants needed for NNNLL 
resummation and matching

✓ NNLO+NNNLL additive matching is made possible the first time



The end
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Kinematics

For                   only soft particles are groomed away,

hence the mMDT constraint is (EH: hemisphere energy)

Contribution to ρ of a soft particle, just passing mMDT, is

zcut ⌧ 1

Es > EHzcut =
Q

2
zcut

⇢ =
m2

H

E2
H

=
2EHEs(1� cos ✓s)

E2
H

 2
Es

EH

Taking the upper bound, we get parametric scaling as

Es ⇠
⇢EH

2
and then ⇢ & 2zcut

mMDT grooming acts where ⇢ < 2zcut
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Extraction of two-loop constants

The leading-power (LP) differential cross section for ρ → 0 

σsing is defined to integrate to 0 on [0,1], hence the total sec is

known     contains              difficult to integrate numerically

need a better strategy: will be achieved through steps of identities

is small, zcut ⌧ 1 formally, then only low-energy particles in each hemisphere are groomed

away. To leading power in a soft particle’s energy Es, the mMDT constraint is

Es > EHzcut =
Q

2
zcut , (13)

where EH = Q/2 is the hemisphere energy, which is half of the center-of-mass collision

energy in the soft limit. For such a soft emission that just passes mMDT, its contribution

to the hemisphere mass is

⇢ =
m

2

H

E
2

H

=
2EHEs(1� cos ✓s)

E
2

H

 2
Es

EH

, (14)

where the inequality corresponds to a soft emission right at the hemisphere boundary. Taking

the upper bound as the parametric scaling of the soft particle’s energy, we have

Es ⇠
⇢EH

2
. (15)

Then, using the mMDT constraint, the value of the hemisphere mass for such an emission

is

⇢ & 2zcut , (16)

and mMDT strongly a↵ects the cross section for values of ⇢ smaller than this.

III. EXTRACTION OF TWO-LOOP CONSTANTS

In this section, we will present a method for numerical extraction of the two-loop constant

terms of the collinear-soft function c
(2)

Sc
for the factorization theorem formulated in Laplace

space, Eq. (10). Our procedure for doing so will be to relate the cross section di↵erential in

the groomed hemisphere mass ⇢ to the total cross section. We can express the leading-power

(LP) di↵erential cross section for ⇢ ! 0 as a sum of terms with support exclusively at ⇢ = 0

and terms with support away from 0:

d�g,LP

d⇢
= D�,g �(⇢) +

d�sing

g

d⇢
. (17)

The terms that have support away from ⇢ = 0 are defined to integrate to 0 on ⇢ 2 [0, 1].

The total cross section can then be written as:

�tot = D�,g +

Z
1

0

d⇢

✓
d�g

d⇢
�

d�sing

g

d⇢

◆
, (18)

9

is small, zcut ⌧ 1 formally, then only low-energy particles in each hemisphere are groomed

away. To leading power in a soft particle’s energy Es, the mMDT constraint is

Es > EHzcut =
Q

2
zcut , (13)

where EH = Q/2 is the hemisphere energy, which is half of the center-of-mass collision

energy in the soft limit. For such a soft emission that just passes mMDT, its contribution

to the hemisphere mass is

⇢ =
m

2

H

E
2

H

=
2EHEs(1� cos ✓s)

E
2

H

 2
Es

EH

, (14)

where the inequality corresponds to a soft emission right at the hemisphere boundary. Taking

the upper bound as the parametric scaling of the soft particle’s energy, we have

Es ⇠
⇢EH

2
. (15)

Then, using the mMDT constraint, the value of the hemisphere mass for such an emission

is

⇢ & 2zcut , (16)

and mMDT strongly a↵ects the cross section for values of ⇢ smaller than this.

III. EXTRACTION OF TWO-LOOP CONSTANTS

In this section, we will present a method for numerical extraction of the two-loop constant

terms of the collinear-soft function c
(2)

Sc
for the factorization theorem formulated in Laplace

space, Eq. (10). Our procedure for doing so will be to relate the cross section di↵erential in

the groomed hemisphere mass ⇢ to the total cross section. We can express the leading-power

(LP) di↵erential cross section for ⇢ ! 0 as a sum of terms with support exclusively at ⇢ = 0

and terms with support away from 0:

d�g,LP

d⇢
= D�,g �(⇢) +

d�sing

g

d⇢
. (17)

The terms that have support away from ⇢ = 0 are defined to integrate to 0 on ⇢ 2 [0, 1].

The total cross section can then be written as:

�tot = D�,g +

Z
1

0

d⇢

✓
d�g

d⇢
�

d�sing

g

d⇢

◆
, (18)

9
c(2)Sc
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Extraction of two-loop constants

We want numerical integrals in the region where grooming acts

the integral of dσg/dρ can be rewritten into

mMDT has effect near zcut, so can drop the Θ function
upper limit is 4 in the ungroomed xsec because there ρ is 
normalized to the cm instead of the hemisphere energy, 
(yet the integrand of the 1st integral vanishes below 1)

where d�g/d⇢ is the full di↵erential cross section of the groomed hemisphere mass for all

⇢ > 0.

The desired unknown two-loop constants are contained in the �-function coe�cient, D�,g.

One approach to determining them is to numerically evaluate the integral that remains using

the known total cross section for e+e� ! hadrons and a fixed-order code. Performing this

particular numerical integral is somewhat complicated by the fact that grooming introduces

multiple regions and so the integrand exhibits cusps and has support all the way out to the

maximal value of ⇢. We will significantly rewrite this expression into a more directly useful

form so that the numerical integrals we must perform are restricted to the region where

grooming turns on, ⇢ ⇠ zcut. First, we separate the integral into two parts,
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Below 2zcut mMDT grooming does, while above 2zcut it does not, dominantly enforce con-

straints on the radiation. Then we add and subtract the singular di↵erential cross section

for ungroomed heavy hemisphere mass to the second integral on the right of Eq. (19):
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For ⇢ ⇠ 1 � zcut, mMDT grooming has no e↵ect, so the first integral in this expression is

dominated by the region near ⇢ ' zcut, and we can drop the step function ⇥. Integrals on

the right extend to 4, rather than 1 as simple consequence of the factor of 4 di↵erence in

definition of the groomed versus ungroomed heavy hemisphere mass, as discussed in Sec. II.

For the integral exclusively of the ungroomed heavy hemisphere mass cross section, we can

write it as
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Assuming zcut ⌧ 1, the lower bound of the first integral can be set to 0, neglecting power

corrections that vanish as zcut ! 0.

After implementing all these identities, the total cross section can be written as
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where d�g/d⇢ is the full di↵erential cross section of the groomed hemisphere mass for all

⇢ > 0.

The desired unknown two-loop constants are contained in the �-function coe�cient, D�,g.

One approach to determining them is to numerically evaluate the integral that remains using

the known total cross section for e+e� ! hadrons and a fixed-order code. Performing this

particular numerical integral is somewhat complicated by the fact that grooming introduces

multiple regions and so the integrand exhibits cusps and has support all the way out to the

maximal value of ⇢. We will significantly rewrite this expression into a more directly useful

form so that the numerical integrals we must perform are restricted to the region where

grooming turns on, ⇢ ⇠ zcut. First, we separate the integral into two parts,
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Below 2zcut mMDT grooming does, while above 2zcut it does not, dominantly enforce con-

straints on the radiation. Then we add and subtract the singular di↵erential cross section

for ungroomed heavy hemisphere mass to the second integral on the right of Eq. (19):
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For ⇢ ⇠ 1 � zcut, mMDT grooming has no e↵ect, so the first integral in this expression is

dominated by the region near ⇢ ' zcut, and we can drop the step function ⇥. Integrals on

the right extend to 4, rather than 1 as simple consequence of the factor of 4 di↵erence in

definition of the groomed versus ungroomed heavy hemisphere mass, as discussed in Sec. II.

For the integral exclusively of the ungroomed heavy hemisphere mass cross section, we can

write it as
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Assuming zcut ⌧ 1, the lower bound of the first integral can be set to 0, neglecting power

corrections that vanish as zcut ! 0.

After implementing all these identities, the total cross section can be written as
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Z
2zcut

0

d⇢

✓
d�g

d⇢
�

d�sing

g

d⇢

◆
+

Z
1

2zcut

d⇢

✓
d�g

d⇢
�

d�

d⇢

◆

+

Z
4

0

d⇢

✓
d�

d⇢
�

d�sing

d⇢

◆
+

Z
1

2zcut

d⇢

✓
d�sing

d⇢
�

d�sing

g

d⇢

◆
+

Z
4

1

d⇢
d�sing

d⇢
+O (zcut) .

(22)

10



20

Extraction of two-loop constants

Resume:

Up to power corrections, the ungroomed xsec is

where d�g/d⇢ is the full di↵erential cross section of the groomed hemisphere mass for all

⇢ > 0.

The desired unknown two-loop constants are contained in the �-function coe�cient, D�,g.

One approach to determining them is to numerically evaluate the integral that remains using

the known total cross section for e+e� ! hadrons and a fixed-order code. Performing this

particular numerical integral is somewhat complicated by the fact that grooming introduces

multiple regions and so the integrand exhibits cusps and has support all the way out to the

maximal value of ⇢. We will significantly rewrite this expression into a more directly useful

form so that the numerical integrals we must perform are restricted to the region where

grooming turns on, ⇢ ⇠ zcut. First, we separate the integral into two parts,
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Below 2zcut mMDT grooming does, while above 2zcut it does not, dominantly enforce con-

straints on the radiation. Then we add and subtract the singular di↵erential cross section

for ungroomed heavy hemisphere mass to the second integral on the right of Eq. (19):
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For ⇢ ⇠ 1 � zcut, mMDT grooming has no e↵ect, so the first integral in this expression is

dominated by the region near ⇢ ' zcut, and we can drop the step function ⇥. Integrals on

the right extend to 4, rather than 1 as simple consequence of the factor of 4 di↵erence in

definition of the groomed versus ungroomed heavy hemisphere mass, as discussed in Sec. II.

For the integral exclusively of the ungroomed heavy hemisphere mass cross section, we can

write it as
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Assuming zcut ⌧ 1, the lower bound of the first integral can be set to 0, neglecting power

corrections that vanish as zcut ! 0.

After implementing all these identities, the total cross section can be written as
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where d�g/d⇢ is the full di↵erential cross section of the groomed hemisphere mass for all

⇢ > 0.

The desired unknown two-loop constants are contained in the �-function coe�cient, D�,g.

One approach to determining them is to numerically evaluate the integral that remains using

the known total cross section for e+e� ! hadrons and a fixed-order code. Performing this

particular numerical integral is somewhat complicated by the fact that grooming introduces

multiple regions and so the integrand exhibits cusps and has support all the way out to the

maximal value of ⇢. We will significantly rewrite this expression into a more directly useful

form so that the numerical integrals we must perform are restricted to the region where

grooming turns on, ⇢ ⇠ zcut. First, we separate the integral into two parts,
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Below 2zcut mMDT grooming does, while above 2zcut it does not, dominantly enforce con-

straints on the radiation. Then we add and subtract the singular di↵erential cross section

for ungroomed heavy hemisphere mass to the second integral on the right of Eq. (19):
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For ⇢ ⇠ 1 � zcut, mMDT grooming has no e↵ect, so the first integral in this expression is

dominated by the region near ⇢ ' zcut, and we can drop the step function ⇥. Integrals on

the right extend to 4, rather than 1 as simple consequence of the factor of 4 di↵erence in

definition of the groomed versus ungroomed heavy hemisphere mass, as discussed in Sec. II.

For the integral exclusively of the ungroomed heavy hemisphere mass cross section, we can

write it as
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Assuming zcut ⌧ 1, the lower bound of the first integral can be set to 0, neglecting power

corrections that vanish as zcut ! 0.

After implementing all these identities, the total cross section can be written as
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where d�g/d⇢ is the full di↵erential cross section of the groomed hemisphere mass for all

⇢ > 0.

The desired unknown two-loop constants are contained in the �-function coe�cient, D�,g.

One approach to determining them is to numerically evaluate the integral that remains using

the known total cross section for e+e� ! hadrons and a fixed-order code. Performing this

particular numerical integral is somewhat complicated by the fact that grooming introduces

multiple regions and so the integrand exhibits cusps and has support all the way out to the

maximal value of ⇢. We will significantly rewrite this expression into a more directly useful

form so that the numerical integrals we must perform are restricted to the region where

grooming turns on, ⇢ ⇠ zcut. First, we separate the integral into two parts,
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Below 2zcut mMDT grooming does, while above 2zcut it does not, dominantly enforce con-

straints on the radiation. Then we add and subtract the singular di↵erential cross section

for ungroomed heavy hemisphere mass to the second integral on the right of Eq. (19):

Z
1

2zcut

d⇢
d�g

d⇢
=

Z
4

2zcut

d⇢

✓
d�g

d⇢
⇥(1� ⇢)�

d�

d⇢

◆
+

Z
4

2zcut

d⇢
d�

d⇢
. (20)

For ⇢ ⇠ 1 � zcut, mMDT grooming has no e↵ect, so the first integral in this expression is

dominated by the region near ⇢ ' zcut, and we can drop the step function ⇥. Integrals on

the right extend to 4, rather than 1 as simple consequence of the factor of 4 di↵erence in

definition of the groomed versus ungroomed heavy hemisphere mass, as discussed in Sec. II.

For the integral exclusively of the ungroomed heavy hemisphere mass cross section, we can

write it as
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Assuming zcut ⌧ 1, the lower bound of the first integral can be set to 0, neglecting power

corrections that vanish as zcut ! 0.

After implementing all these identities, the total cross section can be written as
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Collecting all steps we find
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Extraction of two-loop constants

For σtot we have from previous page:

but it can also be expressed with the ungroomed distribution:

where d�g/d⇢ is the full di↵erential cross section of the groomed hemisphere mass for all

⇢ > 0.

The desired unknown two-loop constants are contained in the �-function coe�cient, D�,g.

One approach to determining them is to numerically evaluate the integral that remains using

the known total cross section for e+e� ! hadrons and a fixed-order code. Performing this

particular numerical integral is somewhat complicated by the fact that grooming introduces

multiple regions and so the integrand exhibits cusps and has support all the way out to the

maximal value of ⇢. We will significantly rewrite this expression into a more directly useful

form so that the numerical integrals we must perform are restricted to the region where

grooming turns on, ⇢ ⇠ zcut. First, we separate the integral into two parts,
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Below 2zcut mMDT grooming does, while above 2zcut it does not, dominantly enforce con-

straints on the radiation. Then we add and subtract the singular di↵erential cross section

for ungroomed heavy hemisphere mass to the second integral on the right of Eq. (19):
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For ⇢ ⇠ 1 � zcut, mMDT grooming has no e↵ect, so the first integral in this expression is

dominated by the region near ⇢ ' zcut, and we can drop the step function ⇥. Integrals on

the right extend to 4, rather than 1 as simple consequence of the factor of 4 di↵erence in

definition of the groomed versus ungroomed heavy hemisphere mass, as discussed in Sec. II.

For the integral exclusively of the ungroomed heavy hemisphere mass cross section, we can

write it as
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Assuming zcut ⌧ 1, the lower bound of the first integral can be set to 0, neglecting power

corrections that vanish as zcut ! 0.

After implementing all these identities, the total cross section can be written as
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Further progress can be made by replacing the total cross section �tot with its expression

as an integral over the ungroomed hemisphere mass cross section. Writing the ungroomed

hemisphere mass cross section at LP as
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= D� �(⇢) +

d�sing

d⇢
, (23)

the total cross section can also be expressed as
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Using Eqs. (22) and (24), we find the relationship
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Through two-loop order, the only unknowns in this equation are the collinear-soft function

constants c(2)
Sc

within the D�,g term and the first two integrals. However, those integrals can

be numerically evaluated with a fixed-order code. We will first validate this relationship at

one-loop, and then use it at two-loops to determine c
(2)

Sc
.

A. Test at One-Loop

At one-loop order, Eq. (25) simplifies significantly. For ⇢ > 2zcut, the groomed and

ungroomed di↵erential cross sections are identical, and so the third term in Eq. (25) is

identically zero. Hence, the one-loop relationship between the groomed and ungroomed

cross sections can be expressed as
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This equation has been written so that everything on the left is known, and the right side

can be evaluated numerically. Using the formulas from App. C, the left side evaluates to
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Further progress can be made by replacing the total cross section �tot with its expression

as an integral over the ungroomed hemisphere mass cross section. Writing the ungroomed

hemisphere mass cross section at LP as

d�LP

d⇢
= D� �(⇢) +
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the total cross section can also be expressed as
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Using Eqs. (22) and (24), we find the relationship
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Through two-loop order, the only unknowns in this equation are the collinear-soft function

constants c(2)
Sc

within the D�,g term and the first two integrals. However, those integrals can

be numerically evaluated with a fixed-order code. We will first validate this relationship at

one-loop, and then use it at two-loops to determine c
(2)

Sc
.

A. Test at One-Loop

At one-loop order, Eq. (25) simplifies significantly. For ⇢ > 2zcut, the groomed and

ungroomed di↵erential cross sections are identical, and so the third term in Eq. (25) is

identically zero. Hence, the one-loop relationship between the groomed and ungroomed

cross sections can be expressed as
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This equation has been written so that everything on the left is known, and the right side

can be evaluated numerically. Using the formulas from App. C, the left side evaluates to
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so finally
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Validation at one loop

At one loop the   integral  can be computed numerically, but 
also known analytically:
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Test of c(1)Sc

FIG. 1. Plot of the numerical integral of Eq. (28) as a function of zcut as evaluated in EVENT2. The

exact value for zcut ! 0 is plotted as the solid line.

' 2.32896
↵sCF

2⇡
. (27)

To evaluate the right side of Eq. (26), we generate about 1013 e
+
e
�

! qq̄g events in

EVENT2 [52]. The events are groomed with mMDT with a range of zcut values from 10�5

to 10�2, in powers of
p
10 ' 3.16. On the groomed events, we then measure the heavy

hemisphere mass. For each value of zcut, we calculate the integrand of the integral on the

right side of Eq. (26) as a table of values ranging from ⇢ 2 [e�20
, 2zcut], in steps of powers of

e
0.1. To compute the integral, we then fit a smooth interpolating function to the table and

numerically integrate. The result of this procedure is shown in Fig. 1. Here, we plot the

result of the integral divided by the coupling factor:

Integral =
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As zcut decreases, the integral values are seen to converge to the exact expected value com-

puted in Eq. (27).

B. Fit at Two-Loops

Having validated the procedure at one-loop, we move on to using it at two-loops to

determine the constant terms of the collinear-soft function, c(2)
Sc
. Unlike at one-loop, all

terms in Eq. (25) are generically non-zero, so we have the equality:

D
(2)

�
�D

(2)

�,g
�

Z
1

2zcut

d⇢

 
d�sing,(2)

d⇢
�

d�sing,(2)

g

d⇢

!
�

Z
4

1

d⇢
d�sing,(2)

d⇢
(29)

12



23

Fits at two loops

At two loops the   integral  computed numerically with 
EVENT2, can be fitted (separately for each color channel)
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FIG. 2. Plots of the values extracted from EVENT2 of the two-loop constants separated into distinct

color channels of the collinear-soft function, as a function of zcut. Our claimed extracted value and

its uncertainty is illustrated by the dotted line and shaded band, respectively.

the di↵erence between the extracted constants at di↵erent zcut values that di↵er by a factor

should uniformly decrease. Thus, we take our uncertainty to be twice the di↵erence between

the extracted value at zcut = 0.001 and zcut = 0.00316.1

Finally, we obtain for the coe�cients in the color decomposition of the two-loop constant

of the collinear-soft function as

c
(2)

Sc
= C

2

F
(22± 4) + CFCA (41± 1) + CFTRnf (14.4± 0.1) . (36)

1 We have also attempted to use MCCSM to determine the two-loop collinear-soft constant in the CF channel,

given the results in the CA and nfTR channels from EVENT2. However, we were never able to achieve the

numerical precision of EVENT2 with comparable computational run times and as deep in the infrared, so

could not perform a reliable extraction with MCCSM.
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its uncertainty is illustrated by the dotted line and shaded band, respectively.
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given the results in the CA and nfTR channels from EVENT2. However, we were never able to achieve the
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numerical precision of EVENT2 with comparable computational run times and as deep in the infrared, so

could not perform a reliable extraction with MCCSM.
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Extraction of three-loop non-cusp 
anomalous dimension

the formal expansion of the mMDT groomed distribution for 

Appendix C: mMDT Groomed Heavy Hemisphere Mass Results

Through O(↵3

s
), the singular cross section for the heavy hemisphere mMDT groomed

mass can be written as
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In this expression, we have left the two-loop soft and collinear-soft function constants im-

plicit, as well as the two-loop non-cusp anomalous dimension of the soft function. In the

subscripts of these terms, we have identified the corresponding color channel, which is just

the coe�cient of that term in the equations A10, A13, and A15.

The terms with support away from ⇢ = 0 are:

DA,g(⇢) =
1

⇢
[CF (�3� 4 log zcut)] , (C3)

DB,g(⇢) =
1

⇢


C

2

F

✓
(3 + 4 log zcut)

2 log ⇢� 18 log 2 + 4 log zcut � 48 log 2 log zcut

28

mMDT grooming removes double logarithms in ρ to all orders:

D�,g = c�(zcut)

⇢DA,g = cA(zcut)

⇢DB,g = bB(zcut) log ⇢+ cB(zcut)

⇢DC,g = aC(zcut) log
2 ⇢+ bC(zcut) log ⇢+ cC(zcut)

can be computed by MCCSM �(2)
S /16� 1944.97

⇢ ⌧ zcut ⌧ 1 :

zcut ! 0
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Fit a parabola in log ρ for fixed zcut
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FIG. 4. Left: Plot comparing the distribution of mMDT groomed heavy hemisphere mass at O(↵3
s )

from MCCSM to the analytic prediction with �(2)
S

= 0 and �(2)
S

= �8400 ± 1000. Overall coupling

dependence has been stripped o↵. Right: Plot showing the extracted value of �(2)
S

from MCCSM at

each ⇢ point. For both plots, zcut = 0.04.

one another, demonstrating independence of ⇢, as �(2)

S
must.

For each value of zcut that we generated, we determined the anomalous dimension through

the following procedure. Taking the plot on the right of Fig. 4 (and the corresponding plots

for other values of zcut), we fit for the anomalous dimension from data points in the range

⇢ 2 [0.0002, 0.01].2 This range ensures that the largest value of ⇢ is still significantly smaller

than zcut. The contribution of a data point to the anomalous dimension and its uncertainty

are weighted by the quoted variance of that data point. So, the points at larger ⇢ with

smaller uncertainty dominate the fit. The result of this fitting procedure is shown in Fig. 5.

As zcut decreases, the value of the extracted anomalous dimension also decreases, and the

central values lie almost perfectly on a line. Extrapolating the points in the zcut ! 0 limit

produces the desired three-loop anomalous dimension. Performing a weighted fit of the

points in Fig. 5 to a line, we find the intercept, that is, �(2)

S
, to be:

�
(2)

S
= �11600± 2000 (nf = 5) . (37)

We expect this claimed uncertainty to be a conservative overestimate due to the extremely

2 We have verified that the extracted central value of �(2)
S is consistent within uncertainties using a fit range

of ⇢ 2 [0.000075, 0.004], though with larger uncertainties.
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Extrapolation of constant term to zcut =0
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FIG. 5. Plot of �(2)
S

, with uncertainties, determined at each value of zcut. The best-fit line is dotted

and its intercept at zcut = 0 is the quoted extracted value of �(2)
S

.

linear behavior of the central values.3

V. CONCLUSIONS AND OUTLOOK

Using numerical predictions at NLO and NNLO accuracies, we were able to extract

two-loop constants and three-loop anomalous dimensions for the mMDT groomed mass

factorization theorem in e
+
e
�

! hadrons events. As a result, we are able to resum the

groomed mass distribution to NNNLL accuracy, extending the predictions of Ref. [8] to one

higher logarithmic order. We present NNNLL+NNLO resummed and matched predictions

for the heavy hemisphere mMDT groomed jet mass in a companion paper [53].

The results presented here also enable higher-precision calculations for groomed mass

distributions for jets produced in hadron collisions. The cross section for groomed mass ⇢

of jets at a hadron collider can be expressed as

d�

d⇢
=

X

i2q,g

Ni(pT , y, zcut, R) Ji(⇢)⌦ Sc,i(⇢, zcut) . (38)

3 There are additional uncertainties in MCCSM due to a numerical fit of part of the NNLO matrix element.

We find that the uncertainty stated here in the value of the anomalous dimension is representative of

uncertainties that come from this fit in MCCSM.
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