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40 !? 

2102.13112 
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Naïve formula 

𝑀 𝐾+ → 𝜋+𝑎 ≃ 𝑀 𝐾+ → 𝜋+𝜋0 × 𝜃𝑎𝜋 ??? 

!!! THIS NAÏVE FORMULA IS WRONG !!! 

1. Octet enhancement (Δ𝐼 = 1/2 rule) 

2. Mixing angle is “basis-dependent”. Not physical! 

• (𝑠𝐿 𝛾𝜇𝑢𝐿)(𝑢𝐿𝛾𝜇𝑑𝐿) gives octet (adjoint) and 27-plet operators in ChPT.  

• Octet contributes to 𝐾+ → 𝜋+𝑎 

• Only 27-plet contribute to 𝐾+ → 𝜋+𝜋0
 

Two things we should know: 
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1.   𝐾 → 𝜋𝜋 in ChPT 

2.   𝐾 → 𝜋𝑎 in ChPT 
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Chiral Perturbation Theory 

• Spontaneously symmetry breaking 

• Explicit breaking of 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 

• Light quark mass 

• Four-Fermi operator from weak interaction 

• (Electromagnetic interaction) 

𝑈 → 𝑔𝐿𝑈𝑔𝑅
†
 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 → 𝑆𝑈 3 𝑉 

𝐿0 =
𝑓𝜋

2

4
tr[𝜕𝜇𝑈𝜕𝜇𝑈†] 

𝐿1 = 𝑎1 tr 𝜕𝜇𝑈𝜕𝜇𝑈†
2
+ 𝑎2tr 𝜕𝜇𝑈𝜕𝜈𝑈

† tr 𝜕𝜇𝑈𝜕𝜈𝑈† + 𝑎3tr 𝜕𝜇𝑈𝜕𝜇𝑈†𝜕𝜈𝑈𝜕𝜈𝑈†
 

𝐿2 = ⋯ 

Chiral symmetry Meson field 

Those can be treated as VEV of spurion. 
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Light quark mass in ChPT 

• Spontaneously symmetry breaking 

𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 → 𝑆𝑈 3 𝑉 

• Light quark mass term 

𝐿𝑚𝑎𝑠𝑠 = 𝑚𝑖𝑗𝑞𝐿𝑖
∗ 𝑞𝑅𝑗 + ℎ. 𝑐. 𝑚𝑖𝑗 ∶ (3, 3 ) of 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 

𝐿𝑚𝑎𝑠𝑠 =
𝑓𝜋

2

2
B0tr[𝑚

†𝑈 + 𝑚𝑈†] Normalization 𝐵0 is determined by meson mass  

𝑚𝜋
2 = 𝐵0(𝑚𝑢 + 𝑚𝑑) 

𝑚𝐾±,0
2 = 𝐵0 𝑚𝑢,𝑑 + 𝑚𝑠  

𝑚𝜂
2 = 𝐵0(𝑚𝑢 + 𝑚𝑑 + 4𝑚𝑠)/3 

Chiral symmetry Meson field 

3𝑚𝜂
2 = 4𝑚𝐾

2 − 𝑚𝜋
2
 

UV 

ChPT 

𝑈 → 𝑔𝐿𝑈𝑔𝑅
†
 

𝐿0 =
𝑓𝜋

2

4
tr[𝜕𝜇𝑈𝜕𝜇𝑈†] 
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4-Fermi operator in ChPT 

• Spontaneously symmetry breaking 

𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 → 𝑆𝑈 3 𝑉 

• 4-Fermi operator 

𝐿4Fermi =
4𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠

∗ 𝑠𝐿𝛾𝜇𝑢𝐿 𝑢𝐿𝛾
𝜇𝑑𝐿 + ℎ. 𝑐. 

𝐿4Fermi =? ? 

Chiral symmetry Meson field 

UV 

ChPT 

𝑈 → 𝑔𝐿𝑈𝑔𝑅
†
 

𝐿0 =
𝑓𝜋

2

4
tr[𝜕𝜇𝑈𝜕𝜇𝑈†] 
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Group theory for 4-Fermi operator 

𝑂𝑘𝑙
𝑖𝑗

≡ (𝑞 𝐿𝑘𝛾
𝜇𝑞𝐿𝑖)(𝑞 𝐿𝑙𝛾

𝜇𝑞𝐿𝑗) Fierz identity :  𝑂𝑘𝑙
𝑖𝑗

= 𝑂𝑘𝑙
𝑗𝑖

= 𝑂𝑙𝑘
𝑖𝑗

= 𝑂𝑙𝑘
𝑗𝑖

 

𝑖𝑗 and 𝑘𝑙 are symmetric indices. Possible choices are 11, 12, 13, 22, 23, 33. 

Total number of independent 𝑂𝑘𝑙
𝑖𝑗

 : 36 

𝑂𝑘𝑙
𝑖𝑗

 are in reducible representation of 𝑆𝑈 3 𝐿 

6 × 6 → 27 + 8 + 1 

See, e.g., 2102.09308 

3 × 3 → 6 + 3 

6-plet 

𝑖, 𝑗, 𝑘, 𝑙 = 𝑢, 𝑑, 𝑠 
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Group theory for 4-Fermi operator 

𝑠𝐿 𝛾𝜇𝑑𝐿 𝑢𝐿𝛾
𝜇𝑢𝐿  𝑠𝐿 𝛾𝜇𝑑𝐿

1

5
𝑢𝐿𝛾

𝜇𝑢𝐿 +
1

5
𝑑𝐿𝛾

𝜇𝑑𝐿 +
1

5
𝑠𝐿 𝛾𝜇𝑠𝐿  

𝑠𝐿 𝛾𝜇𝑑𝐿

4

5
𝑢𝐿𝛾

𝜇𝑢𝐿 −
1

5
𝑑𝐿𝛾

𝜇𝑑𝐿 −
1

5
𝑠𝐿 𝛾𝜇𝑠𝐿  

= 

+ 

8-plet 

27-plet 

−
𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠𝑔8𝑓𝜋

4 𝐿𝜇𝐿
𝜇

32
−

𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠𝑔27𝑓𝜋

4 𝐿23𝐿11
𝜇

+
2

3
𝐿𝜇21𝐿13

𝜇
+ ℎ. 𝑐. 

𝐿𝜇 ≡ 𝑖𝑈𝜕𝜇𝑈
†
 

𝑔8 ≃ 4.99, 𝑔27 ≃ 0.253 [1107.6001] 

Γ 𝐾𝑆 → 𝜋+𝜋−, 2𝜋0 ≫ Γ 𝐾+ → 𝜋+𝜋0
, octet enhancement a.k.a. Δ𝐼 = 1/2 rule 

Kaon decay measurement 

See, e.g., 2102.09308 
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1.   𝐾 → 𝜋𝜋 in ChPT 

2.   𝐾 → 𝜋𝑎 in ChPT 
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Simplest case (KSVZ axion) 

𝐿    =     𝑖𝑞 𝛾𝜇𝜕𝜇𝑞 − 𝑚𝑞𝑞 𝑞 

+
4𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠 𝑠𝐿 𝛾𝜇𝑑𝐿 𝑢𝐿𝛾

𝜇𝑢𝐿 + ℎ. 𝑐.  

Standard model 

EFT with light quarks 
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Simplest case (KSVZ axion) 

𝐿    =     𝑖𝑞 𝛾𝜇𝜕𝜇𝑞 − 𝑚𝑞𝑞 𝑞 

+
4𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠 𝑠𝐿 𝛾𝜇𝑑𝐿 𝑢𝐿𝛾

𝜇𝑢𝐿 + ℎ. 𝑐.  

Standard model 

KSVZ axion 

In general, we can add (𝜕𝜇𝑎/𝑓)(𝑞 𝛾
𝜇𝛾5𝑞) coupling in this basis. 

See, e.g., DFSZ, variant axion, flaxion, …. 

+
1

2
𝜕𝜇𝑎

2
+

𝑐𝛾𝛾𝛼

4𝜋

𝑎

𝑓
𝐹𝜇𝜈𝐹 

𝜇𝜈 +
𝛼𝑠

4𝜋

𝑎

𝑓
𝐺𝜇𝜈𝐺 

𝜇𝜈
 

EFT with light quarks and axion 

[ 13 / 22 ] 



Simplest case (KSVZ axion) 

𝐿    =     𝑖𝑞 𝛾𝜇𝜕𝜇𝑞 − 𝑚𝑞𝑞 𝑞 

+
4𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠 𝑠𝐿 𝛾𝜇𝑑𝐿 𝑢𝐿𝛾

𝜇𝑢𝐿 + ℎ. 𝑐.  

+
1

2
𝜕𝜇𝑎

2
+

𝑐𝛾𝛾𝛼

4𝜋

𝑎

𝑓
𝐹𝜇𝜈𝐹 

𝜇𝜈 +
𝛼𝑠

4𝜋

𝑎

𝑓
𝐺𝜇𝜈𝐺 

𝜇𝜈
 

𝑞 → exp −
𝑖𝜅𝑞𝑎

𝑓
𝛾5 𝑞 𝜅𝑢 + 𝜅𝑑 + 𝜅𝑠 = 1 

Let us take a new basis :  

Standard model 

KSVZ axion 

In general, we can add (𝜕𝜇𝑎/𝑓)(𝑞 𝛾
𝜇𝛾5𝑞) coupling in this basis. 

See, e.g., DFSZ, variant axion, flaxion, …. 

EFT with light quarks and axion 
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Simplest case (KSVZ axion) 

𝐿    =     𝑖𝑞 𝛾𝜇𝜕𝜇𝑞 − 𝑚𝑞𝑞 exp −
2𝑖𝜅𝑞𝑎

𝑓
𝛾5 𝑞 +

𝜅𝑞

𝑓
𝜕𝜇𝑎  𝑞 𝛾𝜇𝛾5𝑞 

+
4𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠 exp

𝑖 𝜅𝑑 − 𝜅𝑠 𝑎

𝑓
𝑠𝐿 𝛾𝜇𝑑𝐿 𝑢𝐿𝛾

𝜇𝑢𝐿 + ℎ. 𝑐.  

+
1

2
𝜕𝜇𝑎

2
+

𝑐 𝛾𝛾𝛼

4𝜋

𝑎

𝑓
𝐹𝜇𝜈𝐹 

𝜇𝜈
 

EFT with light quarks and axion in a new basis 
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𝐿    =    
𝑓𝜋

2

4
tr 𝐷𝜇𝑈𝐷𝜇𝑈†  +  

𝑓𝜋
2

2
𝐵0tr 𝑚 †𝑈 + 𝑈†𝑚  

+
𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 exp

𝑖 𝜅𝑑 − 𝜅𝑠 𝑎

𝑓
tr 𝜆𝑠𝑑 𝐷𝜇𝑈

† 𝐷𝜇𝑈 + ℎ. 𝑐.  

+
1

2
𝜕𝜇𝑎

2
+

𝑐 𝛾𝛾𝛼

4𝜋

𝑎

𝑓
𝐹𝜇𝜈𝐹 

𝜇𝜈
 

Simplest case (KSVZ axion) 

Note that 𝐷𝜇𝑈 = 𝜕𝜇𝑈 + 𝑖
𝜕𝜇𝑎

𝑓
(𝜅𝑈 + 𝑈𝜅) 

EFT with mesons and axion 
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Simplest case (KSVZ axion) 

Note that 𝐷𝜇𝑈 = 𝜕𝜇𝑈 + 𝑖
𝜕𝜇𝑎

𝑓
(𝜅𝑈 + 𝑈𝜅) 

• Mass mixing between 𝑎 and 𝜋0, 𝜂  ✔ 

• Kinetic mixing between 𝑎 and 𝜋0, 𝜂  ✔ 

• 𝐾±𝜋∓𝜋0, 𝐾±𝜋∓𝜂 vertex     ✔ 

• 𝐾±𝜋∓𝑎 vertex     ✔ ✔ 

EFT with mesons and axion 

+
1

2
𝜕𝜇𝑎

2
+

𝑐 𝛾𝛾𝛼

4𝜋

𝑎

𝑓
𝐹𝜇𝜈𝐹 

𝜇𝜈
 

1/f 𝐺𝐹𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 

𝐿    =    
𝑓𝜋

2

4
tr 𝐷𝜇𝑈𝐷𝜇𝑈†  +  

𝑓𝜋
2

2
𝐵0tr 𝑚 †𝑈 + 𝑈†𝑚  

+
𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 exp

𝑖 𝜅𝑑 − 𝜅𝑠 𝑎

𝑓
tr 𝜆𝑠𝑑 𝐷𝜇𝑈

† 𝐷𝜇𝑈 + ℎ. 𝑐.  
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diagrams 

2102.13112 pointed out  𝜕𝜇𝑎 in tr 𝜆𝑠𝑑 𝐷𝜇𝑈
† 𝐷𝜇𝑈  
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−
𝐺𝐹

2

𝑓𝜋
2

𝑓𝑎
𝑚𝐾

2𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 × 𝑂
𝑚𝜋

2

𝑚𝐾
2  

 +𝜅𝑢 + 𝜅𝑑 −
1

3
𝜅𝑢 −

1

3
𝜅𝑑 +

2

3
𝜅𝑠 [ ] 

Scheme dependence term 

• Each diagram is “scheme-dependent”. 

• Total amplitude is “scheme-independent”. 
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A simplified case 

𝑚𝐾
2 ≫ 𝑚𝜋

2 , 𝑚𝑎
2
 

𝜅𝑠 = 0,   
𝜅𝑢 + 𝜅𝑑 = 1 

𝑖
2𝐺𝐹

2
𝑔8𝑉𝑢𝑑𝑉𝑢𝑠

1

𝑓𝜋
2𝑓𝑎

( 𝜅𝑑 − 𝜅𝑠 (𝜕𝐾−)(𝜕𝜋+)𝑎 − 𝜅𝑢 + 𝜅𝑠 (𝜕𝐾−)𝜋+(𝜕𝑎) + 𝜅𝑢 + 𝜅𝑑 𝐾−(𝜕𝜋+)(𝜕𝑎)) + ℎ. 𝑐. 

𝑖
𝐺𝐹

2
𝑔8𝑉𝑢𝑑𝑉𝑢𝑠

1

𝑓𝜋
2𝑓𝑎

  𝜅𝑑 𝜕𝐾− 𝜕𝜋+ 𝑎  +   𝜅𝑢 𝜕𝐾− 𝜋+ 𝜕𝑎   −   𝐾− 𝜕𝜋+ 𝜕𝑎 + ℎ. 𝑐. 

𝐴 =
𝑖𝐺𝐹

2
𝑔8𝑉𝑢𝑑𝑉𝑢𝑠

1

𝑓𝜋
2𝑓𝑎

𝜅𝑑 + 𝜅𝑢 + 1
𝑚𝐾

2

2
 

This result does not depend on the value of 𝜅𝑢(𝜅𝑑) 
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A simplified case 

𝑚𝐾
2 ≫ 𝑚𝜋

2 , 𝑚𝑎
2
 

𝜅𝑠 = 0,   
𝜅𝑢 + 𝜅𝑑 = 1 

𝑖
2𝐺𝐹

2
𝑔8𝑉𝑢𝑑𝑉𝑢𝑠

1

𝑓𝜋
2𝑓𝑎

( 𝜅𝑑 − 𝜅𝑠 (𝜕𝐾−)(𝜕𝜋+)𝑎 − 𝜅𝑢 + 𝜅𝑠 (𝜕𝐾−)𝜋+(𝜕𝑎) + 𝜅𝑢 + 𝜅𝑑 𝐾−(𝜕𝜋+)(𝜕𝑎)) + ℎ. 𝑐. 

𝑖
𝐺𝐹

2
𝑔8𝑉𝑢𝑑𝑉𝑢𝑠

1

𝑓𝜋
2𝑓𝑎

  𝜅𝑑 𝜕𝐾− 𝜕𝜋+ 𝑎  +   𝜅𝑢 𝜕𝐾− 𝜋+ 𝜕𝑎   −   𝐾− 𝜕𝜋+ 𝜕𝑎 + ℎ. 𝑐. 

𝐴 =
𝑖𝐺𝐹

2
𝑔8𝑉𝑢𝑑𝑉𝑢𝑠

1

𝑓𝜋
2𝑓𝑎

𝜅𝑑 + 𝜅𝑢 + 1
𝑚𝐾

2

2
 

This result does not depend on the value of 𝜅𝑢(𝜅𝑑) 

+
𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 exp

𝑖 𝜅𝑑 − 𝜅𝑠 𝑎

𝑓
tr 𝜆𝑠𝑑 𝐷𝜇𝑈

† 𝐷𝜇𝑈 + ℎ. 𝑐.  
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𝐴 =  −𝑖
𝐺𝐹

2

𝑓𝜋
2

𝑓𝑎
𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 ×

1

2
𝑚𝐾

2
 

Comparison 

𝐴 =  −𝑖
𝐺𝐹

2

𝑓𝜋
2

𝑓𝑎
𝑉𝑢𝑑𝑉𝑢𝑠𝑔8 ×

1

2
𝑚𝐾

2 ×
𝑚𝑢

2 𝑚𝑢 + 𝑚𝑑
 

0.16 

[Georgi, Kaplan, Randall (1986)] 

[Bauer, Neubert, Renner, Schnubel, Thamm (2021)] 

The correct 𝐴2
 is 37 times larger than Gerogi-Kaplan-Randall. 
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Backup 
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Chiral Perturbation Theory 

𝑓𝜋 = 93 MeV 

𝑈 → 𝑔𝐿𝑈𝑔𝑅
∗
 𝑀 → 𝑔𝐿𝑀𝑔𝑅

∗
 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 → 𝑆𝑈 3 𝑉 



[ 26 ] 

[Table 1423 (page 10748) in 1511.08771v2] 

[appendix B.1 in 0812.1594] 

Group theory for 4 Fermi operators 

Tensor product 

Fierz identity 



[ 27 ] 

Octet enhancement, Δ𝐼 =½ rule 

𝐿 ∼ 𝑔8𝑉𝑢𝑑𝑉𝑢𝑠𝐺𝐹 𝜕𝜇𝐾
− (𝜋0𝜕𝜇𝜋

+ − 𝜋+𝜕𝜇𝜋
0) 

In the limit of 𝑚𝜋0 = 𝑚𝜋±, 

there is no contribution to on-shell amplitude of kaon dacay 

8𝑆𝑈 3 = 3 + 2 + 2 + 1 𝑆𝑈 2  
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Short summary of kaon decay 

𝐿4Fermi =
4𝐺𝐹

2
𝑉𝑢𝑑𝑉𝑢𝑠

∗ 𝑠𝐿𝛾𝜇𝑢𝐿 𝑢𝐿𝛾
𝜇𝑑𝐿  QCD + EW :  

Chiral perturbation 8 27 

Δ𝐼 = 1/2 Δ𝐼 = 3/2 

𝐾± → 𝜋±𝜋0
 𝐾𝑆

0 → 𝜋+𝜋−, 𝜋0𝜋0
 

≫ 

≫ 

𝜏 = 1.2 × 10−8 s 

𝜏 = 9.0 × 10−11 s 

Br 𝜋±𝜋0 = 21% 

Br 𝜋0𝜋0 = 31% 

Br 𝜋+𝜋− = 69% 

Γ 𝐾𝑆
0 → 𝜋+𝜋−, 𝜋0𝜋0 = 1.1 × 1010𝑠−1

 Γ 𝐾+ → 𝜋+𝜋0 = 1.8 × 107𝑠−1
 ≫ 


