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N=4 SU(2)⊗U(1) supergravity

N=4 SU(2)⊗U(1) GSG Lagrangian: [Romans ’86]
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asymptotically AdS5

Asymptotically AdS:

B (M, ĝ) conformally compact: M, ĝ
∂M

r :
r > 0

r = 0
dr 6= 0g := r2ĝ extends to M

Rµ̂ν̂ρ̂σ̂ = |dr|2g
(
ĝµ̂ρ̂ĝσ̂ν̂ − ĝµ̂σ̂ ĝρ̂ν̂

)
+O(r−3)

B aAdS: conformally compact, |dr|2g = const. on ∂M

ĝ = r−2
(
gµν(x, r)dxµdxν − dr2

)
[Fefferman Graham]

Partial gauge fixing:

B local Lorentz: êar = ê
r
µ = 0 −→ êâ = r−1

(
eaµdx

µ, dr
)

B susy + YM: ψ̂ir = ÂIr = âr = 0
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dr 6= 0g := r2ĝ extends to M

Rµ̂ν̂ρ̂σ̂ = |dr|2g
(
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boundary fields

Recipe: for ψ̂ find f s.t. lim
r→0

f(r)−1ψ̂ =: ψ(x) finite boundary field

· linearized eom: decompose into boundary irreps

PL/R, (anti-)selfdual components

· leading order in boundary limit = ODE(r) → f(r)

B vielbein: êâ = 1
r

(
eaµdx

µ, dr
)
, eaµ := lim

r→0
r êaµ

eaµ

B gravitinos ψ̂iµ: 4 Dirac / symplectic Majorana = 2 Dirac

→ 2 chiral boundary gravitinos ∝ r−1/2

ψ
i+
µ

B spin- 1
2 χ̂

i: → 2 chiral on boundary ∝ r3/2

χi+

B Ĉ=B̂4−iB̂5: → anti-selfdual boundary 2-form Ĉ−µν ∝ r−1

C−µν

B ÂIµ, âµ ∝ r0, φ̂ ∝ r2 log(r)

aµ, AIµ, φ

N=2 Weyl multiplet
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boundary fields

consistency in nonlinear theory – susy to the rescue?!

Scaling from linearized asymptotic eom consistent in nonlinear theory?

B Fefferman-Graham form valid?

ĝ = r−2
(
g − dr2

)
: asymptotically Einstein Ric[ĝ] ∝ ĝ +O(r0)

Ric[ĝ]− 1
2
ĝR = T (êa, ψ̂, Â, â, χ̂, φ̂)

= ĝΛ +O(r0) X

B remaining fields: nonlinear terms enter LO

· ψ̂Lµ , Ĉ−: LO not affected

ψ̂Rµ , Ĉ+: scaling changed Ĉ+ = O(Ĉ−) ∼ auxiliary fields

· φ̂, â, ÂI , χ̂i: nonlinear terms @LO, cancel w/ constrained Ĉ+ . . .

⇒ obtained scalings consistent in nonlinear theory X
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Ric[ĝ]− 1
2
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⇒ obtained scalings consistent in nonlinear theory X

C. F. Uhlemann 5 / 8



boundary fields

consistency in nonlinear theory – susy to the rescue?!

Scaling from linearized asymptotic eom consistent in nonlinear theory?

B Fefferman-Graham form valid?
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boundary symmetries

Residual bulk symmetries:

B solutions to(
δ̂diffeo + δ̂Lorentz + δ̂susy + δ̂YM

){
êrr, ê

a
r , ê

r
µ, âr, Â

I
r , ψ̂

i
r

}
= 0

coupled diff. eq.(r), solved by combinations δ̂diffeo + δ̂Lorentz . . .

B action on boundary fields: δψ := lim
r→0

f−1
ψ δ̂ψ̂

Boundary symmetries (bosonic):

B separate d=4 diffeos, Weyl transf., local Lorentz, local U(2)

B Weyl weights w from bulk-field scaling

eaµ ψLµi+ aµ, AIµ χLi+ C−µν φ

w −1 − 1
2

0 3
2

−1 2

U(2) - 2 1
2

10, 30 2 1
2

11 -

→ N=2 Weyl multiplet, bosonic part of local superconformal symmetry
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2

−1 2

U(2) - 2 1
2

10, 30 2 1
2

11 -

→ N=2 Weyl multiplet, bosonic part of local superconformal symmetry

C. F. Uhlemann 6 / 8



boundary symmetries

Boundary symmetries (fermionic):

B bulk susy δ̂ε̂:
(
δ̂diffeo+δ̂Lorentz+δ̂YM

)
�

{
boundary fields

}
= 0

δ̂ψ̂ir = 0 =⇒ ∂r ε̂i + Tij γ̂r ε̂
j
∣∣
LO

= 0

‘mass’ term from gauging: ε̂i+ →
(
r

1
2 ζi+ , r

− 1
2 ηi+

)
Transformations of boundary fields: δζ/η := lim

r→0
f−1δ̂ε̂

B N=2 susy δζ : δζe
a
µ = iψ̄

i+
µ γaζi+ + c.c.

δζψµi+ = Dµζi+ − 1
4γ · C

−
i+j+

γµζ
j+ etc.

B N=2 super-Weyl δη: δηe
a
µ = 0 , δηψµi+ = −iγµηi+ etc.

Symmetry algebra: [δζ , δζ′ ] = δdiffeo + δLorentz + δU(2) , [δη, δη′ ] = 0

[δη, δζ ] = δWeyl + δLorentz + δU(2)

C. F. Uhlemann 7 / 8



boundary symmetries

Boundary symmetries (fermionic):

B bulk susy δ̂ε̂:
(
δ̂diffeo+δ̂Lorentz+δ̂YM

)
�

{
boundary fields

}
= 0

δ̂ψ̂ir = 0 =⇒ ∂r ε̂i + Tij γ̂r ε̂
j
∣∣
LO

= 0

‘mass’ term from gauging: ε̂i+ →
(
r

1
2 ζi+ , r

− 1
2 ηi+

)

Transformations of boundary fields: δζ/η := lim
r→0

f−1δ̂ε̂

B N=2 susy δζ : δζe
a
µ = iψ̄

i+
µ γaζi+ + c.c.

δζψµi+ = Dµζi+ − 1
4γ · C

−
i+j+

γµζ
j+ etc.

B N=2 super-Weyl δη: δηe
a
µ = 0 , δηψµi+ = −iγµηi+ etc.

Symmetry algebra: [δζ , δζ′ ] = δdiffeo + δLorentz + δU(2) , [δη, δη′ ] = 0

[δη, δζ ] = δWeyl + δLorentz + δU(2)

C. F. Uhlemann 7 / 8



boundary symmetries

Boundary symmetries (fermionic):

B bulk susy δ̂ε̂:
(
δ̂diffeo+δ̂Lorentz+δ̂YM

)
�

{
boundary fields

}
= 0

δ̂ψ̂ir = 0 =⇒ ∂r ε̂i + Tij γ̂r ε̂
j
∣∣
LO

= 0

‘mass’ term from gauging: ε̂i+ →
(
r

1
2 ζi+ , r

− 1
2 ηi+

)
Transformations of boundary fields: δζ/η := lim

r→0
f−1δ̂ε̂

B N=2 susy δζ : δζe
a
µ = iψ̄

i+
µ γaζi+ + c.c.

δζψµi+ = Dµζi+ − 1
4γ · C

−
i+j+

γµζ
j+ etc.

B N=2 super-Weyl δη: δηe
a
µ = 0 , δηψµi+ = −iγµηi+ etc.

Symmetry algebra: [δζ , δζ′ ] = δdiffeo + δLorentz + δU(2) , [δη, δη′ ] = 0

[δη, δζ ] = δWeyl + δLorentz + δU(2)

C. F. Uhlemann 7 / 8



boundary symmetries

Boundary symmetries (fermionic):

B bulk susy δ̂ε̂:
(
δ̂diffeo+δ̂Lorentz+δ̂YM

)
�

{
boundary fields

}
= 0

δ̂ψ̂ir = 0 =⇒ ∂r ε̂i + Tij γ̂r ε̂
j
∣∣
LO

= 0

‘mass’ term from gauging: ε̂i+ →
(
r

1
2 ζi+ , r

− 1
2 ηi+

)
Transformations of boundary fields: δζ/η := lim

r→0
f−1δ̂ε̂

B N=2 susy δζ : δζe
a
µ = iψ̄

i+
µ γaζi+ + c.c.

δζψµi+ = Dµζi+ − 1
4γ · C

−
i+j+

γµζ
j+ etc.

B N=2 super-Weyl δη: δηe
a
µ = 0 , δηψµi+ = −iγµηi+ etc.

Symmetry algebra: [δζ , δζ′ ] = δdiffeo + δLorentz + δU(2) , [δη, δη′ ] = 0

[δη, δζ ] = δWeyl + δLorentz + δU(2)

C. F. Uhlemann 7 / 8



boundary symmetries

Boundary symmetries (fermionic):

B bulk susy δ̂ε̂:
(
δ̂diffeo+δ̂Lorentz+δ̂YM

)
�

{
boundary fields

}
= 0

δ̂ψ̂ir = 0 =⇒ ∂r ε̂i + Tij γ̂r ε̂
j
∣∣
LO

= 0

‘mass’ term from gauging: ε̂i+ →
(
r

1
2 ζi+ , r

− 1
2 ηi+

)
Transformations of boundary fields: δζ/η := lim

r→0
f−1δ̂ε̂

B N=2 susy δζ : δζe
a
µ = iψ̄

i+
µ γaζi+ + c.c.

δζψµi+ = Dµζi+ − 1
4γ · C

−
i+j+

γµζ
j+ etc.

B N=2 super-Weyl δη: δηe
a
µ = 0 , δηψµi+ = −iγµηi+ etc.

Symmetry algebra: [δζ , δζ′ ] = δdiffeo + δLorentz + δU(2) , [δη, δη′ ] = 0

[δη, δζ ] = δWeyl + δLorentz + δU(2)

C. F. Uhlemann 7 / 8



Conclusion

C. F. Uhlemann 8 / 8



Conclusion

B boundary fields from linearized theory, consistent w/ interactions

B residual bulk symmetries on boundary:

· d=4 diffeomorphisms + Weyl, local Lorentz, U(2)
· N=2 supersymmetry + super-Weyl

induced representation on boundary fields

⇒ N=2 Weyl multiplet, local superconformal transformations

AdS/CFT: Son-shell
sugra

[
ϕ̂[ϕ]

]
− Sct[ϕ] = lnZCFT[ϕ]

→ N=4 invariant Sct from pure-gravity Sct[g]

→ conformal anomaly of dual N=2 SCFT from pure-metric part
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