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Simulation-based inference methods for particle physics

Johann Brehmer and Kyle Cranmer

New York University, New York, NY, 10003

Our predictions for particle physics processes are realized in a chain of
complex simulators. They allow us to generate high-fidelty simulated
data, but they are not well-suited for inference on the theory param-
eters with observed data. We explain why the likelihood function of
high-dimensional LHC data cannot be explicitly evaluated, why this
matters for data analysis, and reframe what the field has traditionally
done to circumvent this problem. We then review new simulation-based
inference methods that let us directly analyze high-dimensional data by
combining machine learning techniques and information from the sim-
ulator. Initial studies indicate that these techniques have the potential
to substantially improve the precision of LHC measurements. Finally,
we discuss probabilistic programming, an emerging paradigm that lets
us extend inference to the latent process of the simulator.
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We develop, discuss, and compare several inference techniques to constrain theory para-
meters in collider experiments. By harnessing the latent-space structure of particle physics
processes, we extract extra information from the simulator. This augmented data can be
used to train neural networks that precisely estimate the likelihood ratio. The new methods
scale well to many observables and high-dimensional parameter spaces, do not require any
approximations of the parton shower and detector response, and can be evaluated in micro-
seconds. Using weak-boson-fusion Higgs production as an example process, we compare the
performance of several techniques. The best results are found for likelihood ratio estimators
trained with extra information about the score, the gradient of the log likelihood function with
respect to the theory parameters. The score also provides sufficient statistics that contain
all the information needed for inference in the neighborhood of the Standard Model. These
methods enable us to put significantly stronger bounds on effective dimension-six operators
than the traditional approach based on histograms. They also outperform generic machine
learning methods that do not make use of the particle physics structure, demonstrating their
potential to substantially improve the new physics reach of the LHC legacy results.
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Abstract

Simulators often provide the best description of real-world phenomena. However,
the density they implicitly define is often intractable, leading to challenging inverse
problems for inference. Recently, a number of techniques have been introduced in
which a surrogate for the intractable density is learned, including normalizing flows
and density ratio estimators. We show that additional information that characterizes
the latent process can often be extracted from simulators and used to augment the
training data for these surrogate models. We introduce several new loss functions
that leverage this augmented data, and demonstrate that these new techniques can
improve sample efficiency and quality of inference.

1 Introduction

In many areas of science, complicated real-world phenomena are best described through computer
simulations. Typically, the simulators implement a stochastic generative process in the “forward”
mode based on a well-motivated mechanistic model with parameters ✓. While the simulators can
generate samples of observations x ⇠ p(x|✓), they typically do not admit a tractable likelihood (or
density) p(x|✓). Probabilistic models defined only via the samples they produce are often called
implicit models. Implicit models lead to intractable inverse problems, which is a barrier for statistical
inference of the parameters ✓ given observed data. These problems arise in fields as diverse as
particle physics, epidemiology, and population genetics, which has motivated the development of
likelihood-free inference algorithms such as Approximate Bayesian Computation (ABC) [1–4] and
neural density estimation (NDE) techniques [5–34]. While many of these techniques can be exact
in the limit of infinite training samples, real-world simulators are computationally expensive, and
sample efficiency is immensely important.

We present a suite of new techniques that can dramatically improve the sample efficiency for training
neural network surrogates that estimate the likelihood p(x|✓) or likelihood ratio r(x|✓0, ✓1) =
p(x|✓0)/p(x|✓1). This provides the key quantity needed for both frequentist and Bayesian inference
procedures. Our approach involves extracting additional information that characterizes the latent
process from the simulator, as we explain in Sec. 3. In Sec. 4 we introduce the loss functions that
utilize this augmented data. In Sec. 5 we demonstrate through a range of experiments that these new
techniques provide a significant increase in sample efficiency compared to techniques that do not
leverage the augmented data, which ultimately increase the quality of inference.

2 Related work

Techniques for likelihood-free inference can be divided into two broad categories. In the first category,
the inference is performed by directly comparing the observed data to the output of the simulator.
This includes Approximate Bayesian Computation (ABC) [1–4] and probabilistic programming

Preprint. Under review.
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We present powerful new analysis techniques to constrain effective field theories at the LHC.
By leveraging the structure of particle physics processes, we extract extra information from
Monte-Carlo simulations, which can be used to train neural network models that estimate
the likelihood ratio. These methods scale well to processes with many observables and theory
parameters, do not require any approximations of the parton shower or detector response, and
can be evaluated in microseconds. We show that they allow us to put significantly stronger
bounds on dimension-six operators than existing methods, demonstrating their potential to
improve the precision of the LHC legacy constraints.

INTRODUCTION

Precision constraints on indirect signatures of physics beyond the Standard Model (SM) will
be an important part of the legacy of the Large Hadron Collider (LHC) experiments. A key
component of this program are limits on the dimension-six operators of the SM Effective Field
Theory (SMEFT) [1, 2]. Processes relevant to these measurements are often sensitive to a large
number of EFT coefficients, which predict subtle kinematic signatures in high-dimensional phase
spaces.

Traditionally, such signatures are analysed by focussing on a few hand-picked kinematic variables.
This approach discards any information in the remaining directions of phase space. Well-chosen
variables typically yield precise bounds along individual directions of the parameter space, but
only weak constraints in other directions [3, 4]. The sensitivity to multiple parameters can be
substantially improved by using the fully differential cross section. This is the forte of the Matrix
Element Method [5–23] and Optimal Observables [24–26] techniques, which are based on the parton-
level structure of a given process. But these methods either neglect or approximate the parton
shower and detector response. Moreover, even a simplified description of the detector effects requires
the numerically expensive evaluation of complicated integrals for each observed event. None of
these established approaches scales well to high-dimensional problems with many parameters and
observables, such as the SMEFT measurements.

Recently, we have developed new techniques to constrain continuous theory parameters in LHC
experiments based on machine learning and neural networks. The companion publication [27] is
an extensive guide that thoroughly describes and compares a number of different techniques for
this problem. In addition, Ref. [28] presents the methods in a more abstract setting. Here we
want to highlight the key idea: by harnessing the structure of particle physics processes, we can
extract additional information from Monte-Carlo simulations that characterizes the dependence of
the likelihood on the theory parameters. This augmented data can be used to train neural networks
that precisely estimate likelihood ratios, the preferred test statistics for limit setting at the LHC. We
sketch two particularly useful algorithms based on these ideas and demonstrate their performance
in the example process of weak-boson-fusion Higgs production in the four-lepton decay mode.
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Precision measurements at the LHC often require analyzing high-dimensional event data for
subtle kinematic signatures, which is challenging for established analysis methods. Recently,
a powerful family of multivariate inference techniques that leverage both matrix element
information and machine learning has been developed. This approach neither requires the
reduction of high-dimensional data to summary statistics nor any simplifications to the under-
lying physics or detector response. In this paper we introduce MadMiner, a Python module
that streamlines the steps involved in this procedure. Wrapping around MadGraph5_aMC
and Pythia 8, it supports almost any physics process and model. To aid phenomenological
studies, the tool also wraps around Delphes 3, though it is extendable to a full Geant4-
based detector simulation. We demonstrate the use of MadMiner in an example analysis of
dimension-six operators in ttH production, finding that the new techniques substantially
increase the sensitivity to new physics.
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1. Particle physics measurements as a simulation-based in-
ference problem

1.1. A fundamental problem for LHC measurements

Among the sciences, particle physics has the luxury of having a very well
established theoretical basis. Quantum field theory provides a framework
not only for the Standard Model, but also for theories of physics beyond the
standard model (BSM). We almost take for granted the predictive power of
our theories, but the way our field formulates searches for new new physics
in terms of hypothesis tests and confidence intervals is critically tied to the
fact that we have predictive models to test in the first place.

Often we seem to equate the predictions of a theory with Feynman dia-
grams and the matrix element for a hard scattering process, which in turn
can be used to predict a fully di↵erential cross-section. Of course, that is not
the full story, as one must include parton density functions and quarks and
gluons give rise to a parton shower and subsequent hadronization process.
Moreover, we observe electronic signatures tied to scintillation, ionization,
etc. in our detectors, not the final-state particles directly. Therefore the
predictive model for a theory must incorporate the response of the detector
to the final state particles.

While all of these points are well known to an experimental particle
physicist, it has not been customary to describe the full simulation chain
explicitly as a probabilistic model for the data. Why is that? In part
that is because we have no explicit closed-form equation to write down nor
do we have a function that we can provide to Minuit [1] that describes
the probability distribution for the raw data in terms of parameters that
appear in the Lagrangian for a given theory. Nevertheless, we can pro-
duce synthetic data using Monte Carlo simulation tools like MadGraph [2],
Sherpa [3], Pythia [4], Herwig [5], and GEANT4 [6].

The colloquial term or jargon for both the simulation tools and the
synthetic data they produce is Monte Carlo. This term refers to methods
that sample from probability distributions to compute an integral. Particle
physics simulators use such methods to compute the cross section of a pro-
cess by sampling a number of events following the probability distribution

p(x, zd, zs, zp|✓) = px(x|zd) pd(zd|zs) ps(zs|zp) p(zp|✓) . (1)

Theory prediction 𝜽: Observed data 𝒙Feynman diagrams and the matrix element is not the full story

Detector effects

Parton-shower, Hadroniazation

Parton-levelSimulation chain for 
synthetic data (events):

Goal: (efficiently) learning the likelihood  in the high dimensional data space.  p(x, θ)

Rapidly developing field of machine learning, map/analyze high-dimensional data efficiently  

Difficulty: Expensive simulation w.r.t theory space and final state MVA analysis.  



Simulation-based inference methods

Multi-variate analysis: MEM, BDT, general NN

Models are often implicit, meaning no explicit likelihood function  that describes 
how observable variables 𝒙 depend on model parameters 𝜽.  
Rather, they come only in form of an architecture of simulators, that takes in parameters 
𝜽 and simulates variables 𝒙.

p(x |θ)
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marginal distribution that would involve integrating over a large number
of microscopic interactions to a convenient probability density such as a
Gaussian. The MEM likelihood is given, schematically, by

p̂MEM (x|✓) =

Z
dzp p̂tf (x|zp) p(zp|✓) ⇠ 1

�(✓)

Z
dzp p̂tf (x|zp) |M(zp|✓)|2 ,

(6)
where |M(z|p|✓)|2 is the squared matrix element evaluated at a phase-space
point zp and parameters ✓ and for simplicity we have left out parton den-
sities as well as phase-space and e�ciency factors. Since the integrand is
tractable and the integral is over a much lower-dimensional space than the
on in Eq. (3), it is feasible—though expensive—to compute this approxi-
mate likelihood function.a

In some processes, particularly those involving only leptons and photons,
the MEM can give a reliable estimate of the true likelihood. However, jets
are less well modeled by transfer functions and additional jet radiation
is di�cult to describe in this approach. Finally, the MEM still requires
a computationally expensive numerical integration for every event that is
evaluated, which can be prohibitive.

2.2. Learning the likelihood

Rather than computing the integral in the likelihood for every event to be
evaluated, we can fit a surrogate model to data from the simulator and then
use that for inference. Such a surrogate model needs to be flexible enough
to accurately represent a complicated and multimodal probability distribu-
tion, we have to fit it to limited training data, and its likelihood function
needs to be computed e�ciently. Kernel density estimation has been used
in this context [37], but it was limited to roughly five-dimensional data. Re-
cently, several machine learning models have been developed for this task,
which are e↵ective for estimating distributions of high-dimensional data.
In particular, neural density estimators such as normalizing flows [38, 39]
are flexible probabilistic models with a tractable likelihood function.

This lets us solve the problem of simulation-based inference in three
phases [40]:

(1) We run the usual simulator chain a number of times with di↵erent
input parameters ✓ and saving ✓ together with the simulated events
x ⇠ p(x|✓).

aThis approach has also been extended to include an explicit calculation of leading
parton-shower e↵ects [33–36].
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The increasing use of multivariate methods, and in particular the Matrix Element Method (MEM),
represents a revolution in experimental particle physics. With continued exponential growth in
computing capabilities, the use of sophisticated multivariate methods– already common– will soon
become ubiquitous and ultimately almost compulsory. While the existence of sophisticated algo-
rithms for disentangling signal and background might naively suggest a diminished role for theorists,
the use of the MEM, with its inherent connection to the calculation of differential cross sections
will benefit from collaboration between theorists and experimentalists. In this white paper, we
will briefly describe the MEM and some of its recent uses, note some current issues and potential
resolutions, and speculate about exciting future opportunities.

Introduction– Multivariate methods [1] are widely
used in experimental particle physics; popular examples
include boosted decision trees (BDT) and neural nets,
in addition to the Matrix Element Method (MEM) [2],
which will be the subject of our discussion here. In the
MEM, the likelihood for a given event, with measured
momenta pvis

i in some underlying model with parameters
α is given by

P(pvis
i |α) =

1

σ(α)

∑

k,l

∫

dx1dx2
fk(x1)fl(x2)

2sx1x2

×

[

∏

j∈inv.

∫

d3pj

(2π)32Ej

]

|Mkl(p
vis
i , pj ;α)|

2,

(1)

where fk and fl are parton distribution functions, Mkl

is the theoretical matrix element, and σ(α) is the (total)
cross section after cuts and efficiencies. If the process
involves invisible particles, such as neutrinos or neutrali-
nos, then their momenta, pj, must be integrated over the
appropriate phase space.
Transfer functions parameterizing the detector resolu-

tion, should also be included and integrated over, as the
matrix element is a function of the actual, rather than the
observed, particle momenta. In the limit where all the
quantities and functions in Eq. 1 are known with perfect
accuracy, the quantity calculated in this manner is the
likelihood, and hence by the Neyman-Pearson Lemma is
an optimal test statistic [3]. Hence, if it can be imple-
mented, the MEM should be the most sensitive analysis
possible– we will note some caveats later in this paper.
Past and Present– The MEM has been used in stud-

ies of top properties at the Tevatron [4], as well as in B
physics [5]. A notable recent application has been in
the study of H → ZZ∗ → 4$ [6–10], where the MEM,

in the form of the “MELA” approach [8], was used in
the Higgs discovery by CMS [11]. Currently CMS uses
MELA together with MEKD [9, 12], another MEM pack-
age in continuing studies of the properties of the Higgs.
ATLAS is using a BDT for similar studies [13].

The MEM has also been suggested for studying the
Higgs in other channels [14, 15] and for BSM energy fron-
tier physics [16]. A dedicated package, MadWeight, has
been developed for MEM studies [17].

Near Future– A practical challenge associated with
the use of the MEM is that the likelihood calculated
is only an approximation of the true likelihood. This
situation arises because of (i) finite detector resolution
(ii) higher order corrections (iii) neglected information.
Therefore, rather than taking e.g. the likelihood ratio
calculated from the MEM directly to have a given statis-
tical significance, it may still be necessary for an exper-
iment to calculate the statistical significance of a given
result using e.g. pseudoexperiments, which naively can
be very expensive from the standpoint of computer time.

We note that the detector response to an event is gen-
erally independent of the underlying parameters of the
model which described the hard process (e.g. masses or
couplings of virtual particles produced in the collision).
Thus one can often simply re-weight the events already
generated in a given pseudo-experiment to calculate the
likelihood at any other point in the parameter space [10].
This procedure eliminates the need to generate a sepa-
rate event sample for each point in parameter space and
thus significantly speeds up the analysis. An analogous
procedure could be employed for template-based analy-
ses.

Future– Moore’s Law [18] predicts that the vast in-
creases in computing power that have characterized the

Parton-level convolution: 
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Table 1. Dictionary of symbols that appear in this review (derived from Ref. [7]).

Symbol Meaning ML abstraction

✓ Theory parameters Parameters of interest
x All observables Features
v 1-2 selected kinematic variables Summary statistics
zp Parton-level four-momenta Latent variables
zs Parton shower history Latent variables
zd Detector interactions Latent variables
z = (zp, zs, zd) Full simulation history of event All latent variables

pfull({x}|✓) Full likelihood function, see Eq. (2) Implicit density
p(x|✓) Kinematic likelihood for single event Implicit density

(normalized fully di↵erential xsec, Eq. (3))
pp(zp|✓) Parton-level distribution Tractable density
ps(zs|zp) Parton-shower e↵ects Implicit density
pd(zs|zp) Detector e↵ects Implicit density
px(x|zd) Detector readout Implicit density
r(x|✓) Likelihood ratio function, see Eq. (4)
r(x, z|✓) Joint likelihood ratio, see Eq. (8) Unbiased est. of r(x|✓)
t(x) Score (locally optimal obs., Eq. (10))
t(x, z|✓) Joint score, see Eq. (9) Unbiased est. of score

✓̂ Best fit for theory parameters Estimator for ✓
p̂(x|✓) Parameterized estimator for likelihood
r̂(x|✓) Parameterized estimator for likelihood ratio
ŝ(x|✓) Parameterized classifier decision function
t̂(x) Estimator for score
p̂tf (x|zp) Approximate shower and detector e↵ects

(transfer function)

Here the vector zp is the parton-level phase-space point of a simulated
event (i. e. the parton four-momenta, helicities, and charges); the vector
zs summarizes the parton shower simulation, including the stable particles
that emerge from it; zd are the interactions in the detector. These three
vectors collectively define the “Monte-Carlo truth record” of a simulated
event and are the latent variables of the process: we cannot measure them,
and in fact they are only well defined within a given simulator code. Finally,
x is the vector of observables. While a real-life observation consists of tens
of millions of sensor read-outs, one can consider the reconstruction of the
event as part of the measurement process and take x as a vector of four-
momenta and other properties of the reconstructed particles. In Tbl. 1
we provide a look-up table for these and other symbols that appear in
this review and translate between particle physics and machine learning or
statistics nomenclature.



Likelihood-free inference: to emulate the intractable likelihood . p(x |θ)

Example: Nomalizing-flow (neural density estimation), kernel density estimation (low-dimension only)

Supports arbitrary simulators without requiring approximations on the underlying physics and is 
amortized, allowing for an efficient evaluation after an upfront simulation and training cost.  

“Likelihood-ratio” trick: training with reference point (e.g. EFT{𝜽}/SM).  
easier when concerning 𝜽 with only the interested handful of NP d.o.f deviation from reference pt.

With binary cross-entropy as loss function  (CARL)

Still amortized,  allows for reweighing, sample efficient, but cannot generate new samples without LL. 



Simulation-based inference method (improving ML with augmented data from simulator)

More is known from collider events simulation: hard process/Parton-level only is 𝜽 dependent. 

Accessing collider corresponding latent variables and define:

joint likelihood-ratio joint score. 

calculable from |ℳ |2

15

Figure 5: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left:
classifiers trained to distinguish two sets of events generated from different hypotheses (green dots)
converge to an optimal decision function s(x|✓0, ✓1) (in red) given in Eq. (17). This lets us extract
the likelihood ratio. Right: regression on the joint likelihood ratios r(xe, ze|✓0, ✓1) of the simulated

events (green dots) converges to the likelihood ratio r(x|✓0, ✓1) (red line).

2. Particle-physics structure

As we have argued in Sec. II C, particle physics processes have a specific structure that allow
us to extract additional information. Most processes satisfy the factorization of Eq. (2) with a
tractable parton-level likelihood p(z|✓). The generators do not only provide samples {xe}, but
also the corresponding parton-level momenta (latent variables) {ze} with (xe, ze) ⇠ p(x, z|✓0). By
evaluating the matrix elements at the generated momenta ze for different hypotheses ✓0 and ✓1,
we can extract the parton-level likelihood ratio p(ze|✓0)/p(ze|✓1). Since the distribution of x is
conditionally independent of the theory parameters, this is the same as the joint likelihood ratio

r(xe, zall e|✓0, ✓1) ⌘
p(xe, zdetector e, zshower e, ze|✓0)

p(xe, zdetector e, zshower e, ze|✓1)

=
p(xe|zdetector e)

p(xe|zdetector e)

p(zdetector e|zshower e)

p(zdetector e|zshower e)

p(zshower e|ze)

p(zshower e|ze)

p(ze|✓0)

p(ze|✓1)

=
p(ze|✓0)

p(ze|✓1)
. (19)

So while we cannot directly evaluate the likelihood ratio at the level of measured observables
r(x|✓0, ✓1), we can calculate the likelihood ratio for a generated event conditional on the latent
parton-level momenta.

The same is true for the score, i. e. the tangent vectors or relative change of the (log) likelihood
under infinitesimal changes of the parameters of interest. While the score t(xe|✓0) = r✓ log p(x|✓)|✓0

16

Figure 6: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left:
probability density functions for different values of ✓ and the scores t(xe, ze|✓) at generated events

(xe, ze). These tangent vectors measure the relative change of the density under infinitesimal
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from the simulator. Again, all intractable parts of the likelihood cancel. We visualize the score
in Fig. 6 and all available information on the generated samples in Fig. 7. It is worth repeating
that we are not making any simplifying approximations about the process here, these statements
are valid with reducible backgrounds, for state-of-the-art generators including higher-order matrix
elements, matching of matrix element and parton shower, and with full detector simulations.

But how does the availability of the joint likelihood ratio r(x, z|✓) and score t(x, z|✓) (which
depend on the latent parton-level momenta z) help us to estimate the likelihood ratio r(x|✓), which
is the one we are interested in?
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Figure 7: Illustration of some key concepts with a one-dimensional Gaussian toy example. Left: full
statistical model log r(x|✓, ✓1) that we are trying to estimate. Right: available information at the
generated events (xe, ze). The dots mark the joint likelihood ratios log r(xe, ze|✓0, ✓1), the arrows

the scores t(xe, ze|✓0, ✓1).

Via calculus of variations we find that the function g⇤(x) that extremizes L[ĝ] is given by [53]

0 =
�F

�ĝ
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We can make use of this general property in our problem in two ways. Identifying g(xe, ze) with
the joint likelihood ratios r(xe, zall,e|✓0, ✓1) (which we can calculate!) and ✓ = ✓1, we find
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of a sufficiently expressive function r̂(x|✓0, ✓1), we can therefore regress on the true likelihood
ratio [53]! This is illustrated in the right panel of Fig. 5. Note that to get the correct minimum, the
events (xe, ze) have to be sampled according to the denominator hypothesis ✓1.

We can also identify g(xe, ze) in Eq. (22) with the scores t(xe, zall,e|✓), which can also be extracted
from the generator. In this case,

g⇤(x) =
1

p(x|✓)

Z
dz r✓p(x, z|✓) = t(x|✓) . (26)
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�ĝ

����
g⇤

= 2ĝ
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Quantity General likelihood-free Particle physics

Samples {xe} X X
Likelihood p(xe|✓)
Likelihood ratio r(xe|✓0, ✓1) ⇤

Score t(xe|✓) ⇤

Latent state {xe, ze} X
Joint likelihood p(xe, zall,e|✓)
Joint likelihood ratio r(xe, zall,e|✓0, ✓1) X
Joint score t(xe, zall,e|✓) X

Table II: Availability of different quantities from the generative process in the most general
likelihood-free setup vs. in the particle-physics scenario with the structure given in Eq. (2).

Asterisks (⇤) denote quantities that are not immediately available, but can be regressed from the
corresponding joint quantity, as shown in Sec. III B.

Thus minimizing

L[t̂(x|✓)] =
1

N

X

(xe,ze)⇠p(x,z|✓)

|t(xe, zall,e|✓)� t̂(xe|✓)|
2 (27)

of a sufficiently expressive function t̂(x|✓) allows us to regress on the score t(x|✓) [53].3 Now the
(xe, ze) have to be sampled according to ✓. We summarize the availability of the (joint) likelihood,
likelihood ratio, and score in the most general likelihood-free setup and in particle physics processes
in Table II.

This is one of our key results and opens the door for powerful new inference methods. Particle
physics processes involve the highly complex effects of parton shower, detector, and reconstruction,
modelled by a generative process with a huge latent space and an intractable likelihood. Still, the
specific structure of this class of processes allows us to calculate how much more or less likely a
generated event becomes when we move in the parameter space of the theory. We have shown that
by regressing on the joint likelihood ratios or scores extracted in this way, we can recover the actual
likelihood ratio or score as a function of the observables!

C. Strategies

Let us now combine the estimator structure discussed in Sec. III A with the different quantities
available during training discussed in Sec. III B and define our strategies to estimate the likelihood
ratio. Here we restrict ourselves to an overview over the main ideas of the different approaches. A
more detailed explanation and technical details can be found in Appendix A 2.

1. General likelihood-free case

Some approaches are designed for the most general likelihood-free scenario and only require the
samples {xe} from the generator:

3 A similar loss function (with a non-standard use of the term “score”) was used in Ref. [82], though the derivative is
taken with respect to x and, critically, the model did not involve marginalization over the latent variable z.
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Fig. 1. Illustration of a complete inference method using the RASCAL or ALICES
methods to train a surrogate for the likelihood ratio function. Figure taken from Ref. [60].

our training data with these numbers and use them as labels in a supervised
training setup. This idea is realized in a few di↵erent algorithms, which
mostly di↵er by the loss functions that they use: the SCANDAL method
improves the training of neural surrogates for the likelihood function [58],
while the RASCAL [7, 58, 60] and ALICES [61] techniques train neural
surrogates of the likelihood ratio function more e�ciently. After training
the surrogates for the likelihood or likelihood ratio, we are again left with
a neural network that can be evaluated for arbitrary events and parameter
points and allows for amortized inference as before. The full workflow is
schematically shown in Fig. 1.

Extracting the joint likelihood ratio and joint score during the simu-
lation stage and augmenting the training data with it adds multiple or-
thogonal pieces of information to the training, as we illustrate in Fig. 2.
In practice, this substantially reduces the number of simulated events that
are necessary for a good performance—in some cases by multiple orders of
magnitude [7, 60]!

Some particle physics measurements have even more additional struc-
ture, for instance when we are trying to constrain the Wilson coe�cients of
an e↵ective field theory and the squared matrix element is a polynomial of
these parameters. Incorporating this additional structure in the inference
workflow can improve the e�ciency even further [7, 62, 63].

2.5. Active learning

Active learning here describes a sequential workflow that alternates simula-
tion and inference stages. The theory parameters for which more events are
generated are chosen such that they are expected to be most useful based
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separate pieces of parton-level generator, parton shower, and detector sim-
ulation, as given by Eq. (3); typically only the parton-level step explicitly
depends on the theory parameters of interest ✓.

We can leverage this understanding of the simulated process to extract
more information from the simulator and use it to augment the training
data for the likelihood or likelihood ratio model.c In particular, we can
access the latent variables (or Monte-Carlo truth record) z = (zp, zs, zd),
while tools like MadGraph let us compute matrix elements for arbitrary
theory parameters. For each simulated event we can thus compute two
useful quantities: the joint likelihood ratio [7, 58, 60]

r(x, z|✓) ⌘ p(x, z|✓)
pref(x, z)

=
p(x|zd) p(zd|zs) p(zs|zp) p(zp|✓)
p(x|zd) p(zd|zs) p(zs|zp) pref(zp)

=
|M|2(zp|✓)
|M|2ref(zp)

�ref

�(✓)
(8)

and the joint score

t(x, z|✓) ⌘ r✓ log p(x, z|✓)

=
px(x|zd) pd(zd|zs) ps(zs|zp) r✓pp(zp|✓)
px(x|zd) pd(zd|zs) ps(zs|zp) pp(zp|✓)

=
r✓|M|2(zp|✓)
|M|2(zp|✓)

� r✓�(✓)

�(✓)
. (9)

Here |M|2(zp|✓) and |M|2ref(zp) are the squared matrix elements for parton-
level phase space points zp for theory parameters ✓ and under the reference
distribution, respectively, while �(✓) and �ref are the total cross sections.
The joint likelihood ratio and joint score quantify how the probability of
one simulated event—fixing all of the latent variables in the simulation
chain—changes if we change the theory parameters ✓.

How are these two quantities useful, especially given that they depend
on latent variables z that are only meaningful for simulated events, but not
for real measurements? It turns out that the joint likelihood ratio r(x, z|✓)
is an unbiased estimator of the likelihood ratio r(x|✓) and the joint score
provides unbiased gradient information. This means that we can augment
cThe extraction of the joint likelihood ratio and score is in fact more general and can
be realized for many simulators [58, 59]. However, the particular structure of particle
physics processes makes it easy to compute these quantities, which in this case are closely
linked to the squared matrix element.

joint likelihood-ratio joint score. 
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useful quantities: the joint likelihood ratio [7, 58, 60]

r(x, z|✓) ⌘ p(x, z|✓)
pref(x, z)

=
p(x|zd) p(zd|zs) p(zs|zp) p(zp|✓)
p(x|zd) p(zd|zs) p(zs|zp) pref(zp)

=
|M|2(zp|✓)
|M|2ref(zp)

�ref

�(✓)
(8)

and the joint score

t(x, z|✓) ⌘ r✓ log p(x, z|✓)

=
px(x|zd) pd(zd|zs) ps(zs|zp) r✓pp(zp|✓)
px(x|zd) pd(zd|zs) ps(zs|zp) pp(zp|✓)

=
r✓|M|2(zp|✓)
|M|2(zp|✓)

� r✓�(✓)

�(✓)
. (9)

Here |M|2(zp|✓) and |M|2ref(zp) are the squared matrix elements for parton-
level phase space points zp for theory parameters ✓ and under the reference
distribution, respectively, while �(✓) and �ref are the total cross sections.
The joint likelihood ratio and joint score quantify how the probability of
one simulated event—fixing all of the latent variables in the simulation
chain—changes if we change the theory parameters ✓.

How are these two quantities useful, especially given that they depend
on latent variables z that are only meaningful for simulated events, but not
for real measurements? It turns out that the joint likelihood ratio r(x, z|✓)
is an unbiased estimator of the likelihood ratio r(x|✓) and the joint score
provides unbiased gradient information. This means that we can augment
cThe extraction of the joint likelihood ratio and score is in fact more general and can
be realized for many simulators [58, 59]. However, the particular structure of particle
physics processes makes it easy to compute these quantities, which in this case are closely
linked to the squared matrix element.

Abstract workflow of simulation-based ML optimiser:
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Substantially reduces the number of simulated events that are 
necessary for a good performance—in some cases by multiple orders 

of magnitude  

In many cases the joint likelihood ratio and the joint score — 
quantities conditioned on the latent variables that characterise the 
trajectory through the data generation process — can be extracted 

from the simulator. 

machine-learning version of the Matrix Element Method.  
MEM (computationally expensive numerical integrals) -> ML regression  

Instead of manually specifying simplified smearing functions, the effect 
of parton shower and detector is learned from full simulations.  

the likelihood ratio can be evaluated in microseconds per event and 
parameter point. 
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with a normalisation factor Z(✓).
This local model is in the exponential family of probability distributions. The score t(x|✓SM )

are the sufficient statistics, i. e. functions of the observables that contain all the information on ✓. A
precise score estimator t̂(x|✓SM ) therefore defines a vector of ideal, loss-free summary statistics,3 at
least in the proximity of the Standard Model. The estimated score is essentially a machine-learning
version of Optimal Observables.

In the companion paper, we construct an estimator for the score based on the availability of the
joint score from the simulator discussed above, again realized as a neural network. This is the basis
of the new Sally4 method to estimate likelihood ratios.

In fact, this dimensionality reduction can be taken one step further. The scalar product

ĥ(x|✓0, ✓1) ⌘ t̂(x|✓SM ) · (✓0 � ✓1) (7)

encapsulates all the discrimination power between ✓0 and ✓1, at least in the local model approximation.
This allows us to compress high-dimensional observations to a single scalar function without losing
any sensitivity, even for hundreds of theory parameters. In Ref. [27] we define the Sallino5

technique for likelihood ratio estimation based on this dimensionality reduction.
By construction, the Sally and Sallino techniques work very well close to the Standard Model.

While the local model approximation may deteriorate far away from the Standard Model, the effect
of this approximation error is reduced sensitivity and weaker bounds— it does not lead to overly
optimistic results. These approaches are simple and robust, and in particular the Sallino method
scales exceptionally well to high-dimensional parameter spaces.

EXAMPLE PROCESS

We demonstrate these two methods by calculating expected SMEFT constraints based on the
kinematics of Higgs production in weak boson fusion in the four-lepton mode. This process is
particularly sensitive to two operators [3, 4]

L = LSM +
fW
⇤2

ig

2
(Dµ�)† �a D⌫� W a

µ⌫ � fWW

⇤2

g2

4
(�†�) W a

µ⌫ Wµ⌫ a . (8)

We generate event samples using a combination of MadGraph 5 [33] and its add-on MadMax [34–
36]. In order to be able to assess the performance of our methods, we use an idealized setup in
which the momenta of the partons can be measured exactly, so that we can compare the results to
the true likelihood ratio. In Ref. [27] we describe the setup in more detail and show results for a
more realistic simulation.

In the left panel of Fig. 2 we show the approximate likelihood ratio estimated with the Rascal
method for one particular slice through parameter space. We also show the likelihood ratio based
on a traditional histogram-based analysis of two particularly powerful kinematic variables, the
transverse momentum of the hardest jet and the azimuthal angle between the two jets [3, 4]. The
new method clearly enables stronger exclusion limits, equivalent to a 16% larger reach in the new
physics scale or 90% more collected data in this particular parameter region.

The right panel of Fig. 2 shows expected constraints on the two operators after 36 observed
events with the Rascal and Sally methods based on the Neyman construction. The results for
Sallino are very similar to those for Sally. The Rascal limits are virtually indistinguishable
from the true likelihood contours. Sally and Sallino lead to nearly optimal bounds close to

3 Independently, the role of the score was studied for cosmological data [32].
4 Score approximates likelihood locally
5 Score approximates likelihood locally in one direction

An Example of constraining contour on 2D EFT space on the fly:

5

Figure 2: Left: Estimated expected likelihood ratio based on a traditional doubly differential
histogram analysis (orange dotted) and the new Rascal technique (red dashed). We show a line in

parameter space with particularly large difference between the methods. The grey dotted line
marks the expected exclusion limit at 95% CL according to asymptotics. The vertical arrow shows
how much more data the histogram approach requires to constrain the same parameter point with

the same significance. The horizontal arrow demonstrates the increased physics reach of the
machine-learning-based method. Right: Expected exclusion contours at 68% CL (innermost lines),
95% CL, and 99.7% CL (outermost lines) based on the Neyman construction. In both panels, we

assume 36 observed events and the SM to be true.

the Standard Model, slightly weaker constraints at the 95% CL level show the breakdown of the
local model approximation. All new techniques let us impose significantly tighter bounds on the
parameters than the doubly differential histogram analysis.

CONCLUSIONS

We have developed new analysis techniques to constrain effective field theories in LHC experiments.
Exploiting the particular structure of particle physics processes, we extract additional information
from Monte-Carlo simulations. This augmented data can be used to train neural networks that
estimate arbitrary likelihood ratios for use in limit setting procedures.

We have introduced the Rascal technique, which leverages this extended information to define
likelihood ratio estimators of particularly high fidelity. In an example analysis of weak-boson-fusion
Higgs production, this technique lets us put significantly stronger constraints on two dimension-
six operators, leading to expected exclusion limits that are virtually indistinguishable from the
theoretical optimum.

In the neighborhood of the Standard Model, any observation can be condensed into a low-
dimensional vector, the score, without loss of sensitivity. This motivates a second approach, which
we call Sally. Simpler to implement, it scales very well to high-dimensional parameter spaces. We
have demonstrated that it performs very well close to the Standard Model, and leads to only slightly

Truth from the exact Parton-level 
likelihood calculation

Binning on 2D over two sensitive 
observables

Local score/linear approximation 

Full LL-ratio & score regression

Study EFT operators through WBF of the Higgs in the four-lepton mode ( ):VV* → h → 4ℓ



General application to machine-learn intractable Likelihood 

In this paper we consider the problem of estimating the likelihood p(x|✓) or the likelihood ratio
r(x|✓0, ✓1), which for the practical purpose of inferring parameter values ✓ can be used almost
interchangably, based on the data available from N runs of the simulator.

Typically, the setting of likelihood-free inference assumes that the only available output from the
simulator are samples of observations x ⇠ p(x|✓). But in real-life simulators, more information can
usually be extracted. We typically have access to the latent variables z, and the distributions of each
latent variable pi(zi|✓, z<i) and px(x|✓, z) are tractable.

The key observation that is the starting point of our new inference methods is the following: While
p(x|✓) is intractable, for each simulated sample we can calculate the joint score

t(x, z|✓0) ⌘ r✓ log p(x, z|✓)
����
✓0

=
X

i

r✓ log pi(zi|✓, z<i)

����
✓0

+r✓ log px(x|✓, z)
����
✓0

(3)

by accumulating the factors r✓ log p(zi|✓, z:i) as the simulation runs forward through its control
flow conditioned on the random trajectory z. It can be insightful to think of the mechanistic model
in the simulator as defining a policy ⇡✓ and t(x, z|✓0) as analogous to the policy gradient used in
REINFORCE [40]. However, instead of trying to optimize ✓ via a stochastic gradient estimate of some
reward function, we will simply augment the data generated by the simulator with the joint score.

Similarly, we can extract the joint likelihood ratio

r(x, z|✓0, ✓1) ⌘
p(x, z|✓0)
p(x, z|✓1)

=
px(x|✓0, z)
px(x|✓1, z)

Y

i

pi(zi|✓0, z<i)

pi(zi|✓1, z<i)
. (4)

The joint score and joint likelihood ratio quantify how much more or less likely a particular simulated
trajectory through the simulator would be if one changed ✓.

Figure 1: A toy simulation generalizing the
Galton board where the transitions are biased
left (blue) or right (red) depending on the nail
position and the value of ✓. Two example lat-
ent trajectories z are shown (blue and green),
leading to the same observed value of x. Be-
low, the distribution for ✓0 = �0.8 and
✓1 = �0.6. An example empirical distri-
bution from 100 runs for ✓0 shows that the
sample variance is much larger than the dif-
ferences from ✓0 vs ✓1.

As a motivating example, consider the simulation for a
generalization of the Galton board, in which a set of balls
is dropped through a lattice of nails ending in one of sev-
eral bins denoted by x. The Galton board is commonly
used to demonstrate the central limit theorem, and if the
nails are uniformly placed such that the probability of
bouncing to the left is p, the sum over the latent space is
tractable analytically and the resulting distribution of x
is a binomial distribution. However, if the nails are not
uniformly placed, and the probability of bouncing to the
left is an arbitrary function of the nail position and some
parameter ✓, the resulting distribution requires an explicit
sum over the latent paths z that might lead to a particular
x. Such a distribution would become intractable as the
size of the lattice increases. Figure 1 shows an example
of two latent trajectories that lead to the same x. In this
toy example, the probability p(zh, zv, ✓) of going left is
given by (1 � f(zv))/2 + f(zv)�(5✓(zh � 1/2)), where
f(zv) = sin(⇡zv), � is the sigmoid function, and zh and
zv are the horizontal and vertical nail positions normal-
ized to [0, 1]. This leads to a non-trivial p(x|✓), which can
even be bimodal. Code for simulation and inference in
this problem is available at Ref. [41].

Figure 1 shows that a large number of samples from the
simulator are needed to reveal the differences in the distri-
bution of x for small changes in ✓ – the number of samples needed grows like (p/�p)2. Moreover,
this toy simulation is representative of many real-world simulators in that it is composed of non-
differentiable control-flow elements. This poses a difficulty, making methods based on rzx [42]
and r✓x inapplicable, which previously motivated techniques such as Adversarial Variational
Optimization [32]. But the joint score in Eq. (3) can easily be computed by accumulating the
factors r✓ log p(zh, zv|✓0), and we can calculate the joint likelihood ratio by accumulating factors
p(zh, zv|✓0)/p(zh, zv|✓1). In analogy to the Galton board toy example, even complicated real-world
simulators often allow us to accumulate these factors as they run, and to calculate the joint score and
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flow conditioned on the random trajectory z. It can be insightful to think of the mechanistic model
in the simulator as defining a policy ⇡✓ and t(x, z|✓0) as analogous to the policy gradient used in
REINFORCE [40]. However, instead of trying to optimize ✓ via a stochastic gradient estimate of some
reward function, we will simply augment the data generated by the simulator with the joint score.

Similarly, we can extract the joint likelihood ratio
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The joint score and joint likelihood ratio quantify how much more or less likely a particular simulated
trajectory through the simulator would be if one changed ✓.

Figure 1: A toy simulation generalizing the
Galton board where the transitions are biased
left (blue) or right (red) depending on the nail
position and the value of ✓. Two example lat-
ent trajectories z are shown (blue and green),
leading to the same observed value of x. Be-
low, the distribution for ✓0 = �0.8 and
✓1 = �0.6. An example empirical distri-
bution from 100 runs for ✓0 shows that the
sample variance is much larger than the dif-
ferences from ✓0 vs ✓1.

As a motivating example, consider the simulation for a
generalization of the Galton board, in which a set of balls
is dropped through a lattice of nails ending in one of sev-
eral bins denoted by x. The Galton board is commonly
used to demonstrate the central limit theorem, and if the
nails are uniformly placed such that the probability of
bouncing to the left is p, the sum over the latent space is
tractable analytically and the resulting distribution of x
is a binomial distribution. However, if the nails are not
uniformly placed, and the probability of bouncing to the
left is an arbitrary function of the nail position and some
parameter ✓, the resulting distribution requires an explicit
sum over the latent paths z that might lead to a particular
x. Such a distribution would become intractable as the
size of the lattice increases. Figure 1 shows an example
of two latent trajectories that lead to the same x. In this
toy example, the probability p(zh, zv, ✓) of going left is
given by (1 � f(zv))/2 + f(zv)�(5✓(zh � 1/2)), where
f(zv) = sin(⇡zv), � is the sigmoid function, and zh and
zv are the horizontal and vertical nail positions normal-
ized to [0, 1]. This leads to a non-trivial p(x|✓), which can
even be bimodal. Code for simulation and inference in
this problem is available at Ref. [41].

Figure 1 shows that a large number of samples from the
simulator are needed to reveal the differences in the distri-
bution of x for small changes in ✓ – the number of samples needed grows like (p/�p)2. Moreover,
this toy simulation is representative of many real-world simulators in that it is composed of non-
differentiable control-flow elements. This poses a difficulty, making methods based on rzx [42]
and r✓x inapplicable, which previously motivated techniques such as Adversarial Variational
Optimization [32]. But the joint score in Eq. (3) can easily be computed by accumulating the
factors r✓ log p(zh, zv|✓0), and we can calculate the joint likelihood ratio by accumulating factors
p(zh, zv|✓0)/p(zh, zv|✓1). In analogy to the Galton board toy example, even complicated real-world
simulators often allow us to accumulate these factors as they run, and to calculate the joint score and
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 can be regressed towards, by 
accumulating and minimising Loss function on:

p(x |θ)

https://github.com/johannbrehmer/simulator-mining-exampleFigure 2: Left: Galton board example. MSE on log r vs. training sample size. We show the mean and its error
based on 15 runs. Middle: Lotka-Volterra example. MSE on log p (top) and log r (bottom) vs. training sample
size. We show the median and the standard deviation of 10 runs. Right: Particle physics example. MSE on log r
vs. training sample size.

defines the position of the nails (i. e. they take ✓ as an input). We use a simple network architecture
with a single hidden layer, 10 hidden units, and tanh activations. The left panel of Fig. 2 shows the
mean squared error between log r̂(x|✓0, ✓1) and the true log r(x|✓0, ✓1) (estimated from histograms
of 2 · 104 simulations from ✓0 =�0.8 and ✓1 =�0.6), summing over x 2 [5, 15], versus the
training sample size (which refers to the total number of x samples, distributed over 10 values of
✓ 2 [�1,�0.4]). We find that both SCANDAL and RASCAL are dramatically more sample efficient
than pure neural density estimation and the likelihood ratio trick, which do not leverage the joint
score. ROLR improves upon pure neural density estimation and achieves the same asymptotic error
as SCANDAL, though more slowly.

Lotka-Volterra model. As a second example, we consider the Lotka-Volterra system [48, 49], a
common example in the likelihood-free inference literature. This stochastic Markov jump process
models the dynamics of a species of predators interacting with a species of prey. Four parameters ✓
set the rate of predators and prey being born, predators dying, and predators eating prey.

We simulate the Lotka-Volterra model with Gillespie’s algorithm [50]. From the time evolution of
the predator and prey populations we calculate summary statistics x 2 R9. Our model definitions,
summary statistics, and initial conditions exactly follow Appendix F of Ref. [29]. In addition to the
observations, we extract the joint score as well as the joint likelihood ratio with respect to a reference
hypothesis log ✓1 = (�4.61,�0.69, 0.00,�4.61)T from the simulator. On this augmented data we
train different likelihood and likelihood ratio estimators. As baselines we use CARL [6, 8] and a
conditional masked autoregressive flow (MAF) [17, 51]. We compare them to the new techniques
introduced in section 4.2, including a SCANDAL likelihood estimator based on a MAF. For MAF and
SCANDAL we stack four masked autoregressive distribution estimators (MADEs) [23] on a mixture
of MADEs with 10 components [17]. For all other methods, we use three hidden layers. In all cases,
the hidden layers have 100 units and tanh activations. Code for simulation and inference is available
at Ref. [52].

For inference on a wide prior in the parameter space, the different probability densities often do not
overlap. As discussed above, the augmented data is then of limited use. Instead, we focus on the
regime where we try to discriminate between close parameter points with similar predictions for
the observables. We generate training data and evaluate the models in the range log(✓1)i � 0.01 
✓i  log(✓1)i + 0.01 with a uniform prior in log space. In the middle panel of Fig. 2 we evaluate
the different methods by calculating the mean squared error of estimators trained on small training
samples. Since the true likelihood is intractable, we calculate the error with respect to the median
predictions of 10 estimators1 trained on the full data set of 200 000 samples.

1We pick the algorithms we use for these “ground truth” predictions based on the variance between independ-
ent runs and the consistency of improvements with increasing training sample size. For likelihood estimation,
we use the MAF as baseline, with qualitatively similar results when using SCANDAL. For likelihood ratio
estimation, we use the SCANDAL estimator as baseline, and find qualitatively similar results for CASCAL.
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approximation to compute the score:

t̂OO(x) = r✓ log

✓Z
dzp p̂tf (x|zp) p(zp|✓)

◆�����
✓=✓ref

=

Z
dzp p̂tf (x|zp) r✓p(zp|✓ref)
Z

dzp p̂tf (x|zp) p(zp|✓ref)
. (11)

In practice, this method is usually applied to processes with easily iden-
tifiable final-state particles like leptons and photons. In that case, the
reconstructed particle properties are simply identified with the parton-level
four-momenta, p̂(x|zp) =

Q
i
�
4(xi � zp i).

While this approach elegantly uses our knowledge of matrix elements, it
requires substantial approximations to the underlying process, and taking
into account shower or detector e↵ects in the observable detection leads to
a large computational cost for each analyzed event.

3.2. Learning the score

The SALLY method [7, 58, 60] trains a neural network to learn the (in-
tractable) score function t(x) including the full detector simulation. As in
the methods discussed in Sec. 2.4, the first step is running the simulator
chain a number of times, now using the reference parameter point ✓ref as
input. In addition to the observation x, the joint score t(x, z|✓ref) defined
in Eq. (9) is computed and stored for every simulated event. In a next step,
a machine learning model like a neural network t̂(x) is trained to minimize
the mean squared error |t̂(x) � t(x, z)|2. It can be shown that the neural
network will ultimately converge to the score function given in Eq. (10).
After training, the neural network thus defines the locally most powerful
observables for the measurement of ✓ and can be used in a standard analysis
pipeline.

In addition to defining locally optimal observables, neural score estima-
tors can also be used to compute the Fisher information, a versatile tool
for sensitivity forecasting, cut optimization, and feature selection [78–80].

4. Diagnostics, calibration, and systematic uncertainties

The analysis methods described in the previous sections contain some parts,
in particular neural networks, that are not always easy to interpret and

MEM (optimal observable at parton level):

Sally Method to learn the joint score (ML minimising the mean squared error of ): | ̂t(x) − t(x, z) |2
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Alternatively, we can look for su�cient statistics that allow us to ap-
proximate the per-event likelihood, and there are many advantages to cast-
ing the learning problem in terms of individual events. While our expo-
sition will focus on the parameters of interest, one can consider ✓ to also
include nuisance parameters, and profiling the nuisance parameters would
then happen down-stream in the statistical inference pipeline and after the
amortized learning stage described below.

The key to learning optimal observables is to consider a local approxi-
mation of the likelihood function in the parameter space. In other words,
assume that we are studying parameters ✓ that are close to some chosen ref-
erence parameter point ✓ref (imagine this, for instance, to be the Standard
Model). Then one can show [60, 73, 74] that the most powerful observable
for measuring ✓ is the score

t(x) = r✓ log p(x|✓)
���
✓ref

. (10)

This gradient vector contains one component per parameter of interest. In
the neighborhood of ✓ref, the score components are the su�cient statistics:
analyzing just t(x) will yield just as much information about ✓ than analyz-
ing the high-dimensional data x. By using the score as summary statistics,
we are therefore not throwing away any information, at least as long we
focus on parameters close to ✓ref. Further away from the reference point,
the score components may no longer be su�cient and a histogram-based
analysis will no longer be optimal.

Unfortunately, like the likelihood function itself, the score is in general
intractable. In the following we will present two methods that allow us to
estimate it.

3.1. An approximation: parton-level Optimal Observables

Remember that the Matrix-Element Method approximated the likelihood
function by summarizing the e↵ect of shower and detector with a transfer
function. Parton-level Optimal Observables (OO) [75–77] use the same

D. However, this coupling of events through the MLE and CMLE can be postponed and
based on a learned surrogate for the per-event likelihood or likelihood ratio function as
discussed in the previous section.

Given theory parameter , optimal observable/score:θ
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In the last step we have introduced the local Fisher distance

d(✓ +�✓, ✓) =
q
Iij(✓) �✓i �✓j (15)

which is a convenient approximation of the log likelihood ratio as long as �✓ is small.4 Moreover,
according to the Cramér-Rao bound [76, 77] the inverse of the Fisher information is the minimal
covariance of any estimator ✓̂. The larger the Fisher information, the more precisely a parameter
can be measured.

This approach shines when it comes to ease of use and interpretability. The Fisher information
matrix is invariant under reparameterizations of the observables x, transforms covariantly under
reparameterizations of the parameters ✓, and is additive over phase-space regions. This property
means we can define the distribution of the differential information over phase space, which quan-
tifies where in phase space the power of an analysis comes from [9]. The formalism also easily
accommodates nuisance parameters, and profiling over them is a simple matrix operation [9, 78].

In particle physics processes described by Eq. (1), the Fisher information turns out to be [9]

Iij(✓) =
L @i�(✓) @j�(✓)

�(✓)
+ L�(✓)

Z
dx p(x|✓) ti(x|✓) tj(x|✓)

⇡
L @i�(✓) @j�(✓)

�(✓)
+

L�(✓)

n

X

x⇠p(x|✓)

ti(x|✓) tj(x|✓) , (16)

where L is the integrated luminosity, � the cross section, @i denotes derivatives with respect to ✓i,
n is the number of events x generated for the parameter point ✓, and ti is the i-th component of
the score vector introduced in Eq. (11). The first term describes the information in the overall rate,
while the second term quantifies the power in the kinematic distributions. A neural score estimator
t̂(x) as in Eq. (12) together with a set of events thus lets us calculate the (a priori intractable)
Fisher information.

E. Practical analysis aspects

Let us now link these abstract inference techniques to specific aspects of typical analyses in
high-energy physics and summarize some features and limitations of MadMiner.

High-energy process: MadMiner supports almost all processes of perturbative high-energy physics
that can be run in MadGraph5_aMC [63]. This includes any high-energy physics model specified
in the UFO format [79]. The inference techniques only require that the model is parameterized
by a finite number of model parameters ✓ and that it is possible to calculate the parton-level
event weights of Eq. (10) for arbitrary values of the model parameters ✓, i. e. to “reweight”
the events to different parameter points [80]. The approach is not fundamentally restricted
to leading order, though one has to be careful that negative event weights, which can appear
in certain subtraction schemes, do not lead to numerical instabilities.

It is often beneficial to define the parameters ✓ such that they span a similar order of
magnitude. In practice, this may require some rescaling. For instance, if an analysis aims to
measure two Wilson coefficients f0 and f1 and the range of interest of f1 is 1000 times larger
than that of f0, consider defining the parameters internally as ✓ = (f0, f1/1000).

4
The Fisher information defines a metric on the parameter space, giving rise to the field of information geometry [9,

73, 74]. In that formalism we can also define “global” distances measured along geodesics, which are equivalent to

the expected log likelihood ratio even beyond the local approximation of small �✓ [75].

Or more flexibly the joint score over an interested theory param. space   
(Fisher information matrix) 

θ


