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Introduction to TMDs

* TMD processes:

Semi-Inclusive DIS Drell-Yan Dihadron Iin e*e-
Jqu/P(:U?kT)Dh/q(x?kT) O-qu/P(xakT)fq/P(xakT) UNDhl/Q(mva)th/q(x7kT)
e- h2

*ﬂ w%:qf?} - %%ﬁ

Fragmentation

h Dh/q(:c kT) T << Q

Factorization theorem (e.g., for Drell-Yan processes):

2

dopy Jd by 7 - > R
— H“ 9 *ee ! T.qT » 9 b ) cooe . 9 b ) ceoe
dQdYd>q; ; U(Q ) (27)2 € f;/hl(xl T )];/hz(xz )
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Components of a TMD

* Beam function : * Soft function :

1
n# = —(1,0,0,1)
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Rapidity divergences

Rapidity divergence regulator
Scheme-independent ? y 9 g

.]CZTMD(xa Z>Ta lua Z:) — hm ZUV( ’ lua XP+)Bi(xa ?Ta > T XP+)\/Si(bT9 ’ T)

—0, 7—0

Collins-Soper scale:
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TMD definition

Many different schemes for TMD definition in the literature:

Wilson lines on the light-cone: Wilson lines off the light-one:

* Becher and Neubert, EPJC71 (2011); e “Collins scheme”, Collins, Soper

e Echevarria, Idilbi and Scimemi, and Sterman, NPB250 (1985);
JHEPO7 (2012), PLB726 (2013); Collins, 2011;

e Chiu, Jain, Neil and Rothstein, JHEP05 * “JMY scheme”, Ji, Ma and Yuan,
(2012), PRL108 (2012); PRD71 (2005) 034005.

* Li, Neil and Zhu, Nucl.Phys.B 960
(2020) 115193;

 Ebert, Moult, Stewart, Tackman and
Vita, JHEP 04 (2019) 123.
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TMD correlators

Generic staple-shaped Wilson line structures:

+ by d
2 2 Cusp angle:
R b—9  (qux4d/2)-(b—9)
W= (b,nv,d) = ) oS = s 2lb — 0]
—% +m)+g
—
: . o\ T b
Beam functions: @[JF/]h(b, P e,nu,d) = <h(P)‘q(§) §W§(b, nv, 5)q(—§) ‘h(P)> ,
P (b, P, e, v, §) = <h(P)|GW(9)EWA(b v, 8)GP° (—9>‘h(P)>
g/h » 475 €, TV, _ 2) 9 ] » U, 9
i 1
Soft function: SE(b, e, nu, 7v) = d_<0 Tr [S;(b, no, 7717)} |O>
R
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Off-the-light-cone schemes (in continuum)

b, 4

(G ONNY

b
2

Schematic definition for all schemes: b/ = b_ng‘ + bﬁ =(0,b7,b)) ot =(0,b7,0))

- db_ = (Pt +
Bq/h(x, b€, ...)= Jz—ﬂe_’b (P )CDZh] [b, P,e, —0 v, b™n,

fl:/h(xa b Ta//la ) — eli—I)IlO ng(e,ﬂ, )
. \/SEbr.e. ..
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Off-the-light-cone schemes (in continuum)

Collins LR (new) JMY
Beam
function CDZh] b,P,e, —c0 ng(yy), b_nb] Cbg;h] [b, P,e, —o0 ng(yp), b™n, Cbg;h] [b, P, pu, —oov,b_nb]
Soft

function | S*[b., e, —con,(y,)., — cong(yy)]

SR[bJ_a €, _OonA(yA)a - OonB(yB)] SR[bJ_’ H, — ooV, — OOT}]

. n* = (1,e™1,0,), n> <0
Wilson a0n) = ). 7

— + ,,— — +
() = (e ™1,0,), n3 <0 | V= v 0, v >0
line

=G 57,0,), 7> >0
) 2
ng(yB) = (e”8,1,07),n5 <0

— 2, 2
ng(yB) = (e%,1,07),n5 <0 v > 0, >0

B. B. B.
limZR., 1lim — lim lim Z®& — lim lim ZR —
TMD e—0 uv Yyp = — \/ﬁ —yp > 1 -0 uv SR uv

z—;>>1e—>0 \/ SR
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Quasi TMDs on the lattice

b, A
b* = (0,b, b2, b°) 5§ = b2 = (0,0,0,59) b B
2 7
No dependence on the real time,
directly calculable in lattice QCD! .
b nz oz
2
B B, P = Ny | L BP0l G, B a i, b
q/h(x’ T a, 7]7 X ) - I 2_][ € q/h( » I, d, nza Z)
* Ji, Sun, Xiong and Yuan,
PRD91 (2015);
~ - _ (V) _ ng(yp) . Ji, Jin, Yuan, Zh dYz
SR(bT, a, i, yA’yB) — SR [bj_’ a, —i , — 177 1, Jin, Yuan, : ang an ,
| (V) | | ng(yp) | PRD99 (2019)

Bi/h(x, ?T, a,, xf’z)

Quasi TMD: 7, (x, b 1, u, 71, xP%) = lim Z,(a, p)

a—0

SR(bTa a, ﬁa yAa yB)

« M. Ebert, |. Stewart and YZ,

PRD99 (2019), JHEPO09 (2019)
037;

 Ji, Liu and Liu, Nucl.Phys.B

955 (2020), Phys.Lett.B 811
(2020);

* A. Vladimirov and A. Schafer,

Phys.Rev.D 101 (2020).
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Lorentz-invariant approach: MHENS scheme

A b

b=(0,b",b)) 5=0 . 2
Can always use Lorentz invariance 2 .
of P - b to boost to a frame where 7
——— >
b* = (0,b, b}, b°) b i

— db

—ix(P-b)ll']
q/h 271_ € q)q/h(ba Pa a, 7]V, O)

b*+=0

Ratios of beam functions can be calculated without the soft function.

Hagler, Musch, Engelhardt, Negele, Schéfer, et al.,
EPL88 (2009), PRD83 (2011), PRD85 (2012),
PRD93 (2016), arXiv:1601.05717, PRD96 (2017)
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Lorentz-invariant TMD variables

db~

2

d(P - b)e

27

“ PO (P b, b2 v, L)

Bq/h(x, Z)T’ €,n,.. ) — [ e—ib_(xP+)q)[y+] _ J

qlh

d(P -
2

Dl 7 db* ib*(xP¥) R[] b) —ix(P-b) 2 .22
Bq/h(x,bT,e,n,...)= —e OLE— e CI)q/h(P-b,b,nv,...)

oy qlh _

¢ 10 Lorentz invariant scalars
e Reduces to 6 when 6 = () in the MHENS scheme
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Lorentz-invariant TMD variables

Collins

— Mb? sinh yp
b~ eYB b*
~ 75 sgn(n) = sgn(n)
r V(52)2 + 82
sinh(yp — yB) sgn(n) sinh §p sgn(n)
)
? it (5)°
b3 ) ; ()
7 i+ (5)°
P95
P-b ! : :
5 -
b- (nv)
p? M? M? M?
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Lorentz-invariant TMD variables

Collins

— Mb* sinh §p

b~ GyB

T sgn(n)

~

bz

sgn(n)

V(52)2 + b2

sinh(yp — y5) sgn(n)

0

-~

V2 = b'=—

b* < by

sinh(yp — yg) = sinhyp = Jp = yp — Vg

M =
P-b=——>b"¢e"?=— Mb*sinhy,

\_ —2ne?s = — i = = ﬁe_yB/\/E

sinh §p sgn(n)

S
N
_|_
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Lorentz-invariant TMD variables

Collins

— Mb? sinh yp
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The MHENS scheme

b E + nv
2
b +
—— 1%
> n
— >
b v#
2
Collins JMY Quasi MHENS
2 72\2
2—2 0 0 5 (b )~ 5 1
b7 + (b%)
. zZ\2
bb—j 0 0 5 (b )~ 5 1
b + (b%)

Additional challenges here beyond tree-level renormalization/matching:

« bz-dependent renormalization Linear divergence: o (2|nv|++/b2+b3)/a
2b*

Cusp divergence: « |3 — ; :
- bz-dependent soft function? d

~

tan~! b—T] In(a)
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Relating LR and quasi TMDs

2 [70] 7, D ~A T 7A
~ — ~ de o~ = (D b, P, €, ﬂz,b Z
fq/h(x’ b Ts K5 77, C, XPZ) = Nyo“z_ezbz(xP ) lim Zuv(e’ .. ) alh l ]
—0 —
T € \/Sg(bT, €, 17,2yn,2y3)

£ = (2xPte™n)?

- (I)[7/+] b,P,e,—n ny(vy),bn
e P im Z, (e, ...) — | s b,

2 e~
7 0 \/Sg(bT, €,11,2Y,2Y5)

Therefore,

~hm fq/h(-xa bTa,uaﬁa C,_XPZ) — l'I/J}F(xa bTa,ua CayP =yP_yB) '
n—00
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Relating LR and Collins TMDs

. — . . B'/h
Collins scheme: C(x, bru ) =1lmZ{ lim —
e—0 N R VAYS

— / B
—yp > 1 €-0 \ /SR

- Large -ys corresponds to a hard momentum scale {~ = Ax*M? sinh(yp — yp)

- Exchange of ¢ — 0 and { — oo should not affect the infrared physics, so the
difference between the orders of limits is compensated by perturbative matching !

C(x, by, &) = LR b 7o 1, yp — yp) + O(ykes)

* Collins, 2011 book, Ch. 10;

* “Large Momentum Effective Theory”, Ji, PRL 110 (2013);

Verified at 1-loop ¢/ SCPMAS57 (2014); Ji, Liu, Liu, Zhang and YZ, RMP 93 (2021).
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Matching between quasi and Collins TMDs

Since the quasi TMD is equivalent to the LR scheme, E = @xP)?=¢,
? <

lim fq/h(x, b 7, u,ii, &, xP%) = iﬁl(X, b1 1, §) + O(Fp'er)

;7]—>OO

- ~ 5 Soft function not directly calculable on
B . (x, b, u, n,xP*? )
x q/h( sl ) the lattice, but indirect methods may

Moreover Sam = __— . .
’ ~ till be possible.
\/Sg(bT’ H, 7792Yn’2yB) St P !

Equal-time (naive) quasi soft
function, lattice calculable! <«—— B
\/ SE by . 71.0.0)

)

Collins-Soper kernel

T

| C

Sg(bﬂ Hs ﬁvzymzyB

- Reduced soft function: S,(br, 1) = [gd(br, w)]°

- Methods for calculation has been proposed and explored. i— 00,y —> — 00 1

—

e Ji, Liu and Liu, Nucl.Phys.B 955 (2020); Q(b )
e Q.-A. Zhang, et al. (LP Collaboration), Phys.Rev.Lett. 125 (2020); gS M
e Y. Lietal., arXiv: 2106.13027.
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@

1 ;1 Bq/h (.X, ?P Hs naxpz) i

Naive quasi TMD

@

111
q '
gS(bT’Iu)in_)O \/Sg(anua f],O,O)

--------------------------------

Loah. 1)l & - —) %
= (-) 1O FC X, b, §) + O3 e 7)

2
” 1
AZ
by 1 1 QCD
- M. Ebert, I. Stewart and YZ, PRD99 (2019), JHEPO09 (2019) 037; 6 , —
« Ji, Liu and Liu, Nucl.Phys.B 955 (2020), Phys.Lett.B 811 (2020). i (xbpPo)2 Peij’ (xP2)?

* A. Vladimirov and A. Schéafer, Phys.Rev.D 101 (2020).
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Implications of factorization

—

1 hm Bq/h (.X, b Ts Hs n, XPZ>
é{g(bTa 1) ii—0 \/Sg(bT,,u, ,’7,(),())

1 & " ~—k ,—V
= ez (brln 7 C]C;h(X, br,p,C)+ @()’Pke ')

* Same factorization formula can be derived for the gluon quasi TMD and
for all spin-dependent quasi TMDs;

* The Pz-evolution provides information on the Collins-Soper kernel,
which is diagonal in the parton flavor space;

See the talks by P. Shanahan and M. Schlemmer

* No mixing between quarks of different flavors, quark and gluon
channels, or different spin structures.

. Ebert, Schindler, Stewart and YZ, JHEP 09 (2020).
Verified at 1-loop v/ ert, schindler, Stewart an (2020)
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Conclusion
* New large-rapidity (LR) scheme;

* The quasi TMD can be related to the LR scheme through
Lorentz invariance;

* The LR and Collins schemes differ by the order of UV

renormalization and light-cone limits, so we can perturbatively
match them;

* We derive the factorization formula for both quark and gluon
quasi TMDs using such relations

* There is no mixing between quarks of different flavors, quark
and gluon channels, or different spin structures.

YONG ZHAO, 11/16/2021
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Collins scheme TMD

A
b
b = (0,7, b)) 5% = (0,b=,0,) 2 >
V”ZHZ(YB)a 7| = o0
nt(yy) = nf — e 2ant = (1,e™24,0;) g

nl’;‘(yB) = ng‘ — ezang = (ezyB,l,OT)

—— db_ vy — + + _
ch;h(x, b T €, yP — yB) — [z_ﬂ:e_lb (P )(D[qj;h] [ba Pa €, —00 nB(yB)a b nb]
Sg(bTa €, yAa yB) — SR[bj_a €, — OonA(yA)a _ OonB(yB)]

TMDPDF: fo(x, bT,ﬂ,g)_hngv(e w,&) lim BG(x, b r.€,5p — )
A \/SR(bT,€2yn,2yB)

= (2xPte ™n)?

YONG ZHAO, 11/16/2021

23



Ji-Ma-Yuan (JMY) scheme

A

b" =(0,b7,b,) s =(0,b7,0)) 2

v=0w"Nv7,0), vi>vT>0

=@, 7,0), V> >0

|| = oo 2

db~

> o™ (xP+)(I)[}’ lb P,u,—cov,b™ nb]

B B g0 =j

SJRMY(bT’M’yA’yB) = SR[bJ_a//la — ooV, — ooV]

o) vV vV
p?=—
IMDPDE: MG By, py = 20 bt &) e
\/S.{QMY(bT9 U, ,0) 52 _ (2P - V)2 _
v 2
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New: Large-rapidity (LR) scheme TMD

A

] 2 o0 I’lB
Bare beam and soft functions are the
same as those in the Collins scheme.

Bi%z(xa br,e,yp—Yp)

Collins scheme: < (x, b 1, 1, (:)=1in(1)Z§V(€, w, &) lim

T\ JSEbr. €2y, 25m)
{ = (2xPte )

Bl%l(xa b 7€, Yp — yB)

LR scheme:  fX(x, b, 1, {,yp— yp) = lim- i Ziv € s Yy = ¥)
8 7 \/Sg(bT’ 6’2yn’2yB)

Analogous to the JMY scheme (yp-yB to p), except for the
use of spacelike gauge links.
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