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• a question:  
 
compactify type IIA string theory on a  
Calabi-Yau (CY) manifold X 
 
X contains 2-dim submanifold, so-called holomorphic 
2-cycles — smooth 2-dim manifolds are either a 2-sphere  
or a Riemann surface (“Pretzel”) of genus g  
(g = number of holes in the “Pretzel”)  
 
2-cycles come in equivalence classes defined by the homology 
group  
 
wrap D2-branes on the 2-cycles = supersymmetric 4D particles 
= BPS states 
 
 
              

Gopakumar-Vafa (GV) invariants
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Gopakumar-Vafa (GV) invariants
• Question: how many such BPS states are there for each 2-cycle  

from wrapped D2-branes?  
(how many different ways to wrap  
a D2-brane on a 2-cycle?  
 
Answer: the GV invariants                       count # of BPS states  
we get from D2-branes wrapped on a 2-cycle of genus g in  
homology class;   
 
GV invariants hence are integer numbers 
 
beautiful mathematical objects describing part of the topological  
data of CY manifold 
 
— What do they have to do with inflation or the cosmological  
constant?
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Gopakumar-Vafa (GV) invariants
• method to compute the g = 0 GV invariants:  

- by using mirror symmetry of the space of CY manifolds 
 
 
 
- and the Picard-Fuchs system of differential equation governing the  
3rd cohomology group of X which determines the 3-cycles 
and c.s. moduli  
 
can compute the GV invariants of 
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for every X(h1,1, h2,1) a mirror X̃(h̃1,1, h̃2,1) with h̃1,1 = h2,1 , h̃2,1 = h1,1
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X̃
• use existing computer programm “instanton”  

by Klemm & Kreutzer (2001) to this for all CYs given by complete-
intersection polynomials in projective spaces (CICYs)  
 
about 8000 CICYs in total, after removing redundancies 
 
we computed all g = 0 GV invariants for all CICYs with  
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Figure 5: Occupation sites for the CICY 7858.

The Mori cone of the quintic is then identified with the vertical axis in the figure,

and the GV invariants of the quintic of degree i, can be found by summing over all

GV invariants corresponding to the same vanishing ray normal to the boundary of the

Mori cone. Namely,

ni =
1X

j=1

nj,i . (B.12)

We can see explicitly that this is true since, for example, for the quintic n1 = 609250,

while the non-vanishing GV invariants on the purple vanishing ray of Figure 5 for the

CICY 7858 are

n0,2 = 2670 , n1,2 = 73728 , n2,2 = 255960 ,

n3,2 = 231336 , n4,2 = 45216 , n5,2 = 360 , n6,2 = �20,
(B.13)

and we can verify that Eq. (B.12) is satisfied. The same holds for any other vanishing

ray perpendicular to the boundary of the Mori cone of the quintic in Figure 5. Although

we discussed just one specific example here, we observe that this phenomenon is generic

in the CICY database and can be regarded as a confirmation of the well-known fact

that all CICYs are connected by conifold transitions [45]. For every couple of CICYs

connected by a single conifold transition, the GV invariants of the two manifolds are

– 36 –
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v such that

e
�Im (u)

⌧ e
�Im (v)

⌧ 1 . (2.1)

As another assumption, they choose appropriate flux integers so that u and v appear

only linearly in the superpotential and include only the instantonic contribution coming

from v. The authors proceed defining an expansion parameter

" = e
�Im (v)

, (2.2)

and expand the Kähler potential and the superpotential at leading order in ". The

point is that the F-term conditions stabilize in general all c.s. moduli and the axio-

dilaton, but the presence of Re (Mu+Nv) in the superpotential breaks one of the two

remaining shift symmetries of u and v. The shift symmetry parameterized by Re (u)

(which does not appear neither in the Kähler potential nor in the superpotential) is

a flat direction before introducing the corrections proportional to ". Such corrections

generate an oscillating potential, responsible for the inflationary period.

We argue that there is another interesting way to realize this hierarchy, by ex-

ploiting some properties of the geometry of the extra dimensions. In the following, we

develop this idea.

We consider a type IIB Calabi-Yau orientifold X with h
2,1
� (X) = 2 c.s. moduli {zi}.

X has a mirror X̃ with h̃
1,1
+ = 2. For the sake of concreteness, we take X̃ to be a CICY.3

The Kähler potential for the e↵ective 4d supergravity model in this setup is

K = � ln
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(2.3)

Here, ijk are the triple intersection numbers of X̃, while

c = �
i

4⇡
⇣(3)�(X) , (2.4)

where �(X) is the Euler characteristic of the compactification manifoldX, ⇣(3) ' 1.202,

and Lin(x) is the polylogarithm function. The quantities n�1,�2 in (2.3) are the genus

0 GV invariants, counting the number of holomorphic curves of genus 0 in a given

3See Appendix A for a brief review of this class of CY manifolds, and [26, 27] for a more compre-
hensive treatment.
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n�1,�2 genus-0 GV invariants of CICY X̃ with h1,1 = 2 – gives K and periods
of c.s. moduli of mirror CY X

• look at a CICY with 2 Kahler moduli, which is the mirror  
of a CY X with 2 c.s. moduli:

• Kahler potential:
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n�1,�2 genus-0 GV invariants of CICY X̃ with h1,1 = 2 – gives K and periods
of c.s. moduli of mirror CY X

• look at a CICY with 2 Kahler moduli and its mirror:

homology class [�] = [�1, �2] of X̃. Such quantities will play a prominent role in our

proposal. For reviews see [28, 29].

The superpotential is the Gukov-Vafa-Witten superpotential [30]

W = (NF � ⌧NH)
T
· ⌃ · ⇧ , (2.5)

where NF , NH 2 Z are flux integers coming from the integration of F3 and H3 on a

symplectic base of the 3-cycles of the orientifold CY, ⌧ is the 10d axio-dilaton and
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1 0

◆
. (2.6)
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Here aij are related to the triple intersection numbers, while bi are related to the

intersections of the second Chern class and the divisors of X̃.4

Di↵erently from [9], in our setup we assume that the F-term conditions stabilize

z1 = u and z2 = v in such a way that their imaginary parts are comparable, i.e.

Im (u) ⇠ Im (v) . (2.8)

The requested hierarchy which leads to a winding trajectory is then realized by con-

sidering

n1,0e
�Im (u)

⌧ n0,1e
�Im (v)

⌧ 1 , (2.9)

provided that the corresponding GV invariants n0,1 and n1,0 satisfy

n0,1 � n1,0 . (2.10)

In order for this hierarchy to be not spoiled by higher instanton e↵ects, we further need

to require that

Im (u) ⇠ Im (v) � ln
n0,2

n0,1
, (2.11)

4Explicit expressions in their convention can be found e.g. in [12, 13, 31].
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• compute scalar potential from flux-induced F-terms 
 
can choose fluxes such, that all 3 of the 4 real scalars of 
the 2 c.s. moduli of X are stabilized with SUSY unbroken:  

By choosing appropriately the fluxes and introducing the term W0(⌧) which includes

all the fields already stabilized at leading order by the F-terms, we can write the

superpotential as

W = W0(⌧) + f(⌧) + " g0,1(⌧, , Im�) e�i
MRe�

N +O("2) , (2.17)

where g0,1(⌧, , Im�) is a function of all stabilized fields. We can repeat the same

discussion in terms of Kähler potential, obtaining

K = K0(⌧, , Im (�)) + " g̃0,1(⌧, , Im (�)) e�i
MRe�

N +O("2) . (2.18)

We have shown that using the hierarchy given by the GV invariants, we could

revisit the model introduced in [9] keeping the expectation values of the c.s. moduli

to be at the same order. To conclude this analysis, let us comment on the inflaton

potential. The scalar potential for the c.s. moduli sector and the axio-dilaton is given

by

V = e
K
K

IJ̄
DIWDJ̄W . (2.19)

At zeroth order in ", DIW = 0 sets ⌧,  , Im (�) to their minimum and we are left with

a flat direction parameterized by ' = Re (�). This flat direction is lifted by the first

order corrections in " to K0 and W0, which induce a shift in the VEVs of the other

moduli. To see this, it is useful to write the structure of the F-terms as

DIW = DI |0W0 +K0,I�WGV +�KGV,IW0 ⌘ DIW |0 +�DIW |GV . (2.20)

Since on the supersymmetric flux vacua we have DiW |0 = 0, this entails that the scalar

potential along ' is lifted by the GV corrections at O("2), because the non-vanishing

potential at the SUSY locus of all other fields is given by

Vinf ⇠ e
K0(K0)IJ̄�DIW |GV�DJ̄W̄ |GV . (2.21)

To give an explicit expression for the e↵ective inflationary axion-like potential in (2.21),

in [9] the authors make an orthogonal transformation on Eq. (2.19) to diagonalize the

Kähler metric. We can define ' = Re (�), so that the potential, splitted in real and

imaginary parts of the moduli, takes the following form

V = e
K0

6X

↵=1

w̃
2
↵
, (2.22)

where

w̃↵ = ã↵ + "


b̃↵ cos

✓
M'

N

◆
+ c̃↵ sin

✓
M'

N

◆�
(2.23)
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with ã↵, b̃↵ and c̃↵ being functions of all moduli. From the classical F-terms, ã↵ = 0

for all values of ↵. However, considering the O(") corrections coming from the GV

invariants, the VEVs of ã↵, b̃↵ and c̃↵ get shifted. Since Eq. (2.22) is proportional to

w̃
2
↵
and we are interested in a potential up to order O("2), it is su�cient to consider

order 1 corrections in " only for ã↵, while keeping at leading order b̃↵ and c̃↵. A further

rotation and a change of basis in the fields [9] cancel all six terms but one combination,

which is the inflaton potential

Vinf (') ⇠ e
K0 "

2


sin

✓
M

N
'+ ✓

◆�2
⇠ e

K0 "
2


1� cos

✓
2
M

N
'+ 2✓

◆�
, (2.24)

where  encodes numerical and ⌧ -independent factors and ✓ is a phase.

The generalization of the previous discussion to an arbitrary number of c.s. moduli

could in principle be straightforward. Consider a Calabi-Yau X with h
2,1

> 2 which is

mirror to a CICY X̃ and assume that the imaginary parts of all moduli are comparable.

Then, consider two di↵erent GV invariants ni1,...ih̃1,1
and nj1,...jh̃1,1

both of degree 1. We

request that ni1,...ih̃1,1
⌧ nj1,...jh̃1,1

, and furthermore all the other degree 1 invariants are

smaller than those two.

However, by looking at the scanned GV invariants of all CICYs, it is quite hard to

find such a hierarchy. Instead, the values of the GV invariants are always more com-

parable when h̃
1,1 of the CICY increases. Therefore, our proposal for a generalization

must include a fine-tuning of the VEVs of all moduli but two. We tune the fluxes in

such a way that all c.s. moduli are stabilized except for two of them. These two moduli

must then be associated to GV invariants which display the hierarchy (2.10). If the

imaginary parts of these moduli guarantee that Eq. (2.13) is smaller than 1, we can

thus reproduce the procedure above for any CY which is mirror to a CICY with an

arbitrary h̃
1,1. In particular, we checked in our database that 77 CICYs display a hi-

erarchy of 1 : 30 for two GV invariants, i.e., the same hierarchy we required in this

section. Such hierarchy involves the smallest positive GV invariant and the largest one.

However, if we relax this requirement and demand a smaller hierarchy, for instance

1 : 10, we have that around 23% of all the CICYs can provide such scenario. Notice

that all these numbers must be intended as “at least”, as our scan covers the cases up

to h̃
1,1 = 9 only.6

6The maximum value of the degree GV invariant for the CICYs from h̃
1,1 = 1 to h̃

1,1 = 9 is
decreasing with h̃

1,1, going from 2875 of the quintic, i.e. 7890, to 30 of the CICYs 1121, 1127, 1157,
1247, 1258. It is always more di�cult to find the hierarchy we are looking for when you increase
h̃
1,1. We comment on the properties we found on GV invariants in the database we constructed in

Appendix B.
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• this is the leading scalar potential if:  

homology class [�] = [�1, �2] of X̃. Such quantities will play a prominent role in our

proposal. For reviews see [28, 29].

The superpotential is the Gukov-Vafa-Witten superpotential [30]

W = (NF � ⌧NH)
T
· ⌃ · ⇧ , (2.5)

where NF , NH 2 Z are flux integers coming from the integration of F3 and H3 on a

symplectic base of the 3-cycles of the orientifold CY, ⌧ is the 10d axio-dilaton and
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Here aij are related to the triple intersection numbers, while bi are related to the

intersections of the second Chern class and the divisors of X̃.4

Di↵erently from [9], in our setup we assume that the F-term conditions stabilize

z1 = u and z2 = v in such a way that their imaginary parts are comparable, i.e.

Im (u) ⇠ Im (v) . (2.8)

The requested hierarchy which leads to a winding trajectory is then realized by con-

sidering

n1,0e
�Im (u)

⌧ n0,1e
�Im (v)

⌧ 1 , (2.9)

provided that the corresponding GV invariants n0,1 and n1,0 satisfy

n0,1 � n1,0 . (2.10)

In order for this hierarchy to be not spoiled by higher instanton e↵ects, we further need

to require that

Im (u) ⇠ Im (v) � ln
n0,2

n0,1
, (2.11)

4Explicit expressions in their convention can be found e.g. in [12, 13, 31].

– 7 –

homology class [�] = [�1, �2] of X̃. Such quantities will play a prominent role in our

proposal. For reviews see [28, 29].

The superpotential is the Gukov-Vafa-Witten superpotential [30]

W = (NF � ⌧NH)
T
· ⌃ · ⇧ , (2.5)

where NF , NH 2 Z are flux integers coming from the integration of F3 and H3 on a

symplectic base of the 3-cycles of the orientifold CY, ⌧ is the 10d axio-dilaton and

⌃ =

✓
0 �1

1 0

◆
. (2.6)

⇧ is the period vector with entries

⇧ =

0

BBBBBBBB@

1

z
i

1

2
ijkz

j
z
k +

1

2
aijz

j + bi �

1X

�1,�2

n�1,�2�iLi2
⇣
e
i�iz

i
⌘

�
1

3!
ijkz

i
z
j
z
k + biz

i +
c

2
+ 2i

1X

�1,�2

n�1,�2Li3
⇣
e
i�iz

i
⌘
�

1X

�1,�2

n�1,�2�iz
iLi2

⇣
e
i�iz

i
⌘

1

CCCCCCCCA

.

(2.7)

Here aij are related to the triple intersection numbers, while bi are related to the

intersections of the second Chern class and the divisors of X̃.4

Di↵erently from [9], in our setup we assume that the F-term conditions stabilize

z1 = u and z2 = v in such a way that their imaginary parts are comparable, i.e.

Im (u) ⇠ Im (v) . (2.8)

The requested hierarchy which leads to a winding trajectory is then realized by con-

sidering

n1,0e
�Im (u)

⌧ n0,1e
�Im (v)

⌧ 1 , (2.9)

provided that the corresponding GV invariants n0,1 and n1,0 satisfy

n0,1 � n1,0 . (2.10)

In order for this hierarchy to be not spoiled by higher instanton e↵ects, we further need

to require that

Im (u) ⇠ Im (v) � ln
n0,2

n0,1
, (2.11)

4Explicit expressions in their convention can be found e.g. in [12, 13, 31].

– 7 –

and

Im (u) � ln
n1,1

n0,1
and Im (v) � ln

n1,1

n1,0
. (2.12)

If Eqs. (2.11) and (2.12) are satisfied, all other contributions coming from higher order

GV invariants are suppressed by the exponential terms and we can disregard them.

To check if Eqs. (2.10) to (2.12) can be realized, we scanned the GV invariants of

the CICYs with h̃
1,1 = 2, and we found that the hierarchy among the invariants for this

inflationary model can be achieved for the CICYs 7819, 7823, 7840, 7867, 7869, 7885,

7886 and 7888.5 Using these CICYs, the ratio in Eq. (2.10) is varying from 31.5 to 160.

Interestingly, these CICYs also have the invariants n0,m way larger and monotonically

increasing with respect to n0,1, and n1,1 is equal or a little larger. We need then to fix

the expectation values for the imaginary parts of u and v to be larger than the ratio of

n1,1 and n0,1.

We now need to identify a small " parameter, as in [9], to get the inflationary

potential via a perturbative expansion. The natural definition we adopt is

" = n0,1e
�Im (v)

. (2.13)

Eq. (2.13) gives another condition on the values that Im (v) (and Im (u)) can assume,

since we want " ⌧ 1. Notice that requiring " ⌧ 1 implies that Im (u) and Im (v) are

stabilized at large complex structure. In general, this condition alone is su�cient to

satisfy all previous ones for the CICYs for which this hierarchy can be realized.

It is then possible to proceed as in [9]. At leading order Im (u), Im (v), the axio-

dilaton as well as the linear combination Re (Mu+Nv) are stabilized at the minimum.

The only remaining flat direction is, once again, aligned with Re (u). To proceed with

the lifting to get the inflationary potential, we then repeat the discussion already pre-

sented in [9] in more detail.

It is convenient to reparameterize the fields as

� ⌘ u and  ⌘ Mu+Nv , (2.14)

and we thus require N > M to have one of the winding directions which is longer than

the other. In this way, the expansion parameter becomes

" = n0,1e
�Im (v) = n0,1e

�
Im ( )�MIm (�)

N , (2.15)

and

n0,1e
iv = n0,1e

i
 �M�

N = " e
i
Re ( )�MRe (�)

N . (2.16)

5Modulo redundancies that we discuss in Appendix A and we list in Appendix C. We are using
the numeration of the CICYs as in [20].
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• and hence small parameter:

• can do this either by stabilizing VEVs u, v differently, or by  
hierarchies of GV values:

[Hebecker, Mangat, Rompineve & Witkowski ’15]

4

combination Re(u)�NRe(v). In particular, we find it
convenient to define the fields  and � by:

� ⌘ u ,  ⌘ u � Nv . (8)

With respect to these new variables, the flat direction
is parameterised by Re(�) with Re( ) being fixed. Note
that varying Re(�) at fixed Re( ) is not the same as vary-
ing Re(u) at fixed Re(v), i.e. the valley is not identical
to the coordinate axis Re(u).

Definitions of � which di↵er from the one in (8) are
equally valid. One could e.g. choose the new variable
such that it describes a direction which is orthogonal to
 in field space. However, this is a metric dependent
statement. Therefore, the definition of such orthogonal
variables would involve elements of the Kähler metric
and complicate the following computations. We prefer
to redefine variables according to (8).

After the change of variables, the exponential term
reads:

e�2⇡Im(v) = e�2⇡ Im(�)�Im( )
N ⌘ ✏⌧ 1, (9)

where we defined the small parameter ✏ for notational
convenience. To be precise, ✏ ⌘ e�2⇡Im(v0), where
Im(v0) is the value stabilised by the leading order (non-
exponential) potential. As we will see, shifts in v or, in
the new variables, in  ,�, will be small enough during
inflation. Thus, ✏ is now a parameter.

In terms of our new variables the leading parts of K

and W are

K = K(z, z̄, Im(�), Im( )) + O(✏) , (10)

W = w(z) + f(z) + O(✏) . (11)

The conditions DIW = 0 will in general stabilise all
of the moduli z, both Im(�) and Im( ) as well as the
combination Re( ).4 In other words, the appearance of
 in W leads to the breakdown of the two shift sym-
metries in u and v to one remaining shift symmetry.
This shift-symmetric direction is parametrised by Re(�),
which does not appear in K and W. It is our inflaton
candidate, which has a flat potential at this stage.

It is easy to see from (8) that, at fixed Re( ), the field
Re(�) parametrizes a direction that is nearly aligned with
Re(u). Indeed, we have �Re(u) = N�Re(v) such that, at
large N , u changes much more strongly than v. Such a
flat direction thus corresponds to a winding trajectory
shown in figure 1 and can be very long.

The idea of achieving a long direction due to wind-
ing trajectories in the field space of two axions was pro-
posed in [3] and subsequently many large-field inflation
models in string theory have employed this mechanism

4 Here DIW = 0 for all I gives rise to 2n + 1 real equations for
2n + 2 real moduli. Note that D�W = K�W = 0 gives rise to
only one real equation K� = 0.

Re(u)

Re(v)

FIG. 1. Inflaton trajectory in Re(v)-Re(u)-plane. The wind-
ing trajectory is a result of stabilising one direction in Re(v)-
Re(u)-space by an F -term potential due to bulk fluxes.

[5, 17, 19, 20, 27, 33, 34]. However, in contrast to pre-
vious proposals the winding trajectory in our case arises
from an F -term potential due to fluxes. For example, in
[19] non-perturbative contributions to the potential were
employed to realise a winding trajectory similar to ours
(see also the discussion in Sec. III).

C. Inflaton potential

We now include the subleading terms ⇠ e2⇡iv =

e2⇡i
�� 
N = ✏ e2⇡i

Re(�)�Re( )
N and determine the inflaton

potential to order ✏2. We also include the backreaction
on the remaining moduli in our analysis.

We can write K and W of (1) and (2) as

K = K + �K + O(✏2) (12)

W = W + �W + O(✏2) , (13)

where �K ⇠ �W ⇠ ✏. We thus have

DIW = (@IW + KIW ) (14)

+ (@I�W + KI�W + �KIW ) + O(✏2) ,

where the index I runs over all superfields z,  and �.
Given our specific structure for K and W from (1) and
(2) we find that all covariant derivatives can always be
brought into the form

DIW =AI(z, z̄, ,  ̄,�� �̄) (15)

+ ✏
h
BI(z, z̄, ,  ̄,�� �̄)e

2⇡i�1
N

+CI(z, z̄, ,  ̄,�� �̄)e�
2⇡i�1

N

i

+ O(✏2) ,

where �1 ⌘ Re(�) and AI , BI , CI are complex functions
of z, z̄,  ,  ̄ and Im(�) which can be easily calculated for
a specific example. Notice that we have reabsorbed the
phases e�2⇡i 1/N and e2⇡i 1/N in the complex prefactors
BI and CI respectively.
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and

Im (u) � ln
n1,1

n0,1
and Im (v) � ln

n1,1

n1,0
. (2.12)
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since we want " ⌧ 1. Notice that requiring " ⌧ 1 implies that Im (u) and Im (v) are
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satisfy all previous ones for the CICYs for which this hierarchy can be realized.

It is then possible to proceed as in [9]. At leading order Im (u), Im (v), the axio-

dilaton as well as the linear combination Re (Mu+Nv) are stabilized at the minimum.

The only remaining flat direction is, once again, aligned with Re (u). To proceed with

the lifting to get the inflationary potential, we then repeat the discussion already pre-
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It is convenient to reparameterize the fields as
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• we have searched GV database of CICYs for such hierarchies -  
and find examples — can help build winding inflation models

[Carta, Mininno, Righi & AW ’21]



• by looking for different hierarchies among GV invariants, can change  
potential along shallow valley:

• the last version gives uplift mechanism to de Sitter,  
if full string model also has negative potential energy contributions 
(which string vacua always have)

[Hebecker & Leonhardt ’20]



• if we look at a CY with 4 moduli, we can combine both sectors!

[Carta, Mininno, Righi & AW ’21]

'2

'1

V
to
t(
'
1
,
'
2
)

Figure 1: An example of the potential in Eq. (4.9). We use M/N = 1/10, P/Q = 25,

all the phases zero, ↵2 = 1, "1 = 0.02, "2 = 0.1.

A natural question one can ask when looking at Figure 1 is how likely it is for

the two axions to undergo a tunneling transition between two local minima [37] of the

potential Vtot. To avoid complications coming from considering a Coleman-de Luccia

tunneling [37] with two fields, we restricted ourselves to compute the probability for

the field '2 to undergo tunneling, for a fixed value of '1. Indeed, we set '1 to the value

where the largest probability of tunneling is expected, i.e. on the plane where Eq. (4.9)

has a local maximum for '1. This happens for '1 = 5⇡ + 10n⇡, with n 2 Z. Looking
at the sections of the potential at fixed '1 we can apply the well-known formulas for

the decay probability for a single field [37]:11

� = exp(�B) with B = B0 r(x, y) ⌘

✓
27⇡2

T
4

2(�V )3

◆
r(x, y) . (4.13)

Here B is the bounce action and T is the tension of the domain wall. We have also

defined the field theoretic bounce B0 and its gravitational correction

r(x, y) = 2
1 + xy �

p
1 + 2xy + x2

x2(y2 � 1)
p
1 + 2xy + x2

, (4.14)

with

x =
3T 2

4M2
P
�V

, y =
Vf + Vt

�V
and �V = Vf � Vt . (4.15)

11We follow the notation of [38].
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