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• TMD processes:

Introduction to TMDs
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Parton Distributions

provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum
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Factorization theorem (e.g., for Drell-Yan processes):
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• Beam function :

Components of a TMD
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f TMD
i (x, ⃗b T, μ, ζ) = lim

ϵ→0, τ→0
ZUV(ϵ, μ, xP+)Bi(x, ⃗b T, ϵ, τ, xP+) Si(bT, ϵ, τ)

UV divergence regulator

Rapidity divergence regulator

• Soft function :
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Many different schemes for TMD definition in the literature:

TMD definition
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Wilson lines on the light-cone: 
• Becher and Neubert, EPJC71 (2011); 
• Echevarria, Idilbi and Scimemi, 

JHEP07 (2012), PLB726 (2013); 
• Chiu, Jain, Neil and Rothstein, JHEP05 

(2012), PRL108 (2012); 
• Li, Neil and Zhu, Nucl.Phys.B 960 

(2020) 115193; 
• Ebert, Moult, Stewart, Tackman and 

Vita, JHEP 04 (2019) 123.

Wilson lines off the light-one: 
• “Collins scheme”, Collins, Soper 

and Sterman, NPB250 (1985); 
Collins, 2011; 

• “JMY scheme”, Ji, Ma and Yuan, 
PRD71 (2005) 034005.
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Generic staple-shaped Wilson line structures:

TMD correlators
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Figure 2: Generic staple-shaped Wilson line structure as defined by eq. (2.4). The black
double-lines extend along ⌘v, and the blue segments along b�� close the staple. Depending
on the choice of �, there can be cusps at any of the red points. Edges may have extent
along the conjugate direction P , which is not shown.

matrix elements involve open and closed staple-shaped Wilson lines, for which we introduce
a generic notation. First, we define a Wilson line along a path � in color representation R:

W
R[�] = P exp


ig

Z

�
dxµAa

µ(x)T
a
R

�
, (2.3)

where R = F in the fundamental and R = A in the adjoint representation. It is useful to
define a general class of Wilson lines using the three-sided shape shown in Fig. 2,
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The length of the staple is relevant for its renormalization properties; here we have Lstaple =

|⌘v� �/2|+ |⌘v+ �/2|+ |b� �|, where the length of a four vector is given by |X| =
p

|X2|.
At the red points, the staple also has cusp angles �±, which can be computed from

cosh �± =
(⌘v ± �/2) · (b� �)

|⌘v ± �/2||b� �|
, (2.5)

where for space-like separations �± 2 [�i⇡, i⇡]. Generic quark and gluon beam function
correlators take the form
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In eq. (2.6), q(x) is a quark field of flavor q and G
µ⌫(x) is the gluon field strength tensor.

The quark and gluon fields are spatially separated by b, which is Fourier-conjugate to the
momentum of the struck parton. In the quark correlator, � denotes a generic Dirac struc-
ture, while for the gluon correlator µ, ⌫, ⇢,� are Lorentz indices. In both cases, h denotes
the struck hadron with momentum P , ✏ is the UV regulator, and ⌘v and � characterize
the longitudinal and transverse segments of the Wilson line, which we illustrate in Fig. 2.
Finally, we define the generic soft vacuum matrix element as

S
R(b, ✏, ⌘v, ⌘̄v̄) =

1

dR

D
0
���Tr

h
S
R(b, ⌘v, ⌘̄v̄)

i���0
E
, (2.7)
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on the choice of �, there can be cusps at any of the red points. Edges may have extent
along the conjugate direction P , which is not shown.
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Off-the-light-cone schemes (in continuum)
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Bq/h(x, ⃗b T, ϵ, …) = ∫
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Collins LR (new) JMY

Beam 
function

Soft 
function

Wilson 
line

TMD

Φ[γ+]
q/h [b, P, ϵ, −∞ nB(yB), b−nb]

SR[b⊥, ϵ, −∞nA(yA), − ∞nB(yB)]

nμ
A(yA) ≡ (1,e−2yA,0T) , n2

A < 0

nμ
B(yB) ≡ (e2yB,1,0T), n2

B < 0

Φ[γ+]
q/h [b, P, ϵ, −∞ nB(yB), b−nb]

SR[b⊥, ϵ, −∞nA(yA), − ∞nB(yB)]

ṽμ = (ṽ+, ṽ−,0⊥) , ṽ+ ≫ ṽ− > 0
vμ = (v+, v−,0⊥) , v− ≫ v+ > 0nμ

A(yA) ≡ (1,e−2yA,0T) , n2
A < 0

nμ
B(yB) ≡ (e2yB,1,0T), n2

B < 0 v2 > 0 , ṽ2 > 0

Φ[γ+]
q/h [b, P, μ, −∞v, b−nb]

SR[b⊥, μ, −∞v, − ∞ṽ]

lim
ϵ→0

Z R
UV lim

yB → − ∞

Bi/h

SR
lim

−yB ≫ 1
lim
ϵ→0

Z ′ R
UV

Bi/h

SR
lim

v−
v+ ≫ 1

lim
ϵ→0

Z ′ R
UV

Bi/h

SR
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−
b̃
2

b̃
2

̂z

η̃ ̂z

η̃ ̂z

b⊥

B̃[Γ̃]
q/h(x, ⃗b T, a, η̃, xP̃z) = NΓ̃ ∫

db̃z

2π
eib̃z(xP̃z)Φ[Γ̃]

q/h(b̃, P̃, a, η̃ ̂z, b̃z ̂z)

b̃μ = (0,bx
T, by

T, b̃z) δ = b̃z ̂z = (0,0,0,b̃z)

S̃R(bT, a, η̃, yA, yB) = SR[b⊥, a, −η̃
nA(yA)

|nA(yA) |
, − η̃

nB(yB)
|nB(yB) | ]

f̃i/h(x, ⃗b T, μ, η̃, xP̃z) = lim
a→0

Zuv(a, μ)
B̃i/h(x, ⃗b T, a, η̃, xP̃z)

S̃R(bT, a, η̃, yA, yB)
Quasi TMD:

No dependence on the real time, 
directly calculable in lattice QCD!

• Ji, Sun, Xiong and Yuan, 
PRD91 (2015); 

• Ji, Jin, Yuan, Zhang and YZ, 
PRD99 (2019); 

• M. Ebert, I. Stewart and YZ, 
PRD99 (2019), JHEP09 (2019) 
037; 

• Ji, Liu and Liu, Nucl.Phys.B 
955 (2020),  Phys.Lett.B 811 
(2020); 

• A. Vladimirov and A. Schäfer, 
Phys.Rev.D 101 (2020).
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BMHENS [Γ]
q/h (x, ⃗b T, P, a, η, v) = ∫

db−

2π
e−ix(P⋅b)Φ[Γ]

q/h(b, P, a, ηv, 0)
b+=0

b = (0,b−, b⊥) δ = 0

Ratios of beam functions can be calculated without the soft function.

Can always use Lorentz invariance 
of  to boost to a frame whereP ⋅ b

−
b
2

b
2

vμ

b
2

+ ηv

−
b
2

+ ηv

b̃μ = (0,bx
T, by

T, b̃z)

Hägler, Musch, Engelhardt, Negele, Schäfer, et al.,  
EPL88 (2009), PRD83 (2011), PRD85 (2012), 
PRD93 (2016), arXiv:1601.05717, PRD96 (2017)
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Bq/h(x, ⃗b T, ϵ, η, …) = ∫
db−

2π
e−ib−(xP+)Φ[γ+]

q/h = ∫
d(P ⋅ b)

2π
e−ix(P⋅b)Φq/h(P ⋅ b, b2, η2v2, …)

B̃Γ̃
q/h(x, ⃗b T, ϵ, η, …) = ∫

db̃z

2π
eib̃z(xP̃z)Φ[Γ̃]

q/h = ∫
d(P ⋅ b)

2π
e−ix(P⋅b)Φq/h(P ⋅ b, b2, η2v2, …)

• 10 Lorentz invariant scalars 
• Reduces to 6 when  in the MHENS schemeδ = 0
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Collins JMY Quasi MHENS
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b̃zq

(b̃z)2 + b2T

sgn(⌘) � b�eyBp
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B) sgn(⌘) sinh ỹP sgn(⌘) sinh(yP � yB) sgn(⌘)

�2

b2
0 0

(b̃z)2

b2T + (b̃z)2
1

b · �
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P · b 1 1 1 1
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Table 1: Overview of the Lorentz invariants entering eq. (??). In all cases, the proton
momentum is given by P

µ = M(cosh yP ,~0T , sinh yP ).

Note that |⌘v � �/2|+ |⌘v + �/2| = ⌘
2
|v

2
|+O(⌘0) in the large |⌘| limit, so the Wilson line

length of the beam and soft functions in the LR scheme match.
Things to annoy MHENS with:

1. UV renormalization does not factor from integral

2. Nontrivial Wilson coefficient when matching onto Collins’ TMD

3.2 Relating quasi-TMDs and the LR scheme

3.2.1 Quasi-TMDs in terms of Lorentz Invariants

This section should do items 1(a),(b),(c), (d)
Let us consider the quark quasi beam function in eq. (2.28) under dimensional regular-

ization (d = 4� 2✏),
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~bT , ✏, ⌘̃, xP̃

z) = N
�̃
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e
ib̃z(xP̃ z

)�[�̃]

q/h

⇥
b, P, ✏, ⌘̃ẑ, b̃

z
ẑ
⇤
, (3.1)
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Table 1: Overview of the Lorentz invariants entering eq. (??). In all cases, the proton
momentum is given by P

µ = M(cosh yP ,~0T , sinh yP ).

Note that |⌘v � �/2|+ |⌘v + �/2| = ⌘
2
|v

2
|+O(⌘0) in the large |⌘| limit, so the Wilson line

length of the beam and soft functions in the LR scheme match.
Things to annoy MHENS with:

1. UV renormalization does not factor from integral

2. Nontrivial Wilson coefficient when matching onto Collins’ TMD

3.2 Relating quasi-TMDs and the LR scheme

3.2.1 Quasi-TMDs in terms of Lorentz Invariants

This section should do items 1(a),(b),(c), (d)
Let us consider the quark quasi beam function in eq. (2.28) under dimensional regular-

ization (d = 4� 2✏),

B̃
[�̃]

q/h(x,
~bT , ✏, ⌘̃, xP̃

z) = N
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Z
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e
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⇥
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z
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, (3.1)

– 15 –
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Table 1: Overview of the Lorentz invariants entering eq. (??). In all cases, the proton
momentum is given by P
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Note that |⌘v � �/2|+ |⌘v + �/2| = ⌘
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|+O(⌘0) in the large |⌘| limit, so the Wilson line

length of the beam and soft functions in the LR scheme match.
Things to annoy MHENS with:

1. UV renormalization does not factor from integral

2. Nontrivial Wilson coefficient when matching onto Collins’ TMD

3.2 Relating quasi-TMDs and the LR scheme

3.2.1 Quasi-TMDs in terms of Lorentz Invariants

This section should do items 1(a),(b),(c), (d)
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Table 1: Overview of the Lorentz invariants entering eq. (??). In all cases, the proton
momentum is given by P

µ = M(cosh yP ,~0T , sinh yP ).

Note that |⌘v � �/2|+ |⌘v + �/2| = ⌘
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|+O(⌘0) in the large |⌘| limit, so the Wilson line

length of the beam and soft functions in the LR scheme match.
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1. UV renormalization does not factor from integral

2. Nontrivial Wilson coefficient when matching onto Collins’ TMD

3.2 Relating quasi-TMDs and the LR scheme

3.2.1 Quasi-TMDs in terms of Lorentz Invariants

This section should do items 1(a),(b),(c), (d)
Let us consider the quark quasi beam function in eq. (2.28) under dimensional regular-

ization (d = 4� 2✏),
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– 15 –

P ⋅ b =
M

2
b−eyP = − Mb̃z sinh ỹP

sinh(yP − yB) = sinh ỹP ⇒ ỹP = yP − yB

⇒ b̃z = − 2eyBb− yB→−∞
⟶ 0

−2η2e2yB = − η̃2 ⇒ η = η̃e−yB / 2
b̃z ≪ bT
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Mp
2
b�eyP

b · (⌘v)p
|(⌘v)2b2|

� b�eyBp
2 bT

sgn(⌘)
b�ey

0
B

p
2 bT

sgn(⌘)
b̃zq

(b̃z)2 + b2T

sgn(⌘) � b�eyBp
2 bT

sgn(⌘)

P · (⌘v)p
P 2|⌘v|2

sinh(yP � yB) sgn(⌘) cosh(yP � y0
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Note that |⌘v � �/2|+ |⌘v + �/2| = ⌘
2
|v

2
|+O(⌘0) in the large |⌘| limit, so the Wilson line

length of the beam and soft functions in the LR scheme match.
Things to annoy MHENS with:

1. UV renormalization does not factor from integral

2. Nontrivial Wilson coefficient when matching onto Collins’ TMD

3.2 Relating quasi-TMDs and the LR scheme
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The MHENS scheme
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Additional challenges here beyond tree-level renormalization/matching: 
• bz-dependent renormalization
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(eỹP , e�ỹP , 0?)

Mp
2
(eyP , e�yP , 0?)

b2 �b2T �b2T �b2T � (b̃z)2 �b2T

(⌘v)2 �2⌘2e2yB 2⌘2(v�)2e2y
0
B �⌘̃2 �2⌘2(v�)2e2yB

P · b Mp
2
b�eyP

Mp
2
b�eyP �Mb̃z sinh ỹP
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(eỹP , e�ỹP , 0?)

Mp
2
(eyP , e�yP , 0?)

b2 �b2T �b2T �b2T � (b̃z)2 �b2T

(⌘v)2 �2⌘2e2yB 2⌘2(v�)2e2y
0
B �⌘̃2 �2⌘2(v�)2e2yB

P · b Mp
2
b�eyP

Mp
2
b�eyP �Mb̃z sinh ỹP

Mp
2
b�eyP

b · (⌘v)p
|(⌘v)2b2|

� b�eyBp
2 bT

sgn(⌘)
b�ey

0
B

p
2 bT

sgn(⌘)
b̃zq

(b̃z)2 + b2T

sgn(⌘) � b�eyBp
2 bT

sgn(⌘)

P · (⌘v)p
P 2|⌘v|2

sinh(yP � yB) sgn(⌘) cosh(yP � y0
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Relating LR and quasi TMDs
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f̃q/h(x, ⃗b T, μ, η̃, ζ, xP̃z) ≡ Nγ0 ∫
db̃z

2π
eib̃z(xP̃z) lim

ϵ→0
Zuv(ϵ, …)

Φ[γ0]
q/h [b̃, P̃, ϵ, η̃ ̂z, b̃z ̂z]
SR

C(bT, ϵ, η̃,2yn,2yB)

= ∫
db−

2π
e−ib−(xP+) lim

ϵ→0
Zuv(ϵ, …)

Φ[γ+]
q/h [b, P, ϵ, −η nB(yB), b−nb]

SR
C(bT, ϵ, η,2yn,2yB)

lim
η̃→∞

f̃q/h(x, ⃗b T, μ, η̃, ζ, xP̃z) = f LR
i/h (x, ⃗b T, μ, ζ, ỹP = yP − yB) !

Therefore,

ζ ≡ (2xP+e−yn)2

= 4x2M2e2ỹP+2yB−2yn
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• Large -yB corresponds to a hard momentum scale 


• Exchange of  and  should not affect the infrared physics, so the 
difference between the orders of limits is compensated by perturbative matching !

ζC = 4x2M2 sinh(yP − yB)

ϵ → 0 ζC → ∞

Relating LR and Collins TMDs

18

f C
i/h(x, ⃗b T, μ, ζ) = lim

ϵ→0
Z R

UV lim
yB → − ∞

Bi/h

SR
Collins scheme:

LR scheme:

f C
i/h(x, ⃗b T, μ, ζ) = 𝒞( ζC

μ2 ) f LR
i/h (x, ⃗b T, μ, ζ, yP − yB) + 𝒪(yk

BeyB)

f LR
i/h (x, ⃗b T, μ, ζ, yP − yB) = lim

−yB ≫ 1
lim
ϵ→0

Z ′ R
UV

Bi/h

SR

• Collins, 2011 book, Ch. 10; 
• “Large Momentum Effective Theory”, Ji, PRL 110 (2013); 

SCPMA57 (2014); Ji, Liu, Liu, Zhang and YZ, RMP 93 (2021).Verified at 1-loop ✔
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Matching between quasi and Collins TMDs
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f̃q/h =
Bq/h(x, ⃗b T, μ, η̃, xP̃z)

SR
C(bT, μ, η̃,2yn,2yB)

Soft function not directly calculable on 
the lattice, but indirect methods may 

still be possible.

=
Bq/h(x, ⃗b T, μ, η̃, xP̃z)

SR
C(bT, μ, η̃,0,0)

SR
C(bT, μ, η̃,0,0)

SR
C(bT, μ, η̃,2yn,2yB)

Equal-time (naive) quasi soft 
function, lattice calculable!

• Reduced soft function:  
• Methods for calculation has been proposed and explored.

Sr(bT, μ) = [gq
S (bT, μ)]2

η̃→∞,yB→−∞
⟶

1
gq

S(bT, μ)
e− 1

2 γq
ζ (bT,μ)ln ζ̃z

ζ

Collins-Soper kernel

Since the quasi TMD is equivalent to the LR scheme, C = 𝒞−1 , ζ̃z = (2xP̃z)2 = ζC

• Ji, Liu and Liu, Nucl.Phys.B 955 (2020); 
• Q.-A. Zhang, et al. (LP Collaboration), Phys.Rev.Lett. 125 (2020); 
• Y. Li et al., arXiv: 2106.13027.

lim
η̃→∞

f̃q/h(x, ⃗b T, μ, η̃, ζ, xP̃z) = C( ζ̃z

μ2 ) f C
i/h(x, ⃗b T, μ, ζ) + 𝒪(ỹ−k

P e−ỹP)

Moreover,
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Factorization formulas
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1
gq

S(bT, μ)
lim
η̃→0

Bq/h(x, ⃗b T, μ, η, xP̃z)
SR

C(bT, μ, η̃,0,0)

= C( ζ̃z

μ2 ) e
1
2 γq

ζ (bT,μ)ln ζ̃z
ζ f C

q/h(x, ⃗b T, μ, ζ) + 𝒪(ỹ−k
P e−ỹP)

𝒪 ( bT

η̃
,

1
(xbTP̃z)2

,
1

P̃zη̃
,

Λ2
QCD

(xP̃z)2 )

①

② Naive quasi TMD

• M. Ebert, I. Stewart and YZ, PRD99 (2019), JHEP09 (2019) 037; 
• Ji, Liu and Liu, Nucl.Phys.B 955 (2020), Phys.Lett.B 811 (2020). 
• A. Vladimirov and A. Schäfer, Phys.Rev.D 101 (2020).

lim
η̃→∞

f̃q/h(x, ⃗b T, μ, η̃, ζ, xP̃z) = C( ζ̃z

μ2 ) f C
i/h(x, ⃗b T, μ, ζ) + 𝒪(ỹ−k

P e−ỹP)
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• Same factorization formula can be derived for the gluon quasi TMD and 
for all spin-dependent quasi TMDs;


• The Pz-evolution provides information on the Collins-Soper kernel, 
which is diagonal in the parton flavor space;


• No mixing between quarks of different flavors, quark and gluon 
channels, or different spin structures.

Implications of factorization

21

1
gq

S(bT, μ)
lim
η̃→0

Bq/h(x, ⃗b T, μ, η, xP̃z)
SR

C(bT, μ, η̃,0,0)

= C( ζ̃z

μ2 ) e
1
2 γq

ζ (bT,μ)ln ζ̃z
ζ f C

q/h(x, ⃗b T, μ, ζ) + 𝒪(ỹ−k
P e−ỹP)

See the talks by P. Shanahan and M. Schlemmer

Ebert, Schindler, Stewart and YZ, JHEP 09 (2020).Verified at 1-loop ✔
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• New large-rapidity (LR) scheme;


• The quasi TMD can be related to the LR scheme through 
Lorentz invariance;


• The LR and Collins schemes differ by the order of UV 
renormalization and light-cone limits, so we can perturbatively 
match them;


• We derive the factorization formula for both quark and gluon 
quasi TMDs using such relations


• There is no mixing between quarks of different flavors, quark 
and gluon channels, or different spin structures.

Conclusion

22
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Collins scheme TMD
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−
b
2

b
2

nμ
B

∞ nB

BC
q/h(x, ⃗b T, ϵ, yP − yB) = ∫

db−

2π
e−ib−(xP+)Φ[γ+]

q/h [b, P, ϵ, −∞ nB(yB), b−nb]

nμ
A(yA) ≡ nμ

a − e−2yAnμ
b = (1,e−2yA,0T)

nμ
B(yB) ≡ nμ

b − e2yBnμ
a = (e2yB,1,0T)

bμ = (0,b−, b⊥) δμ = (0,b−,0⊥)

vμ = nμ
B(yB) , |η | → ∞

SR
C(bT, ϵ, yA, yB) = SR[b⊥, ϵ, −∞nA(yA), − ∞nB(yB)]

f C
i/h(x, ⃗b T, μ, ζ) = lim

ϵ→0
Z R

UV(ϵ, μ, ζ) lim
yB → − ∞

BC
i/h(x, ⃗b T, ϵ, yP − yB)

SR
C(bT, ϵ,2yn,2yB)

TMDPDF:

ζ = (2xP+e−yn)2
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Ji-Ma-Yuan (JMY) scheme
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−
b
2

b
2

vμ

∞ v

BJMY
q/h (x, ⃗b T, μ, ζv) = ∫

db−

2π
e−ib−(xP+)Φ[γ+]

q/h [b, P, μ, −∞v, b−nb]

ṽμ = (ṽ+, ṽ−,0⊥) , ṽ+ ≫ ṽ− > 0

ζ2
v =

(2P ⋅ v)2

v2
= 2(P+)2 v−

v+

bμ = (0,b−, b⊥) δμ = (0,b−,0⊥)

vμ = (v+, v−,0⊥) , v− ≫ v+ > 0

SR
JMY(bT, μ, yA, yB) = SR[b⊥, μ, −∞v, − ∞ṽ]

f JMY
i/h (x, ⃗b T, μ, ζv, ρ) =

BJMY
i/h (x, bT, μ, ζv)

SR
JMY(bT, μ, ρ)

TMDPDF:

|η | → ∞

ρ2 =
v−ṽ+

v+ṽ−
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New: Large-rapidity (LR) scheme TMD
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−
b
2

b
2

nμ
B

∞ nB

f C
i/h(x, ⃗b T, μ, ζ) = lim

ϵ→0
Z R

UV(ϵ, μ, ζ) lim
yB → − ∞

BC
i/h(x, ⃗b T, ϵ, yP − yB)

SR
C(bT, ϵ,2yn,2yB)

Collins scheme:

ζ = (2xP+e−yn)2

Bare beam and soft functions are the 
same as those in the Collins scheme.

f LR
i/h (x, ⃗b T, μ, ζ, yP − yB) = lim

−yB ≫ 1
lim
ϵ→0

Z LR
UV(ϵ, μ, yn − yB)

BC
i/h(x, ⃗b T, ϵ, yP − yB)

SR
C(bT, ϵ,2yn,2yB)

LR scheme:

Analogous to the JMY scheme (yP-yB to ρ), except for the 
use of spacelike gauge links.


