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IntroducHon 
Type IIB string theory on an AdS5 x Y5 background, where Y5 is a Sasaki‐Einstein 
manifold, for large radii and with a stack of N D3‐branes at the Hp of the conical 
singularity is approximated by a Ν=2 conformal supergravity theory in five 
dimensions. 

This supergravity theory in turn is dual to a Ν=1 superconformal field theory on the 
Minkowski space‐Hme M4 boundary of the AdS5 space. (Maldacena, WiZen, Gubser 
et al.) 

The values of the central charges of the superconformal field theory (SCFT), a and c, 
designate different boundary field theories dual to the bulk AdS supergravity. 
(Anselmi et al.) 

The energy‐momentum tensor trace and the R‐symmetry current anomalies 
calculated holographically in the supergravity theory and obtained in terms of the 
central charges in the boundary field theory have been shown to match in leading 
order. (Henningson and Skenderis) 

Imposing subleading order matching provides a measure of the string loop 
correcHons to the supergravity acHon through the value of the coefficient governing 
the higher derivaHve acHon terms. (Nojiri and Odintsov, Blau et al, Anselmi  and 
Kehagias, Fukuma et al, Hanaki et al, Cremonini et al.) 



The purpose of this work is to construct the energy‐momentum tensor and R‐
symmetry current in the case that a subleading mixed Chern‐Simons term is 
added to the leading order supergravity acHon.   

This truncated four derivaHve acHon provides the leading gravitaHonal 
contribuHons to each anomaly (leading N2 contribuHons with c=a in the trace 
anomaly case and subleading N0 contribuHons with non‐vanishing c‐a in the R‐
anomaly case).   

The pure U(1)R gauge field contribuHons are leading order N2 terms for each 
anomaly.  

The near boundary field equaHons are solved and the abbreviated acHon is 
holographically renormalized through the addiHon of boundary counter‐terms. 
(de Haro et al, Bianchi et al, Skenderis) 

The Brown‐York energy‐momentum tensor (Brown and York )and R‐symmetry 
current are constructed via the boundary source variaHonal principle for the 
acHon. (Henningson, Balasubramanian) 



The covariant divergence of the energy‐momentum tensor has the Brown‐York form 
and yields the diffeomorphism invariance of the renormalized acHon Ward idenHty 
(Imbimbo et al), thus providing its interpretaHon as a boundary energy‐momentum 
tensor. 

Improvements to both currents can be constructed consistent with the Ward 
idenHHes and trace and R‐symmetry anomalies. 

These improvements follow from the variaHon of finite boundary acHon counter 
terms. 



Conformal field theory 

The trace anomaly of the boundary Ν=1 SCFT in the presence of background 
gravitaHonal and U(1)R gauge fields  and in the absence of sources related to any 
other global symmetries has the general form: (Anselmi et al.) 

For an R‐current defined so that it lies in the same Ν=1 SUSY supercurrent 
mulHplet as the energy‐momentum tensor and with the trace and R‐current 
anomalies also appearing in their own SUSY anomaly mulHplet, then the R‐
symmetry current anomaly is given in terms of the same a and c coefficients and 
has the form: 

In order for these currents, along with the SUSY current, to lie in the same Ν=1 
supermulHplet, they must have appropriate normalizaHon and improvements. 

The field theory determinaHon of these anomaly coefficients is: (Anselmi et al.) 

The leading N2 contribuHon to the anomaly coefficients implies that c=a for the 
class of models considered here.  

I. INTRODUCTION

Type IIB string theory on an AdS5 × Y5 background, where Y5 is a Sasaki-Einstein man-

ifold, for large radii and with a stack of N -D3-branes at the tip of the conical singularity

is approximated by a N = 2 conformal supergravity which in turn is dual to a N = 1

superconformal field theory on the Minkowski space-time M4 boundary of the AdS5 space

[1]-[3]. The values of the central charges of the superconformal field theory (SCFT), a and

c, designate different boundary field theories dual to the bulk AdS supergravity [4]. In-

deed the energy-momentum tensor trace and the R-symmetry current anomalies calculated

holographically in the supergravity theory and obtained in terms of the central charges in

the boundary field theory have been shown to match in leading order [5], while imposing

subleading order matching provides a measure of the string loop corrections to the super-

gravity action through the value of the coefficient governing the higher derivative action

terms [6]-[11].

The trace anomaly of the boundary N = 1 SCFT in the presence of background grav-

itational and U(1)R gauge fields and in the absence of sources related to any other global

symmetries has the general form [4]

θµ
µ =

1

16π2

[

cW 2 − aR2
GB

]

+
c

6π2
FµνF

µν , (1)

where Wµνρσ = Rµνρσ+1/(d−2)[gρµRνσ−gρνRµσ−gσµRνρ+gσνRµρ]−1/(d−2)(d−1)(gρµgνσ−

gρνgµσ)R is the Weyl tensor in d-dimensional space-time with Rµνρσ the Riemann tensor and

RGB
2 the Einstein-Gauss-Bonnet invariant RGB

2 = R2
µνρσ −4R2

µν +R2 in all dimensions. Fµν

is the U(1)R gauge field strength tensor. Expanding the gravitational contributions to the

anomaly yields

θµ
µ =

1

16π2

[

2(2a − c)RµνR
µν +

1

3
(c − 3a)R2 + (c − a)RµνρσRµνρσ

]

+
c

6π2
FµνF

µν . (2)

For a R-current defined so that it lies in the same N = 1 SUSY supercurrent multiplet as

the energy-momentum tensor and with the trace and R-current anomalies also appearing

in their own SUSY anomaly multiplet, then the R-symmetry current anomaly is given in

terms of the same a and c coefficients and has the form [4]

∂µ(
√
−gRµ) =

1

24π2
(c − a)εµνρσRξζ

µνRξζρσ +
1

18π2
(5a − 3c)εµνρσFµνFρσ. (3)
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In order for these currents, along with the SUSY current, to lie in the same N = 1 super-

multiplet, they must have appropriate normalization and improvements. If the R-charges

are defined differently, say by a rescaling by r, R → rR, then the contribution to the FF̃

term will be scaled as r3 while the RR̃ contribution to the anomaly triangle will be scaled

only linearly with r. Furthermore, if the overall normalization of the R-current is also scaled

so that Rµ → λRµ, then the two terms on the right hand side of the divergence equation

(3)get modified by λr and λr3 factors respectively. These factors will be necessary in match-

ing the holographically defined boundary currents to the conventional SCFT supercurrent

components.

The field theory determination of these anomaly coefficients is [4]

a =
3

32

(

3TrR3 − TrR
)

, c =
1

32

(

9TrR3 − 5TrR
)

, (4)

where R is the R-symmetry charge of the fields and the trace is over all chiral fermion fields.

Inverting these expressions yields the linear and cubic nature of their triangle contributions

Tr[R] = −16(c − a) and Tr[R3] = 16(5a − 3c)/9. The leading N2 contribution to the

anomaly coefficients implies that c = a for the class of models considered here. Hence

the gravitational field contribution to the trace anomaly occurs only through the Ricci

tensor and scalar curvature terms and not the Riemann tensor term, while there is no

leading order gravitational contribution to the R-symmetry anomaly. The subleading large

N contributions to both anomalies are reflected not only in the (c− a) #= 0 difference of the

central charges but also in the subleading corrections to each individually.

On the supergravity side, the leading order contributions to the anomalies are given by

the 2 derivative terms in the bosonic part of the supersymmetric action

ΓLeading =

∫

d5x det E

[

1

2κ
R + Λ − ZA

4
FMNF MN + CEMNRST FMNFRSAT

]

, (5)

where detE EMNRST = εMNRST and EA
M is the gravitational fünfbein. The AdS5 gravita-

tional constant is 2κ = 16πG5 and the cosmological constant is Λ = −6/κR2
5 with R5 the

AdS5 radius of curvature. The U(1)R field strength tensor FMN = ∂MAN −∂NAM while the

re-scaled gauge field wavefunction normalization factor ZA is determined by matching the

holographic energy-momentum tensor anomaly to that of the boundary SCFT as given in

equation (2). The N = 2 SUSY determines the Chern-Simons coefficient (see Appendix A)

C =
(ZA2κ)3/2

24κ
√

3
. (6)

3



Leading acHon terms 

[5], [19]. The covariant divergence of the energy-momentum tensor has the Brown-York form

and yields the diffeomorphism invariance of the renormalized action Ward identity [20], thus

providing its interpretation as a boundary energy-momentum tensor. Improvements to both

currents are constructed consistent with the Ward identities and trace and R-symmetry

anomalies. They are shown to follow from the variation of boundary action improvement

terms.

II. HOLOGRAPHIC SUPERGRAVITY ACTION

The bosonic part of the bulk AdS5 N = 2 conformal supergravity action including the

single 4 derivative mixed Chern-Simons term is given by

Γ =

∫

d5x det E

[

1

2κ
R + Λ − ZA

4
FMNF MN

+C EMNRST FMNFRSAT − D EMNRST RX
Y MNRY

XRSAT

]

+
1

κ

∫

ρ=ε

d4x
√
−γK(γ) + ΓCounter−terms, (25)

where

ds2 =
R2

5

ρ

[

gµν(x, ρ)dxµdxν − dρ2

4ρ

]

(26)

is the Fefferman-Graham metric for the (asymptotic) AdS5 space of radius R5. Here γµν =

(R2
5/ρ)gµν(x, ρ)|ρ=ε is the induced metric on the fixed ρ = ε hypersurface homeomorphic to

the M4 boundary. The extrinsic curvature on that surface is given by the gradient of the

normal vector there yielding Kµν = (ρ/R5)∂γµν/∂ρ|ρ=ε. The counter-term boundary action

ΓCounter−terms =
∫

ρ=ε d4x
√
−γB(γ) is determined through holographic renormalization and

normalization conditions as discussed at the end of this section. The Riemann tensor is

given in terms of the Christoffel symbol ΓR
MNas

RR
SMN = ∂NΓR

SM − ∂MΓR
SN + ΓL

SMΓR
LN − ΓL

SNΓR
LM , (27)

with ΓR
MN = 1

2g
RS [∂NgSM + ∂MgSN − ∂SgMN ]. The U(1) R-symmetry gauge field AM

has field strength tensor FMN = ∇MAN − ∇NAM = ∂MAN − ∂NAM . The world tensor

EMNRST = εABCDEE−1M
A E−1N

B E−1R
C E−1S

D E−1T
E = (1/ detE)εMNRST with the fünfbein

E A
M =





R5√
ρe

a
µ (x, ρ) 0

0 R5

2ρ





MA

, (28)

8

The truncated bosonic part of the bulk AdS5, Ν=2 conformal supergravity acHon 
including the single four derivaHve mixed Chern‐Simons term is given by: 

The Fefferman‐Graham metric for the (asymptoHc) AdS5 space of radius R5 is: 

and γ is the induced metric on the fixed ρ=ε hypersurface homeomorphic to the 
M4 boundary.  

The extrinsic curvature Kµν on the ρ=ε surface is given by the gradient of the 
normal vector there. The boundary term is required to have a well defined 
variaHonal principle for the acHon. 

The counter‐term boundary acHon is determined through holographic 
renormalizaHon and normalizaHon condiHons. 
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EquaHons of moHon 

Varying the bulk acHon with fixed boundary condiHons for the fields yields the field 
equaHons.  The Einstein equaHon has the form: 

The bulk energy‐momentum tensor TMN is obtained as 

with the R‐symmetry gauge field's contribuHon to the energy‐momentum tensor 
given by the Maxwell symmetric form 

while the mixed gauge‐gravity Chern‐Simons contribuHon to the energy‐momentum 
tensor is 

The Maxwell equaHon is generalized to include the Chern‐Simons terms so that 

where gµν(x, ρ) = e a
µ (x, ρ)ηabe b

ν (x, ρ) with ηab = (+,−,−,−)ab.

Varying the bulk action with fixed boundary conditions for the fields yields the field

equations. The Einstein equation has the form

RMN − 1

2
gMNR = gMNκΛ − κTMN , (29)

with the Ricci tensor defined by RMN ≡ RR
MNR and the scalar curvature given by R ≡

gMNRMN . The bulk energy-momentum tensor TMN is obtained as

TMN = TMaxwell
MN + ∇XΘX

MN , (30)

with the R−symmetry gauge field’s contribution to the energy-momentum tensor given by

the Maxwell symmetric form

TMaxwell
MN = ZAFMRF R

N − gMN

(

−ZA

4
FRSF RS

)

(31)

while the mixed gauge-gravity Chern-Simons contribution to the energy-momentum tensor

is

ΘX
MN = 2D EQRSTUFTU

(

gQMRX
NRS + gQNRX

MRS

)

. (32)

The covariant derivative is defined according to

∇MT R
N ≡ ∂MT R

N − ΓP
MNT R

P + ΓR
MP T P

N . (33)

The Maxwell equation is generalized to include the Chern-Simons terms so that

ZA∇MF ML + 3C EMNRSLFMNFRS = D EMNRSLRX
Y MNRY

XRS . (34)

Using the relations ∇ME B
N = 0 = ∇MEPQRST , this can be written as

ZA∂M

(

det E FML
)

+ 3C det E EMNRSLFMNFRS = D det E EMNRSLRX
Y MNRY

XRS . (35)

Applying the Fefferman-Graham metric, the Einstein equations can be expanded to have

the forms (here the covariant derivative is made utilizing gµν)

ρ
[

2g′′
µν − 2g′

µλg
λρg′

ρν + g′
µνg

ρσg′
ρσ

]

+ Rµν(g) − 2g′
µν − gµνg

ρσg′
ρσ

= −κTµν +
1

2
gµνκgρσTρσ − ρgµν

[

1

3ρ2
(6 + R2

5κΛ) +
1

6ρ
κgρσTρσ +

4

3
κT44

]

(36)

gρσg′′
ρσ − 1

2

(

gρσg′
σµgµνg′

νρ

)

=
1

3ρ2

[

6 + R2
5κΛ

]

+
1

6ρ
κgµνTµν +

4

3
κT44 (37)

∇µ

(

gρσg′
ρσ

)

−∇ρg′
ρµ = 2κTµ4, (38)

9
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the forms (here the covariant derivative is made utilizing gµν)

ρ
[

2g′′
µν − 2g′

µλg
λρg′

ρν + g′
µνg

ρσg′
ρσ

]

+ Rµν(g) − 2g′
µν − gµνg

ρσg′
ρσ

= −κTµν +
1

2
gµνκgρσTρσ − ρgµν

[

1

3ρ2
(6 + R2

5κΛ) +
1

6ρ
κgρσTρσ +

4

3
κT44

]

(36)

gρσg′′
ρσ − 1

2

(

gρσg′
σµgµνg′

νρ

)

=
1

3ρ2

[

6 + R2
5κΛ

]

+
1

6ρ
κgµνTµν +

4

3
κT44 (37)

∇µ

(

gρσg′
ρσ

)

−∇ρg′
ρµ = 2κTµ4, (38)
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where gµν(x, ρ) = e a
µ (x, ρ)ηabe b
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4
FRSF RS
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is
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P + ΓR
MP T P
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4

3
κT44

]

(36)

gρσg′′
ρσ − 1

2

(

gρσg′
σµgµνg′
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=
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Varying the bulk action with fixed boundary conditions for the fields yields the field

equations. The Einstein equation has the form
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with the Ricci tensor defined by RMN ≡ RR
MNR and the scalar curvature given by R ≡
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with the R−symmetry gauge field’s contribution to the energy-momentum tensor given by

the Maxwell symmetric form
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ZA∇MF ML + 3C EMNRSLFMNFRS = D EMNRSLRX
Y MNRY

XRS . (34)

Using the relations ∇ME B
N = 0 = ∇MEPQRST , this can be written as

ZA∂M

(

det E FML
)

+ 3C det E EMNRSLFMNFRS = D det E EMNRSLRX
Y MNRY

XRS . (35)

Applying the Fefferman-Graham metric, the Einstein equations can be expanded to have

the forms (here the covariant derivative is made utilizing gµν)
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[
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µλg
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[

1
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1

6ρ
κgρσTρσ +

4

3
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]
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ρσ − 1
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(
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)

=
1
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[

6 + R2
5κΛ
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+
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SoluHons to equaHons of moHon 

The boundary currents have an expectaHon value in the presence of the background 
gravitaHonal and U(1)R gauge fields given in terms of the asymptoHc behavior of the 
bulk fields at the M4 boundary of the AdS_5 space.  Consequently the field equaHons 
need only be solved close to the boundary at ρ =0 in order to determine these one 
point funcHons.  

The U(1)R gauge field Aµ(x,ρ) has the asymptoHc form in ρ close to the boundary 
given by 

Likewise, near the boundary the gravitaHonal field has the behavior 

SubsHtuHng these expansions into the Maxwell equaHons yields the field Bµ and the 
covariant divergence of Aµ

(2) in terms of Aµ
(0).   

The transverse part of Aµ
(2) is undetermined. It corresponds to the other linearly 

independent soluHon to the second order Dirichlet problem A second boundary 
condiHon deeper into the bulk would be needed for its specificaHon.  

where the prime indicates differentiation with respect to ρ, so that, for example, g′
µν ≡

∂gµν/∂ρ. Likewise the Maxwell equations have the detailed structure (here the permutation

tensor Eµνρσ(g) = εµνρσ/
√
−g )

2R5ZA∂µ [det e gµνA′
ν ] + 3C det e Eµνρσ(g)Fµν(A)Fρσ(A) − D det e Eµνρσ(g)Rκ

λµν(g)Rλ
κρσ(g)

= +4ρD det e Eµνρσ(g)Rλκ
µν(g)g′

κρg
′
λσ

+2ρD det e Eµνρσ(g)
(

∇νg
′
µκ −∇µg

′
νκ

)

gκλ
(

∇σg
′
λρ −∇ρg

′
λσ

)

(39)

ρ
∂

∂ρ

[

ZA det e gλρA′
ρ

]

− 1

4
∂µ

[

ZA det e gµρgλσFρσ(A)
]

=
6ρ

R5
C det e Eτρσλ(g)A′

τFρσ(A)

− 2ρ

R5
D det e Eνρσλ(g)

[

gµτ

(

−1

ρ
gµν − 2ρg′′

µν + ρgπκg′
κµg

′
πν

)

(

∇σg′
τρ −∇ρg

′
τσ

)

.

+

(

1

2
gτπ∇νg

′
πµ − Γ′τ

µν(g)

)(

Rµ
τρσ(g) +

1

ρ
gτρδ

µ
σ − g′

τρδ
µ
σ − 1

ρ
gτσδ

µ
ρ + g′

τσδ
µ
ρ

−gτρg
µπg′

πσ + ρg′
τρg

µπg′
πσ + gτσg

µπg′
πρ − ρg′

τσg
µπg′

πρ

)

]

.

(40)

The boundary currents have an expectation value in the presence of the background

gravitational and U(1)R gauge fields given in terms of the asymptotic behavior of the bulk

fields at the M4 boundary of the AdS5 space. Consequently the field equations need only be

solved close to the boundary at ρ = 0 in order to determine these one point functions. The

U(1)R gauge field Aµ(x, ρ) has the asymptotic form in ρ close to the boundary given by

Aµ(x, ρ) = A(0)
µ (x) + ρA(2)

µ (x) + ρ ln (ρ/R2
5) Bµ(x). (41)

Likewise for ρ ∼ 0 the gravitational field has the behavior

gµν(x, ρ) = g(0)
µν (x) + ρg(2)

µν (x) + ρ2g(4)
µν (x) + ρ2 ln (ρ/R2

5) hµν(x). (42)

Substituting these expansions into the Maxwell equations results in their right hand sides

vanishing as ρ → 0 while the fields Bµ and the covariant divergence of A(2)
µ being determined

in terms of A(0)
µ . The transverse part of A(2)

µ is undetermined. It corresponds to the other

linearly independent solution to the second order Dirichlet problem and it appears as the

subleading asymptotic behavior of Aµ(x, ρ). A second boundary condition deeper into the

bulk would be needed for its specification. Using g(0) to raise and lower indices the U(1)R

gauge field has the asymptotic solution

Bµ(x) =
1

4
∇(0)

ν F (0)νµ
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where the prime indicates differentiation with respect to ρ, so that, for example, g′
µν ≡

∂gµν/∂ρ. Likewise the Maxwell equations have the detailed structure (here the permutation

tensor Eµνρσ(g) = εµνρσ/
√
−g )

2R5ZA∂µ [det e gµνA′
ν ] + 3C det e Eµνρσ(g)Fµν(A)Fρσ(A) − D det e Eµνρσ(g)Rκ

λµν(g)Rλ
κρσ(g)

= +4ρD det e Eµνρσ(g)Rλκ
µν(g)g′

κρg
′
λσ

+2ρD det e Eµνρσ(g)
(

∇νg
′
µκ −∇µg

′
νκ

)

gκλ
(

∇σg
′
λρ −∇ρg

′
λσ

)

(39)

ρ
∂

∂ρ

[

ZA det e gλρA′
ρ

]

− 1

4
∂µ

[

ZA det e gµρgλσFρσ(A)
]

=
6ρ

R5
C det e Eτρσλ(g)A′

τFρσ(A)

− 2ρ

R5
D det e Eνρσλ(g)

[

gµτ

(

−1

ρ
gµν − 2ρg′′

µν + ρgπκg′
κµg

′
πν

)

(

∇σg′
τρ −∇ρg

′
τσ

)

.

+

(

1

2
gτπ∇νg

′
πµ − Γ′τ

µν(g)

)(

Rµ
τρσ(g) +

1

ρ
gτρδ

µ
σ − g′

τρδ
µ
σ − 1

ρ
gτσδ

µ
ρ + g′

τσδ
µ
ρ

−gτρg
µπg′

πσ + ρg′
τρg

µπg′
πσ + gτσg

µπg′
πρ − ρg′

τσg
µπg′

πρ

)

]

.

(40)

The boundary currents have an expectation value in the presence of the background

gravitational and U(1)R gauge fields given in terms of the asymptotic behavior of the bulk

fields at the M4 boundary of the AdS5 space. Consequently the field equations need only be

solved close to the boundary at ρ = 0 in order to determine these one point functions. The

U(1)R gauge field Aµ(x, ρ) has the asymptotic form in ρ close to the boundary given by

Aµ(x, ρ) = A(0)
µ (x) + ρA(2)

µ (x) + ρ ln (ρ/R2
5) Bµ(x). (41)

Likewise for ρ ∼ 0 the gravitational field has the behavior

gµν(x, ρ) = g(0)
µν (x) + ρg(2)

µν (x) + ρ2g(4)
µν (x) + ρ2 ln (ρ/R2

5) hµν(x). (42)

Substituting these expansions into the Maxwell equations results in their right hand sides

vanishing as ρ → 0 while the fields Bµ and the covariant divergence of A(2)
µ being determined

in terms of A(0)
µ . The transverse part of A(2)

µ is undetermined. It corresponds to the other

linearly independent solution to the second order Dirichlet problem and it appears as the

subleading asymptotic behavior of Aµ(x, ρ). A second boundary condition deeper into the

bulk would be needed for its specification. Using g(0) to raise and lower indices the U(1)R

gauge field has the asymptotic solution

Bµ(x) =
1

4
∇(0)

ν F (0)νµ
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In order to find the asymptoHc soluHon to the Einstein equaHons the bulk energy‐
momentum tensor must also be expanded in terms of ρ.

The metric coefficients g(2) and h can be determined from the field equaHon 
expansion in terms of the boundary metric g(0) and the boundary R‐symmetry gauge 
field Aµ

(0)  while only the trace and divergence of g(4) are determined in terms of g(0) 
and Aµ

(0) by the near boundary expansion. 

2R5ZA∇(0)
µ A(2)µ(x) = −3CEµνρσ(g(0))F (0)

µν F (0)
ρσ + DEµνρσ(g(0))R(0)κ

λµνR
(0)λ

κρσ. (43)

In order to find the asymptotic solution to the Einstein equations the bulk energy-

momentum tensor must be expanded in terms of ρ where it is found from equations (30-32)

that

Tµν(x, ρ) = ρT (2)
µν (x) + · · ·

T44(x, ρ) = T (0)
44 (x) + · · ·

Tµ4(x, ρ) = ρT (2)
µ4 (x) + ρ ln (ρ/R2

5)T̃µ4(x) + · · · , (44)

with

T (2)
µν (x) =

1

R2
5

[

ZAF (0)
µρ F (0)ρ

ν +
ZA

4
g(0)

µν F (0)
ρσ F (0)ρσ

]

T (0)
44 (x) = − ZA

16R2
5

F (0)
ρσ F (0)ρσ

T (2)
µ4 (x) = − 1

R2
5

ZAF (0)
µρ g(0)ρσ

[

A(2)
σ + Bσ

]

+
1

R3
5

DE(0)ρσπλF (0)
πλ

[

∇(0)
ρ g(2)

µσ −∇(0)
σ g(2)

µρ

]

− 1

R3
5

DE(0)ρσπλ∇(0)
α

[

F (0)
πλ

(

R(0)α
µρσ − g(0)

µρ g(0)αξg(2)
ξσ + g(0)

µσ g(0)αξg(2)
ξρ

)]

T̃µ4(x) = − 1

R2
5

ZAF (0)
µρ g(0)ρσBσ. (45)

Note that g(0)ρσT (2)
ρσ = 0 and ∇(0)µT (2)

µν = 4T̃ν4. It is useful to consider the Maxwell contri-

bution to T (2)
µ4 separately

T (2)Maxwell
µ4 = − 1

R2
5

ZAF (0)
µρ g(0)ρσ

[

A(2)
σ + Bσ

]

, (46)

and hence the mixed Chern-Simons contribution is just T (2)D
µ4 = T (2)

µ4 − T (2)Maxwell
µ4 .

The metric coefficients g(2) and h can be determined from the field equation expansion in

terms of the boundary metric g(0) and the boundary R-symmetry gauge field A(0)
µ while only

the trace and divergence of g(4) is determined in terms of g(0) and A(0)
µ by the near boundary

expansion. The remaining components of g(4) being fixed by a needed second boundary

condition deeper into the bulk for these second order differential equations. From equation

(36) and the vanishing of the bulk energy-momentum tensor Tµν as ρ ∼ 0 it is found that

κΛR2
5 = −6 and

g(2)
µν =

1

2

[

R(0)
µν − 1

6
g(0)

µν R(0)

]

, (47)
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where the prime indicates differentiation with respect to ρ, so that, for example, g′
µν ≡

∂gµν/∂ρ. Likewise the Maxwell equations have the detailed structure (here the permutation

tensor Eµνρσ(g) = εµνρσ/
√
−g )

2R5ZA∂µ [det e gµνA′
ν ] + 3C det e Eµνρσ(g)Fµν(A)Fρσ(A) − D det e Eµνρσ(g)Rκ

λµν(g)Rλ
κρσ(g)

= +4ρD det e Eµνρσ(g)Rλκ
µν(g)g′

κρg
′
λσ

+2ρD det e Eµνρσ(g)
(

∇νg
′
µκ −∇µg

′
νκ

)

gκλ
(

∇σg
′
λρ −∇ρg

′
λσ

)

(39)

ρ
∂

∂ρ

[

ZA det e gλρA′
ρ

]

− 1

4
∂µ

[

ZA det e gµρgλσFρσ(A)
]

=
6ρ

R5
C det e Eτρσλ(g)A′

τFρσ(A)

− 2ρ

R5
D det e Eνρσλ(g)

[

gµτ

(

−1

ρ
gµν − 2ρg′′

µν + ρgπκg′
κµg

′
πν

)

(

∇σg′
τρ −∇ρg

′
τσ

)

.

+

(

1

2
gτπ∇νg

′
πµ − Γ′τ

µν(g)

)(

Rµ
τρσ(g) +

1

ρ
gτρδ

µ
σ − g′

τρδ
µ
σ − 1

ρ
gτσδ

µ
ρ + g′

τσδ
µ
ρ

−gτρg
µπg′

πσ + ρg′
τρg

µπg′
πσ + gτσg

µπg′
πρ − ρg′

τσg
µπg′

πρ

)

]

.

(40)

The boundary currents have an expectation value in the presence of the background

gravitational and U(1)R gauge fields given in terms of the asymptotic behavior of the bulk

fields at the M4 boundary of the AdS5 space. Consequently the field equations need only be

solved close to the boundary at ρ = 0 in order to determine these one point functions. The

U(1)R gauge field Aµ(x, ρ) has the asymptotic form in ρ close to the boundary given by

Aµ(x, ρ) = A(0)
µ (x) + ρA(2)

µ (x) + ρ ln (ρ/R2
5) Bµ(x). (41)

Likewise for ρ ∼ 0 the gravitational field has the behavior

gµν(x, ρ) = g(0)
µν (x) + ρg(2)

µν (x) + ρ2g(4)
µν (x) + ρ2 ln (ρ/R2

5) hµν(x). (42)

Substituting these expansions into the Maxwell equations results in their right hand sides

vanishing as ρ → 0 while the fields Bµ and the covariant divergence of A(2)
µ being determined

in terms of A(0)
µ . The transverse part of A(2)

µ is undetermined. It corresponds to the other

linearly independent solution to the second order Dirichlet problem and it appears as the

subleading asymptotic behavior of Aµ(x, ρ). A second boundary condition deeper into the

bulk would be needed for its specification. Using g(0) to raise and lower indices the U(1)R

gauge field has the asymptotic solution

Bµ(x) =
1

4
∇(0)

ν F (0)νµ

102R5ZA∇(0)
µ A(2)µ(x) = −3CEµνρσ(g(0))F (0)

µν F (0)
ρσ + DEµνρσ(g(0))R(0)κ

λµνR
(0)λ

κρσ. (43)

In order to find the asymptotic solution to the Einstein equations the bulk energy-

momentum tensor must be expanded in terms of ρ where it is found from equations (30-32)

that

Tµν(x, ρ) = ρT (2)
µν (x) + · · ·

T44(x, ρ) = T (0)
44 (x) + · · ·

Tµ4(x, ρ) = ρT (2)
µ4 (x) + ρ ln (ρ/R2

5)T̃µ4(x) + · · · , (44)

with

T (2)
µν (x) =

1

R2
5

[

ZAF (0)
µρ F (0)ρ

ν +
ZA

4
g(0)

µν F (0)
ρσ F (0)ρσ

]

T (0)
44 (x) = − ZA

16R2
5

F (0)
ρσ F (0)ρσ

T (2)
µ4 (x) = − 1

R2
5

ZAF (0)
µρ g(0)ρσ

[

A(2)
σ + Bσ

]

+
1

R3
5

DE(0)ρσπλF (0)
πλ

[

∇(0)
ρ g(2)

µσ −∇(0)
σ g(2)

µρ

]

− 1

R3
5

DE(0)ρσπλ∇(0)
α

[

F (0)
πλ

(

R(0)α
µρσ − g(0)

µρ g(0)αξg(2)
ξσ + g(0)

µσ g(0)αξg(2)
ξρ

)]

T̃µ4(x) = − 1

R2
5

ZAF (0)
µρ g(0)ρσBσ. (45)

Note that g(0)ρσT (2)
ρσ = 0 and ∇(0)µT (2)

µν = 4T̃ν4. It is useful to consider the Maxwell contri-

bution to T (2)
µ4 separately

T (2)Maxwell
µ4 = − 1

R2
5

ZAF (0)
µρ g(0)ρσ

[

A(2)
σ + Bσ

]

, (46)

and hence the mixed Chern-Simons contribution is just T (2)D
µ4 = T (2)

µ4 − T (2)Maxwell
µ4 .

The metric coefficients g(2) and h can be determined from the field equation expansion in

terms of the boundary metric g(0) and the boundary R-symmetry gauge field A(0)
µ while only

the trace and divergence of g(4) is determined in terms of g(0) and A(0)
µ by the near boundary

expansion. The remaining components of g(4) being fixed by a needed second boundary

condition deeper into the bulk for these second order differential equations. From equation

(36) and the vanishing of the bulk energy-momentum tensor Tµν as ρ ∼ 0 it is found that

κΛR2
5 = −6 and

g(2)
µν =

1

2

[

R(0)
µν − 1

6
g(0)

µν R(0)

]

, (47)
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along with g(0)µνg(2)
µν = (1/6)R(0). Expanding equation (37) immediately yields g(0)µνhµν = 0

and

g(0)µνg(4)
µν =
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RenormalizaHon 

The near‐boundary analysis of the field equaHons allows the boundary divergences 
of the acHon, now regulated at the surface ρ=ε, to be determined.  The regulated 
acHon is given by 

Applying the Fefferman‐Graham form of the metric and employing the near‐
boundary soluHons to the field equaHons the divergent terms in the acHon are 
isolated as 

The holographically renormalized acHon is defined by choosing the near‐boundary 
counter‐term acHon to cancel the divergent terms in the regulated acHon and to 
impose normalizaHon condiHons on the remaining finite terms. 

by

ΓReg. =

∫

d4x

∫

ρ=ε

dρ det E

[

1

2κ
R + Λ − ZA

4
FMNF MN

+C EMNRST FMNFRSAT − D EMNRST RX
Y MNRY

XRSAT

]

+
1

κ

∫

ρ=ε

d4x
√
−γK(γ).

Applying the Fefferman-Graham form of the metric and employing the near-boundary solu-

tions to the field equations the divergent terms in the action are isolated as

ΓReg. =

∫

d4x

∫

ρ=ε

dρ
√

−g(0)

{

− 1

ρ3

6R3
5

κ

−1

ρ

R3
5

16κ

[(

R(0)
µν R(0)µν − 1

3
R(0)2

)

+
2κZA

R2
5

F (0)
µν F (0)µν

]

+ . . .

}

=

∫

d4x
√

−g(0)

{

− 1

ε2

3R3
5

κ

+ ln (ε/R2
5)

R3
5

16κ

[(

R(0)
µν R(0)µν − 1

3
R(0)2

)

+
2κZA

R2
5

F (0)
µν F (0)µν

]}

+ O(ε0). (52)

The holographically renormalized action is defined by choosing the near-boundary counter-

term action ΓCounter−terms to cancel the divergent terms in the regulated action and to impose

normalization conditions on the remaining finite terms so that

ΓSub. = ΓReg. + ΓCounter−terms, (53)

where, after inverting the near-boundary expansion of the fields to write the boundary

quantities in terms of the tensors at the surface ρ = ε, the near-boundary counter-term

action is found to be

ΓCt.−terms =
3

κR5

∫

ρ=ε

d4x
√
−γ − R5

4κ

∫

ρ=ε

d4x
√
−γR(γ)

− ln (ε/R2
5)

R3
5

16κ

∫

ρ=ε

d4x
√
−γ

[(

Rµν(γ)Rµν(γ) − 1

3
R2(γ)

)

+
2κZA

R2
5

Fµν(A)F µν(A)

]

,

(54)

where the induced metric γµν = (R2
5/ρ)gµν|ρ=ε on the near-boundary suface is used in the

counter-term action. The finite holographic normalization is chosen through the dimen-

sionless ratio in the logarithmic counter-term as (ε/R2
5). A different normalization such as

(ε/τR2
5), with τ ∈ R+, will correspond to a finite boundary term in the action,

ΓImprove = ln τ
R3

5

16κ

∫

ρ=ε

d4x
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−γ

[(

Rµν(γ)Rµν(γ) − 1

3
R2(γ)

)

+
2κZA

R2
5

Fµν(A)F µν(A)

]

,

(55)
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(54)

that will lead to finite holographic improvements to the currents that do not alter the form

of the scale and chiral R anomalies and are consistent with the current Ward identities as

discussed in the next section.
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Improvement terms 
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that will lead to finite holographic improvements to the currents that do not alter the form

of the scale and chiral R anomalies and are consistent with the current Ward identities as
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counter-term action. The finite holographic normalization is chosen through the dimen-

sionless ratio in the logarithmic counter-term as (ε/R2
5). A different normalization such as

(ε/τR2
5), with τ ∈ R+, will correspond to a finite boundary term in the action,

ΓImprove = ln τ
R3

5

16κ

∫

ρ=ε

d4x
√
−γ

[(

Rµν(γ)Rµν(γ) − 1

3
R2(γ)

)

+
2κZA

R2
5

Fµν(A)F µν(A)

]

,

that will lead to finite holographic improvements to the currents that do not alter the form

of the scale and chiral R anomalies and are consistent with the current Ward identities as

discussed in the next section.
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DefiniHon of currents 
According to gravity/gauge duality, the expectaHon values of the boundary currents, 
the energy‐momentum tensor θµν(x) and the R‐symmetry current Rµ(x), in the 
presence of their respecHve external sources gµν

(0)(x) and Aµ
(0)(x) are found by varying 

the boundary sources in the on‐shell renormalized acHon as 

The currents thus take the form 

The mixed gauge‐gravity Chern‐Simons term in the acHon has higher order derivaHves 
and therefore must be treated separately and with special care. (For details, please see 
our paper.) 

III. HOLOGRAPHIC CURRENTS

According to gravity/gauge duality, the expectation values of the boundary currents, the

energy-momentum tensor θµν(x) and the R-symmetry current Rµ(x), in the presence of their

respective external sources g(0)
µν (x) and A(0)

µ (x) are found by varying the boundary sources

in the on-shell renormalized action as

δΓ[g(0)
µν , A(0)

µ ] =

∫

d4x
√

−g(0)

[

1

2
θµν(x)δg(0)µν(x) + Rµ(x)δA(0)µ(x)

]

. (53)

This can be accomplished by varying the sources in the regulated near boundary action

and counter-terms, then taking the ε → 0 limit of the subtracted action. The variation

of the surface ρ = ε sources γ and A for the on-shell, near boundary regulated Einstein-

Maxwell-Chern-Simons action (i.e. the second order in derivative part of the action, the

mixed gauge-gravity Chern-Simons term has higher order derivatives and will be treated

separately) yields

δΓEMCS
Reg. =

∫

ρ=ε

d5x det E

{

1

2κ
∇R

(

∇RgMNδgMN −∇SδgRS
)

+∇M

[

δAL

(

−ZAF ML + 8CEMLRST∂RASAT

)]

}

= −2

κ

∫

ρ=ε

d4x
ρ

R5

∂

∂ρ

[

δ
√
−γ

]

+
1

2κ

∫

ρ=ε

d4x
√
−γ [Kµν(γ) − γµνK(γ)] δγµν

−
∫

ρ=ε

d4x
√
−γδAµ

[

2ZA
ρ

R5
γµν ∂

∂ρ
Aν + 8CEµνρσ(γ)Aν∂ρAσ

]

. (54)

In order for there to be a well defined variational problem the extrinsic curvature term

must be added to cancel the undetermined source variation ∂/∂ρ(δγµν) terms. The variation

of the near boundary extrinsic curvature term, ΓK = 1/κ
∫

ε d4x
√
−γK(γ), is found to be

δΓK =
2

κ

∫

ε

d4x
ρ

R5

∂

∂ρ
(δ
√

γ) . (55)

In addition, the variation of the counter-terms,

δΓCt.−Terms = − 3

2κR5

∫

ε

d4x
√
−γγµνδγ

µν − R5

2κ

∫

ε

d4x
√
−γ

1

2

[

Rµν(γ) − 1

2
γµνR(γ)

]

δγµν

−R5ZA ln
ε

R2
5

∫

ε

d4x
√
−γδγµν

[

FµρFνσγρσ − 1

4
γµνF

2

]

+R5ZA ln
ε

R2
5

∫

ε

d4x
√
−γδAσ∇ρF

ρσ, (56)

are needed to provide a finite ε → 0 limit for the Einstein and Maxwell terms contribu-

tions to the currents as well as the action (both Chern-Simons terms are finite as are their

contributions to the currents).
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+
1

2
R(0)

ρσ R(0)ρσg(0)
µν − 1

12
g(0)

µν R(0)2 − 1

2
R(0)

(

R(0)
µν − 1

6
g(0)

µν R(0)

)]

REMCSµ = REMCSµ
Sub. (ε = 0) = −2R5ZA

(

A(2)µ + Bµ
)

− 4CEµνρσ(g(0))A(0)
ν F (0)

ρσ . (60)

These are precisely the same expressions obtained by expanding the variation of the action

terms δΓEMCS = limε→0 δΓSub. at the boundary directly with

θEMCS
µν ≡ 2

√

−g(0)

δΓEMCS

δg(0)µν

REMCSµ ≡ 1
√

−g(0)

δΓEMCS

δA(0)
µ

. (61)

θµν ≡ 2
√

−g(0)

δΓ

δg(0)µν

Rµ ≡ 1
√

−g(0)

δΓ

δA(0)
µ

. (62)

Finally the contribution to the currents due to the higher derivative mixed gauge-gravity

Chern-Simons term can be determined directly from the variation of its action at the bound-

ary as it is finite

δΓRRA = −4D

∫

d5x∂P

[

det EEPQRSLgQMALRX
NRS∇XδgMN

]

+4D

∫

d5x∂X

[

det EEPQRSLgQMδgMN∇P

(

ALRX
NRS

)]

. (63)

The second term when expanded in terms of the Fefferman-Graham metric can be seen to

vanish at the ρ = 0 boundary:

δΓsecond term
RRA = −2D

∫

d4xδgµν√−g
[

Eξσπλ(g)Fπλ

{

ρgξµ

(

−2g′′
σν + g′

νρg
ρζg′

ζσ

)

+ρgξν

(

−2g′′
σµ + g′

µρg
ρζg′

ζσ

)}

+ρEρσξλ(g)A′
λ

{

gξµ

(

∇σg
′
νρ −∇ρg

′
νσ

)

+ gξν

(

∇σg′
µρ −∇ρg

′
µσ

)}]

−→ 0 as ρ → 0. (64)

The first expression for the variation of the mixed Chern-Simons action for finite ρ = ε has

an undetermined ∂/∂ρδγµν term in it. However this contribution vanishes on the ρ = 0

boundary contrary to the extrinsic curvature case discussed earlier

δΓfirst term
RRA = −4D

∫

d4x
√

−g(0)
1

2
δg(0)µνEξρσλ(g(0))

{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

16



+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

. (65)

This leads to the final mixed gravitational and U(1)R gauge field Chern-Simons contribution

to the energy-momentum tensor of the form

θCS
µν =

2
√

−g(0)

δΓRRA

δg(0)µν
= −4DEξρσλ(g(0))

{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

. (66)

Thus the complete renormalized boundary energy-momentum tensor and R-symmetry

current are determined as

θµν = θEMCS
µν + θCS

µν

=
R3

5

κ

[

2g(4)
µν + hµν − g(2)

µν g(0)ρσg(2)
ρσ − g(0)

µν

(

2g(0)ρσg(4)
ρσ + g(2)ρσg(2)

ρσ

)]

−R3
5

4κ

[

R(0)
µλR(0)λ

ν + R(0)
λµρνR

(0)λρ − 1

2
∇(0)2R(0)

µν +
1

6
∇(0)

µ ∇(0)
ν R(0) +

1

12
g(0)

µν ∇(0)2R(0)2

+
1

2
R(0)

ρσ R(0)ρσg(0)
µν − 1

2
R(0)R(0)

µν

]

−4DEξρσλ(g(0))
{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

Rµ = REMCSµ

= −2R5ZA

(

A(2)µ + Bµ
)

− 4CEµνρσ(g(0))A(0)
ν F (0)

ρσ . (67)

Exploiting the near boundary solutions to the field equations found in section II the

anomalous divergence of the R-symmetry current is found to be

∇µRµ = CE(0)µνρσF (0)
µν F (0)

ρσ + DE(0)µνρσR(0)ξζ
µν R(0)

ξζρσ. (68)

The energy-momentum tensor has contributions from gravity and matter flowing into the

boundary of the form

∇µθEMCS
µν = −2R3

5T
(2)
ν4 = −2R3

5

(

T (2)Maxwell
ν4 + T (2)D

ν4

)

∇µθCS
µν = 2R3

5T
(2)D
ν4 + A(0)

ν AD
R, (69)

with the mixed Chern-Simons contribution to the R-symmetry anomaly given by

AD
R = DEµνρσ(g(0))R(0)ξζ

µνR
(0)
ρσξζ . (70)
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+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

. (65)

This leads to the final mixed gravitational and U(1)R gauge field Chern-Simons contribution

to the energy-momentum tensor of the form

θCS
µν =

2
√

−g(0)

δΓRRA

δg(0)µν
= −4DEξρσλ(g(0))

{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

. (66)

Thus the complete renormalized boundary energy-momentum tensor and R-symmetry

current are determined as

θµν = θEMCS
µν + θCS

µν

=
R3

5

κ

[

2g(4)
µν + hµν − g(2)

µν g(0)ρσg(2)
ρσ − g(0)

µν

(

2g(0)ρσg(4)
ρσ + g(2)ρσg(2)

ρσ

)]

−R3
5

4κ

[

R(0)
µλR(0)λ

ν + R(0)
λµρνR

(0)λρ − 1

2
∇(0)2R(0)

µν +
1

6
∇(0)

µ ∇(0)
ν R(0) +

1

12
g(0)

µν ∇(0)2R(0)2

+
1

2
R(0)

ρσ R(0)ρσg(0)
µν − 1

2
R(0)R(0)

µν

]

−4DEξρσλ(g(0))
{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

Rµ = REMCSµ

= −2R5ZA

(

A(2)µ + Bµ
)

− 4CEµνρσ(g(0))A(0)
ν F (0)

ρσ . (67)

Exploiting the near boundary solutions to the field equations found in section II the

anomalous divergence of the R-symmetry current is found to be

∇µRµ = CE(0)µνρσF (0)
µν F (0)

ρσ + DE(0)µνρσR(0)ξζ
µν R(0)

ξζρσ. (68)

The energy-momentum tensor has contributions from gravity and matter flowing into the

boundary of the form

∇µθEMCS
µν = −2R3

5T
(2)
ν4 = −2R3

5

(

T (2)Maxwell
ν4 + T (2)D

ν4

)

∇µθCS
µν = 2R3

5T
(2)D
ν4 + A(0)

ν AD
R, (69)

with the mixed Chern-Simons contribution to the R-symmetry anomaly given by

AD
R = DEµνρσ(g(0))R(0)ξζ

µνR
(0)
ρσξζ . (70)
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This calculaHons yields the currents: 



Anomaly structure 

ExploiHng the near boundary soluHons to the field equaHons, the anomalous 
divergence of the R‐symmetry current is found to be 

The energy‐momentum tensor has contribuHons from gravity and maZer flowing 
into the boundary of the form 

with the mixed Chern‐Simons contribuHon to the R‐symmetry anomaly given by 

From these follows the Ward idenHty relaHng the divergence of the energy‐
momentum tensor with that of the R‐symmetry current as 

The trace of the energy‐momentum tensor is found from the field equaHons to be 

=
R3

5

κ

[

2g(4)
µν + hµν − g(2)

µν g(0)ρσg(2)
ρσ − g(0)

µν

(

2g(0)ρσg(4)
ρσ + g(2)ρσg(2)

ρσ

)]

−R3
5

4κ

[

R(0)
µλR(0)λ

ν + R(0)
λµρνR

(0)λρ − 1

2
∇(0)2R(0)

µν +
1

6
∇(0)

µ ∇(0)
ν R(0) +

1

12
g(0)

µν ∇(0)2R(0)2

+
1

2
R(0)

ρσ R(0)ρσg(0)
µν − 1

2
R(0)R(0)

µν

]

−4DEξρσλ(g(0))
{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

Rµ = REMCSµ

= −2R5ZA

(

A(2)µ + Bµ
)

− 4CEµνρσ(g(0))A(0)
ν F (0)

ρσ . (65)

Exploiting the near boundary solutions to the field equations found in section II the

anomalous divergence of the R-symmetry current is found to be

∇µRµ = CE(0)µνρσF (0)
µν F (0)

ρσ + DE(0)µνρσR(0)ξζ
µν R(0)

ξζρσ. (66)

The energy-momentum tensor has contributions from gravity and matter flowing into the

boundary of the form

∇µθEMCS
µν = −2R3

5T
(2)
ν4 = −2R3

5

(

T (2)Maxwell
ν4 + T (2)D

ν4

)

∇µθCS
µν = 2R3

5T
(2)D
ν4 + A(0)

ν AD
R, (67)

with the mixed Chern-Simons contribution to the R-symmetry anomaly given by

AD
R = DEµνρσ(g(0))R(0)ξζ

µνR
(0)
ρσξζ . (68)

From these follows the Ward identity relating the diverence of the energy-momentum tensor

with that of the R-symmetry current as

∇µθµν = F (0)
µν Rµ + A(0)

ν ∇µR
µ. (69)

The trace (taken with g(0)µν) for the various contributions to the energy-momentum tensor

is found from the field equations to be

θEMCS µ
µ =

R3
5

κ

[

1

8

(

R(0)
µν R(0)µν − 1

3
R(0)2

)

+
κZA

4R2
5

F (0)
µν F (0)µν

]

≡ A, (70)

while

θCS µ
µ = 0. (71)
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=
R3

5

κ

[

2g(4)
µν + hµν − g(2)

µν g(0)ρσg(2)
ρσ − g(0)

µν

(

2g(0)ρσg(4)
ρσ + g(2)ρσg(2)

ρσ

)]

−R3
5

4κ

[

R(0)
µλR(0)λ

ν + R(0)
λµρνR

(0)λρ − 1

2
∇(0)2R(0)

µν +
1

6
∇(0)

µ ∇(0)
ν R(0) +

1

12
g(0)

µν ∇(0)2R(0)2

+
1

2
R(0)

ρσ R(0)ρσg(0)
µν − 1

2
R(0)R(0)

µν

]

−4DEξρσλ(g(0))
{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

Rµ = REMCSµ

= −2R5ZA

(

A(2)µ + Bµ
)

− 4CEµνρσ(g(0))A(0)
ν F (0)

ρσ . (65)

Exploiting the near boundary solutions to the field equations found in section II the

anomalous divergence of the R-symmetry current is found to be

∇µRµ = CE(0)µνρσF (0)
µν F (0)

ρσ + DE(0)µνρσR(0)ξζ
µν R(0)

ξζρσ. (66)

The energy-momentum tensor has contributions from gravity and matter flowing into the

boundary of the form

∇µθEMCS
µν = −2R3

5T
(2)
ν4 = −2R3

5

(

T (2)Maxwell
ν4 + T (2)D

ν4

)

∇µθCS
µν = 2R3

5T
(2)D
ν4 + A(0)

ν AD
R, (67)

with the mixed Chern-Simons contribution to the R-symmetry anomaly given by

AD
R = DEµνρσ(g(0))R(0)ξζ

µνR
(0)
ρσξζ . (68)

From these follows the Ward identity relating the diverence of the energy-momentum tensor

with that of the R-symmetry current as

∇µθµν = F (0)
µν Rµ + A(0)

ν ∇µR
µ. (69)

The trace (taken with g(0)µν) for the various contributions to the energy-momentum tensor

is found from the field equations to be

θEMCS µ
µ =

R3
5

κ

[

1

8

(

R(0)
µν R(0)µν − 1

3
R(0)2

)

+
κZA

4R2
5

F (0)
µν F (0)µν

]

≡ A, (70)

while

θCS µ
µ = 0. (71)
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=
R3

5

κ

[

2g(4)
µν + hµν − g(2)

µν g(0)ρσg(2)
ρσ − g(0)

µν

(

2g(0)ρσg(4)
ρσ + g(2)ρσg(2)

ρσ

)]

−R3
5

4κ

[

R(0)
µλR(0)λ

ν + R(0)
λµρνR

(0)λρ − 1

2
∇(0)2R(0)

µν +
1

6
∇(0)

µ ∇(0)
ν R(0) +

1

12
g(0)

µν ∇(0)2R(0)2

+
1

2
R(0)

ρσ R(0)ρσg(0)
µν − 1

2
R(0)R(0)

µν

]

−4DEξρσλ(g(0))
{

∇(0)
α

[

A(0)
λ

(

g(0)
ξµ R(0)α

νρσ + g(0)
ξν R(0)α

µρσ

)]

+2∇(0)
ρ

[

A(0)
λ

(

g(0)
ξµ g(2)

νσ + g(0)
ξν g(2)

µσ

)]

− 2A(0)
λ

(

g(0)
ξµ ∇

(0)
ρ g(2)

νσ + g(0)
ξν ∇

(0)
ρ g(2)

µσ

)}

Rµ = REMCSµ

= −2R5ZA

(

A(2)µ + Bµ
)

− 4CEµνρσ(g(0))A(0)
ν F (0)

ρσ . (65)

Exploiting the near boundary solutions to the field equations found in section II the
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Summary and discussion 

The subleading mixed gravitaHonal field‐U(1)R gauge field Chern‐Simons term was 
added to the acHon as it gives rise to subleading gravitaHonal contribuHons to the 
R‐anomaly.   

The modificaHons to the near boundary soluHons to the field equaHons were then 
obtained along with the boundary counter‐terms and normalizaHon required by 
holographic renormalizaHon.   

Once the on‐shell acHon was obtained, the Brown‐York energy‐momentum tensor 
and R‐symmetry current were constructed.   

The near boundary soluHons were used to secure the Ward idenHty obeyed by the 
currents. 

The Ward idenHHes for diffeomorphism invariance of the acHon then followed.  
Likewise the R‐symmetry transformaHon of the acHon was obtained and the Weyl 
scaling of the acHon was determined. 



Since the Ward idenHHes provide the interpretaHon of the holographic currents as 
the energy‐momentum tensor and R‐symmetry current, improvements to the 
currents can be constructed which leave the Ward idenHHes unchanged.  Such 
improvements are expressed as addiHonal finite boundary terms in the acHon. 

The fermionic graviHno sector of the conformal supergravity acHon can be included 
This work is in progress.   

The boundary Ν=1 SCFT includes the supersymmetry current in the supercurrent 
mulHplet and the superconformal anomaly, given by the gamma trace of the 
supersymmetry current, as part of the anomaly mulHplet.   

The central charges a and c also describe the superconformal anomaly.   

The holographic supersymmetry currents can be constructed and their divergence 
and trace determined.   

The Ward idenHHes will then include these fermionic currents as well, while 
anomaly matching will provide addiHonal consistency checks for the AdS/gauge 
duality. 


