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Anisotropic flow

e Partial overlap = Spatial anisotropy =
= Different pressure gradients =
= Particles “flow”

* Fourier series decomposition of azimuthal
distribution of emitted particles:

dN =
—x 1 +2 v.cosn(p —¥
a0 = Z pcosn(p =)

n=1

« ¥ — flow symmetry plane (defined by xz)

e vV, — flow coefficients

* Nowadays typically calculated using
m-particle correlations, v, {m}

o Together they make flow vector V', = vnei”\ljn
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Relation to QGP properties

H. Niemi et al., Phys. Rev. C 93, 024907 (2016)

* What information can measuring of flow

: n/s=0.20 ¢ ALICEv, {2}
vector provide? n/s=paraml LHC 2.76 TeV Pb+Pb
e Initial-state conditions (initial geometry) | /s =param? pr =[0.2...5.0] GeV

n/s =params3

* QGP properties, e.g. transport | n/s =param4
coefficients (shear viscosity 7/s, bulk

viscosity £/5) as a function of
temperature

e Measured flow coefficients v, alone do not
make it possible to distinguish between the
different #/s temperature dependencies ' 10 20 30 40 50 60

« Differences only in peripheral collisions centrality [70]
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Initial condition dependence
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e Assumptionv, x €, (b)

e ¢, Is n-th eccentricity |
frdrdgor”e "Pe(r, @) o " I
frdrdgor”e(r, 7)

in® __
s Enf "=

e &(r, @) is the initial energy density
In the transverse plane

o Stronger Ilnear CorrelathnS between Vn and | LHC 2.76 TeV Pb +Pb ‘ : jfiz/;:o
0. . . 0.3 0.4 0.5 0.6 0.7 0.05 0.10 0.15 (9,20 0.25 0.30 0.35
€, in central collisions "

c(eg,0,) =0.199
C, =0.109

e Approximately linear response for v, and v

harmonics
o Stronger linear correlations for v, than v | o o =
LHC 2.76 TeV Pb+Pb ek 20_3(:[;:/0
. . . 0. . _ 0.05 0.10 0.15 0.20 0.25 0.30 0.35
e Basically no linear correlation between v, “
and €, H. Niemi et al., Phys. Rev. C 87, 054901 (2013)

Zuzana Moravcova, NBI 4



Non-linear hydrodynamic response

e Non-negligible non-linear response for v, with n > 4

e Pearson correlation coefficient:

<XY> R <X> <Y> r(X,Y) =1 — linearly correlated
\/VCZF[X]\/VGF[Y] r(X,Y) =0 —uncorrelated

e Linear response:

rX,Y) =

e v, almost linearly correlated with €, in central 10 20 3 40 50 60
collisions, rapid decrease towards peripheral collisions Centrality [%]

. M. Li et al., arXiv:2104.10422 (accepted by PRC)
e Similar case for vs and €5

e Non-linear response:

e Correlation between v, and 622 gets more important

from semi-central collisions, dominant in peripheral
collisions

e Non-monotonic centrality dependence of correlation
between vs and €,€5

* Not possible to do such study experimentally 10 20 3 40 50 60
Centrality [%]

iIEBE-VISH2+1 with AMPT initial conditions
_ 5
and /s = 0.08
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https://arxiv.org/abs/2104.10422

Experimental

e Symmetric cumulants

e (Correlations between two flow coefficients
with their second moments

o SC(m,n) = (vpvy) — (V) (V)

e More sensitive to both initial state information
and medium properties than individual flow

harmonics, e.g. strongly dependent on /s
of the QGP
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studies

ALICE Collaboration, Phys. Rev. Lett. 117, 182301 (2016)

ALICE Pb-Pb \'s,, = 2.76 TeV

\II SC(4,2)
\Z, SC(3,2)

Hydrodynamics
— SC(4,2
= m m SC(
=1 w1 SC(

), /s=0.20

), n/s(T) param1

), n/s(T) param4 ' .
), 1/$=0.20 AMPT: String Melting =~
):

),

4,2
4,2
—30(32
3,2
3,2

n/s(T) param1i O SC(3,2)

SC(
=1 w1 SC( n/s(T) param4 O SC(4,2)

50 60 70
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Higher orders of multi-particle
cumulants

e Multi-particle cumulant = a genuine multi-particle Moments of p.d.f.

correlation after the subtraction of lower orders
(vo) = ((vo{2}? + va{4}%)/2)*/?

Ovp ~ ((Vn{2}2 — Vn{4}2)/2)1/2

e (Can be used for the construction of the probability
53/2 V2{4}3 - V2{6}3

density function of a single harmonics, P(v,) Skewness = 2%
* Initial geometry fluctuations result in fluctuations in Kurtosis ~ — 3 214} = 1212{6}* + 16v>{8}"
the final state 2 (w2} - wldh)

. <V§> 7 <V2>k

e (Correlations between different harmonics help further
understand initial conditions and dynamic evolution of

the QGP
Pb-Pb 5.02 TeV
e Nearly insensitive to non-flow MC-Glauber HIJING
. ] o _ _ . (] MHC(vz,vg) OMHC(vz,vg)
e High discriminating power between different initial- 30 40 50 60

state and transport models Centrality Percentile

ZM, YZ, et al., Physical Review C 103, 024913 (2021)
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Multi-particle cumulants

* Number of terms of multi-particle cumulant follows Bell numbers
* ©-particle cumulant: 203 terms
e 8-particle cumulant: 4140 terms
* Many terms contain average over single particle correlation which must be zero

* Thanks to the isotropic azimuthal distribution over many events

* How to obtain formula for higher orders without calculating thousands of terms?
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General algorithm for multi-particle
cumulants of arbitrary order

 Possible to calculate easily and efficiently any order of multi-particle cumulants of single
harmonic

o {6}, {8}, {10}, v,{12},v,{14}, ...
* Introducing mixed harmonic cumulants

* Correlations of any moments of different flow coefficients, e.g.
MH C(v22, v32), MH C(vgl : v32), MH C(v26, v32), MH C(v22, v32, vf)

L S(: (m, n) — Mli C (Vm7 vn) complex Cumulant(int* harmonic, int n, bool remove_zeros=true, int negsplit=-1,

int mult = 1, int skip = 0)

{
bool remove_term = false;
if (remove_zeros)

{

e Physical Review C 103, 024913 (2021) for (a5 3 = 0; i<uult; ++1) har_sun +- harmonicfa-1+i];

if (har_sum != 0) remove_term = true;
}
complex ¢ = 0;
if (!remove_term)
{
¢ = Corr(harmonic+(n-1), mult);
if (n == 1) return c;
¢ *= negsplit*Cumulant (harmonic, n-1, remove_zeros, negsplit-1);

}

PHYSICAL REVIEW C

covering nuclear physics

Highlights Recent  Accepted Collections  Authors Referees Search Press

int h_hold = harmonic[n-2];
for (int counter = 0; counter <= n-2-skip; ++counter)
{
harmonic[n-2] = harmonic[counter];
harmonic[counter] = h_hold;
¢ += Cumulant (harmonic, n-1, remove_zeros, negsplit, mult+l, n-2-counter);
harmonic[counter] = harmonic[n-2];
}
harmonic[n-2] = h_hold;
return c;

Generic algorithm for multiparticle cumulants of azimuthal
correlations in high energy nucleus collisions

Zuzana Moravcova, Kristjan Gulbrandsen, and You Zhou
Phys. Rev. C 103, 024913 — Published 26 February 2021
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Correlations of higher moments

 Change of signs for 4-, 6-, and 8-particle

correlations Pb-Pb 5.02 TeV
MC-Glauber HIJING
() MHC(vz,vg) OMHC(vz,vg)
_ 30 40 50 60
* |n agreement with ALICE results Centrality Percentile
e Phys. Lett. B (2021) 136354
MC-Glauber HIJING
e See talk by ALICE Collaboration Y i R

40 50 60
Centrality Percentile

Measurements of mixed harmonic cumulants in Pb-Pb collisions at 5.02
TeV with ALICE

g 26 Jul 2021, 16:30 Parallel session talk T05: Heavy lon Physics
15m

@ Zoom

MC-Glauber HIJING
MHC(v;.v2) O MHC(VV2)

2 MHC(v v x20 9 MHC(v}vf)

A MHC(vz,vg)XZO /A MHC(V2,V2)

20 30 40 50 60
Centrality Percentile
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ZM, YZ, et al., Physical Review C 103, 024913 (2021)
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Linear hydrodynamic response
using nMH C(vé‘, vé)

—— AMPT IC [nMHC(&, €4)]

 EBE-VISHNU model with different initial R | —— TRENTO IC ["MHC(é}, €})]
conditions to study the sensitivity to 77/ | ‘

e Ratio = nMHC(vé‘, vé)/nMHC(ef, eé)
e nMHC(vy,vi) with vy (k > 2)

* Linear response holds only in central

P VISHNU (AMPT IC, n/s = 0.08)
collisions VISHNU (AMPT IC, n/s = 0.2)

] : . . VISHNU (TRENTO IC, n/s = n/s(T))
e Sjzeable difference for different initial e

conditions in peripheral collisions
e nMHC(v;,vi) with vi (I > 2)

* Linear response totally breaks down

Centrality [%]

M. Li et al., arXiv:2104.10422 (accepted by PRC)
Zuzana Moravcova, NBI 11



https://arxiv.org/abs/2104.10422

Correlations of three flow coefficients

. nMHC(vzz, vf) and nMHC(v32, v52) have been studied
as well (see back up), visible non-linear response

Together with studies of single v, fluctuations and

correlations between two flow coefficients, more
information can be provided to the joint probability

density function

nMHCO., v! »» V) do not follow the centrality

dependence of nMHC(e¥, e! eq)

. nMHC(€22, 63 : 64) compatible with zero while
nMHC(?,v? V3, v4) has significantly non-zero value
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(e) NMHC( v3, v, v2)

10 20 30 40 50 60
Centrality [%]
——— AMPT Initial Condition [NMHC(e5, €5)]
——— TRENTO Initial Condition [NMHC(e, €5)]
= VISHNU (AMPT IC, n/s = 0.08)

VISHNU (AMPT IC, n/s = 0.2)
e  VISHNU (TRENTO IC, n/s = n/s(T))

M. Li et al., arXiv:2104.10422 (accepted by PRC)
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https://arxiv.org/abs/2104.10422

Summary

* Possible to calculate arbitrary order of single flow harmonic coefficient and
any correlation between any moments of different harmonics using the
general algorithm for multi-particle cumulants

 Future investigations of mixed harmonic cumulants can be used to study

non-linear hydrodynamic response — its understanding can help to better
understand hydrodynamic evolution and to provide tighter constrains on initial
models

Thank you for you attention!
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Correlations with higher harmonics

= VISHNU (AMPT IC, n/s = 0.08)
VISHNU (AMPT IC, n/s = 0.2)
e  VISHNU (TRENTO IC, n/s = n/s(T))

(@) NMHC( v3, v2)
. o . AMPT Initial Condition [NMHC(€5, ;)]

|
e Vv, and vs have non-linear response to €, and
€,€3, respectively

(c) NMHC( v3, v3)

* Results in large deviation between
nMHC(vzz, vf) and nMHC(ezz, ef) and
between nMH C(v32, v52) and nMH C(€32, 652)

10 20 30 40 50 60
Centrality [%]

M. Li et al., arXiv:2104.10422 (accepted by PRC)
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