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The plan

4-point master integrals: present situation

Mellin-Barnes representation for Mls, analytic continuation in €
Expansion of MB Mis in small fermion mass(es): The results
Near future: Non-planar Mis, Mis with Ny > 1,

Conclusions and outline
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Ml Bl | B2 | B3 | B4 | B5 | B6 | solved:

B7I 4mlL + - - - - - Smirnov:2001,0ur:2006

B71 4mlN + - - - - — Smirnov,Heinrich:2004,0ur:2006
B7T 4n? = + — [ = | = | = | Smirnov,Heinrich:2004,our:2006
B71 4n2[ d1- - d3] — + — — — — | our:2006

B7I 4n8 — | = + — | = | = Smirnov,Heinrich:2004f

B71 4nB[ d1- - d2] — — + — — —

B6l 3l + — + - - - our:2006

B6! 3nid + - + - — - our:2006

B61 3n2 — + — + — — | our:2006

B6l 3nRd — + - + - — our:2006

B6! 3n8 — — + — — —

B6! 3nB[ d1- - d5] — — + — — —

B5I 2l + — + - - — our:2004

B5I 2n2 — + — + — + | our:2006

B5I 2nR[ d1- - d2] — & — % — + | our:2006

B5I 2n8 + - + — — — our:2006

B5I 2n8B[ d1- - d3] i+ — 0 — — — | our:2006

B5l 3m — + + + - - our:2006

B5I 3n{ d1--d3] - + + + - - our:2006

B5I 4m - + + + + - Bonciani, Mastrolia, Remiddi:2002
B5! 4nd — + + + + - our:2004
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DEgs and Mellin-Barnes representation

M. Czakon, J.G.,K. Kajda, T. Riemann,
“Differential equations and massive two-loop Bhabha scattering: The B5I12m3
case” , hep-ph/0602102 (Radcor, Japan 2005)
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B714m2, V.A. Smirnov, 6dim MB-integral

6

s = e[ ][] MesresifiE s

witha = a1 + ... +tayandd =4 — 2¢

(in9/2)%(~1)*(~5)4~
F(ag)F( )F(a5)F(a6)F(a7)F(d - a4567)

const =

The integrand includes e.g.:

FZ — F(_Z2)7 P4 — F(_Z4)7 9
I, = I
I's = T'(d— aqs667 — 22 — 23 — 2741), ..

a; — 0, a2 —2a3 =0 —— DBp2— B5I2m2d2

Contributions to the 2-loop Bhabha process — 27 April, LLO4 — p.6/?



2-loop Mellin-Barnes representation: construction

B5I12m2:
— k%
Ky = (k2—p1)°
= (kl + k2>2 — m2
Ky = (k2—p3)”
Ks = (ky—p3—ps)*—m?
1 1 1
Kpgsjoma = dPk
B512m2 / 2 K7 K K75

1 1
— dPk
/ 1K11/1 K3V3
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B5I2m2

First step:
['(v13 — D/2) /1 vi—1 Uye—P
— (—1)"13 de;x.” 6(1l —xz1 —x P
T o AL T T o

F polynomial (now part of MB.m, M. Czakon, hep-ph/0511200)

Fup = (—k% + m2)x1x3 + mQZC%.

Second step:
use M-B relation for F,,**3~ 2/

integrate over x

Contributions to the 2-loop Bhabha process — 27 April, LLO4 — p.8/?"



B5I2m2

Final representation is:

m4e(_1)a12345 eQeny +100 —I—zoo +1200
B512m2 = = / da/ d~y
Hj:l F[ai]I‘[él — 2¢€ — CL13 27‘(‘2 — 100

(_5)2—€—a245—v—oz+5( )

I[—2+ e+ ais + BT [—|T'[2 — € — aga5 — v — a]['[—q]
F:CLQ -+ Oé]F[CL4 —+ CY]F[4 — 2€ —a113 — ﬁ]
I

—2 4 €+ azas + v+ a — B]Ta1 + 3]
F[4—2€—CL2245—204—|—ﬁ]r[2—6—a24—7—o¢-|—5]
['[4 — 2e — az245 + B|T'[4 — 2¢ — azoa45 — 27 — 200+ f]
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Typical situation

B5| 2nP:
» Directly from 7-line B714m1: After expansion in € we are left with 11
integrals (one 4-dim.)
» From our MB-representation: 4 integrals (one 3-dim)
B5| 2nd2:
» From B7m4m1 with help of MB.m: 102 integrals, including 4-dim (!)

» From our MB-representation: only one, 3-dim integral,
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B5I12m2d2 case: fixed indices a1 = a3 = a4 = a5 = 1, a9 = 2
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B512m2d2 case: fixed indices a1 = a3 = a4 = a5 = 1, a9 = 2

Find a region where integral is in the n-fold MB-integral
(FI ndl nst ance)

R(a) = 361/384, R(3) = —117/128, R(v) = —19/32,

Go to the physical region where by distorting the integration path step by
step (adding each crossed residuum — per residue this means one integral less
(automatized in MB.m, M.Czakon, hep-ph/0511200)
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B512m2d2 case: fixed indices a1 = a3 = a4 = a5 = 1, a9 = 2

Find a region where integral is in the n-fold MB-integral
(FI ndl nst ance)

R(a) = 361/384, R(3) = —117/128, R(v) = —19/32,

Go to the physical region where by distorting the integration path step by
step (adding each crossed residuum — per residue this means one integral less
(automatized in MB.m, M.Czakon, hep-ph/0511200)

If we want to get exact analytical result: Take integrals by sums over residua, i.e.

introduce infinite sums
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B512m2d2 case: fixed indices a1 = a3 = a4 = a5 = 1, a9 = 2

Find a region where integral is in the n-fold MB-integral
(FI ndl nst ance)

R(a) = 361/384, R(3) = —117/128, R(v) = —19/32,

Go to the physical region where by distorting the integration path step by
step (adding each crossed residuum — per residue this means one integral less
(automatized in MB.m, M.Czakon, hep-ph/0511200)

If we want to get exact analytical result: Take integrals by sums over residua, i.e.

introduce infinite sums

Sum these infinite multiple series into some known functions of a given class,
e.g. Nielsen polylogs, Harmonic polylogs or whatever is appropriate (read:

managable)
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However,..., and we need approximations

e.g. (one initial 3-dim integral for B512m2d2)
B512m2d2 = m * (—m2/s)€+a (—z)P

x T'[l—€e—a—pII[-BIT' 1+ F]
x I'll4+e+pBle+a+ BI'[—2e —~|I'[l —a— 7]

R(a) = 361/384, R(8) = —117/128, R(y) = —19/32
mz/s << 1, so contour closed on right, this is an iterative procedure:
Residuejg—1_ = (—m2/s)1+6_7 (—z)P
X L1+ e+ 9] [—ep — 6+ 7]

and again residues in
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Final structure for approximated Mls

In all planar cases, after expansions, we arrived at 1-dimensional integrals of the kind
(B512m2d2 example)

(—m?/s)" " (=z)°T[...0...

or

(=m?/s) """ (=z) B T[..8...], or ..T[..28..)...,

which can be solved analytically using XSummer (Uwer, Moch), or PSLQ (Ferguson,
Bailey) algorithms

Finding iteratively residues must be automatized (sometimes hundreds of terms must
be considered).

Finally, we get

2\ t 1
IwS”F(lﬂ(—m—>,—>+O(m2), n:§diml+2€,

S S

This is requirement we impose for the structure of Mls
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Approximations: chosen Mils for B5I2m2 system

11
B512m2 = — - = [—3 L2+ 6L In(z) — 3 In®(x) — 24 &

€
! t
67 | €O

1

B512m2d2 = -+ m{—12 L3 + 9 L2 ln(a:') — 36 L CQ
S

— 12¢3—12¢ In(z) — In®(z) + 18 & In(1 + )
+ 3 In*(z) In(1 +2) +6 In(x) Lig(—2) — 6 Lig(—ZC)}

1
B512m2(ky - p3) = +-— liQt [3 L?4+L(12+62—6 In(x))
€

+ 24( —12 In(z) — 6 x In(z) + 3 ln2(x)]

-+ 1i2t {const}
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It is not always so, B512m2d1

2\ t 1
IwS”F(lﬂ(—m—>,—>—l—O(m2), n:§diml—|—2€,

S S

Choice of Mls: dot on a massive line (can) transform log:

B512m2dl(mg) = —

_|_

1
4 _2t{_4+2§2—2L—2L2+2 In(x) + L ln(:r;)}.
m
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Solutions: The planar box masters for m2/8 << 1

1 21.2
T a2
_ 1L[—10L3+6L§ +6 (3 + 12 L7 In(z)]
€ 352t ’ ’
1
- = —12L* 4+ 28 L? In(z) —4 L? (=30 & + 3 In*(z))
S

— 4L (9¢+30¢ In(z) +1n°(z) — 18 ¢ In(1 + )
— 3 In*(z) In(1 + ) — 6 In(x) Liy(—z) + 6 Lis(—2x))

— 15¢4 — 24(3 ln(x)}
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B5I2m3

1

— 6L(-4¢+4¢ In(x) —12 ¢ In(1 + x)

— 2 1In%*(z) In(1 4 2) — 4 In(z) Lis(—z) + 4 Lis(—2z)) + 312 ¢4
+ 72¢3 In(x) 4+ 36 ¢ In?(z) + In*(x) — 24 ¢3 In(1 + )

+ 24 ¢ In(z) In(1 + ) — 36 & In*(1+ 2)

— 6 In*(z) In*(1 4+ 2) — 24 In(x) +12 (8 & + In®(2)
— 2 In(x) In(1+ x)) Lig(—z) — 48 In(x) Lig(—x)

+ 24 In(1+ =) Lis(—x) + 72 Lig(—z) + 24 }
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B5I2m3

1

5 L

B512m3d2 = —
€
1 1 5

+ — —|-3L"+2L In(z) — ¢
€ St

1

+ ﬂ{—10 L? +12 L% In(z) + 51 L {3 — 21 (3
S

— 42 ¢ In(z) — 2 In®(z) + 36 & In(1 + z)

+ 6 In*(z) In(1+4 ) + 12 In(x) Lis(—z) — 12 Lig(—fb)}
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B5I2m3

Higher orders in € may be determined:

B512m3d2 = - --

1
ﬂ{{_5 L* 4+ 111 L% ¢ + 10 L? In(x) + L (104 (3
S

126 (3 In(z) — 6 In®(z) + 108 ¢ In(1+ ) + 18 In*(z) In(1 + z)
36 In(x) Lis(—x) — 36 Lig(—x)) — 372 ¢4 — 78 (3 In(z) + 30 & In’(x)

6 (4 ¢+ 3 In?*(z) — 2 In(z) In(1+ )) Lis(—2z) + 24 In(z) Liz(—2z)

12 In(1 + x) Lig(—z) — 12 Ligy(—x) — 12 S2,2(—5’3)}}
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B5I2m3

!
4
+ L1162 —82*CG —4x(—2 In(z) +22° In(x)

+ 4dzé In(z)+2z In?(z) — 222 In(z) — 122 ¢ In(1 + )

B512m3N1 = {L2 (6 ¢+ 2z In(z) +2 2% In(z) + =z In?(z))

— 2z In*(z) In(14+ ) — 4z In(z) Lisg(—2) +4 Lig(—x))}

! +120 G5 +
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The Ny > 1 contributions (talk by S. Actis)

The 2-box-diagrams repre- SE3I12M1m VARMIm

sent a three-scale problem:
s/m?,t/m?, M?/m?

V412M2m B512M2m
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Results for the Finite Parts

[B512M2m|g, = é{—21n2 (ms)In (Ms) 4+ (2 1In (my)

N [2 In® (ms) 4+ 21n (my) In (MS)} In (2)

— 2mn(m,) I’ (g)
o (o)
()

me=-"" =2
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Numerical checks

Multidimensional MB-integrals checked with MB.m
Comparison with sector decomposition (Binoth, Heinrich)

Expansions (analytical form)

m?/s = 1/1000, t/s = 1/4

B512m2d2 = 0.00252823
B512m2d2.,panded = 0.0025307
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Conclusions

Two-loop virtual corrections are known since A. Penin (2005), obtained by
merging information from massless case (Bern, Dixon, Ghinculov) and massive

vertices plus Nf — 1 (Bonciani, Mastrolia, Remiddi),
we used another approach based on calculation of Mls
fully analytic results seems to be not possible

planar Mis are expanded (enough to get leading electron mass terms in the

Cross section)

remain non-planar cases
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