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Intro alpha masses Concl App Intro

What can be done by lattice QCD?

I applicable for all scales

I connect low energy hadronic

and high energy perturbative regimes

Experiment︷ ︸︸ ︷
Fπ

mπ

mK

mD

mB

 LQCD(g0,mf )
⇐⇒

QCD parameters (RGI)︷ ︸︸ ︷
ΛQCD

M̂ = (Mu + Md)/2
Ms

Mc

Mb


I no questions about “non-perturbative effects”,

experimental uncertainties negligible

I potentially very good precision
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Intro alpha masses Concl App RG scales CL sigma beta alpha1 alpha name lmev Concl

Renormalization group and Λ-parameter (mass–independent scheme)

RGE
µ ∂ḡ

∂µ = β(ḡ) ḡ(µ)2 = 4πα(µ)

β(ḡ)
ḡ→0∼ −ḡ3

{
b0 + b1ḡ

2 + b2ḡ
4 + . . .

}
b0 = 1

(4π)2

(
11− 2

3Nf

)

I exact equation for Λ in a mass–independent scheme (ḡ ≡ ḡ(µ))

Λ = µ (b0ḡ
2)−b1/2b2

0e−1/2b0ḡ
2

exp

{
−

∫ ḡ

0

dg [ 1
β(g) + 1

b0g3 − b1

b2
0g

]

}
I trivial scheme dependence:

Λa/Λb = exp{ca,b/(4πb0)} , αa = αb + ca,b α2
b + O(α3

b)

I use a suitable physical coupling (scheme) and compute Λ

Requires non-perturbative computation of β(ḡ)

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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0

dg [ 1
β(g) + 1

b0g3 − b1

b2
0g

]

}
I trivial scheme dependence:

Λa/Λb = exp{ca,b/(4πb0)} , αa = αb + ca,b α2
b + O(α3

b)

I use a suitable physical coupling (scheme) and compute Λ

Requires non-perturbative computation of β(ḡ)
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Physical couplings

– what is a non-perturbatively defined coupling?

Example

mq →∞

F (r) =
4

3

1

r2

{
αMS(µ) + c1[αMS(µ)]2 + . . .

}
, µ = 1/r

≡ 4

3

1

r2
αqq(µ)

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Physical couplings: their properties

I defined for all energies µ

I independent of the regularization procedure
−→ i.e. (on the lattice) the continuum limit can be taken

I any one of them defines a renormalization scheme

I the usual perturbative properties when α is small, e.g.

αa(µ) = αb(µ) + ca,b [αb(µ)]2 + . . .

(also for a = MS).

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Problem in a lattice computation (αqq as an example)

L � 1

0.2GeV
� 1

µ
∼ 1

10GeV
� a

↑ ↑ ↑
box size confinement scale, mπ spacing

⇓
L/a� 50

Solution: L = 1/µ −→ left with
L/a� 1

[Wilson, ... ,

Lüscher, Weisz, Wolff ]

Finite size effect as a physical observable; finite size scaling!

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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The step scaling function: σ(s, u) = ḡ 2(sL) with u = ḡ 2(L)

On the lattice:
additional dependence on the resolu-
tion a/L

g0 fixed, L/a fixed:

ḡ2(L) = u, ḡ2(sL) = u′ ,

Σ(s, u, a/L) = u′

continuum limit:

Σ(s, u, a/L) = σ(s, u) + O(a/L)

in the following always s = 2

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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The step scaling function: the continuum limit

Nf = 2:
continuum limit

[ LPHAA
Collaboration

Bode, Frezzotti, Gehrmann, Hasenbusch, Heit-

ger, Jansen, S. Kurth, Rolf, Simma, Sint, S.,

Weisz, Wittig, Wolff, 2001;

Della Morte, Frezzotti, Heitger, Rolf, S., Wolff,

2005 ]

u=0.9793
u=1.1814

u=1.5031

u=1.7319

u=2.0142

u=2.4792

u=3.3340

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Step scaling function as function of u = ḡ 2

SSF σ(u)

comparison to PT
... and NP fit

σ(u) = u + s0u
2 + s1u

3+
s2u

4 + s3u
5 + s4u

6

s0, s1 fixed from PT

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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β-function in SF scheme, Nf = 2

comparison to PT and Nf = 0

I non-perturbative deviations from 3-loop β for αSF > 0.25

I not clear from within perturbation theory

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Non-perturbative running of α

[ LPHAA
Collaboration , 2005 ]

[ LPHAA
Collaboration , 2001 ]

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Non-perturbative running of α

[ LPHAA
Collaboration , 2005 ] [ LPHAA

Collaboration , 2001 ]
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Non-perturbative running of α, Nf = 2

SF-scheme, NP, Nf = 2

error bars are smaller than symbol size

Experiment + PT
MS-scheme [S. Bethke 2000 ]

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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The Lambda parameter

Define Lmax by ḡ2(Lmax) = 5.5

k steps with NP σ:
ḡ2(Lmax/2k ) = σ(ḡ2(Lmax/2k+1))

⇓

k uk − ln(ΛLmax)
0 5.5 0.957
1 3.306(40) 1.071(25)
2 2.482(31) 1.093(37)
3 2.010(27) 1.093(48)
4 1.695(22) 1.089(57)
5 1.468(18) 1.087(65)
6 1.296(16) 1.086(73)
7 1.160(14) 1.086(82)
8 1.050(13) 1.088(93)

Λ = µ (b0ḡ
2)−b1/2b2

0 e−1/2b0 ḡ2
×

exp


−

Z ḡ

0
dg [ 1

β(g)
+ 1

b0g3 −
b1

b2
0g

]

ff
for ḡ2 ≤ uk use perturbative β (3-loop)

Result: − ln(ΛLmax) = 1.09(7)

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Λ in MeV

I − ln(ΛLmax) = 1.09(7) : 7% error on Λ-parameter

I

... but to put an MeV scale one needs
e.g. FK (large volume computation)

... at present use r0 = 0.5 fm instead

r0 defined from QQ-Force F (r0)r
2
0 = 1.65

[R.S., 1994 ]

Nf = 0 : r0 × FK = 0.5 fm× F experimental
K ± 3%

√

several groups say r0 = 0.5 fm± 5% holds also for Nf = 2, Nf = 3

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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Λ in MeV ...

I r0/a from UKQCD/QCDSF
+ CP-PACS/JLQCD

I extrapolate (ourselves) to
the chiral limit

and determine L/a at fixed ḡ2 for
these β-values

ct=1-loop ct=2-loop

β = 6/g2
0 κ L/a ḡ2(L)

5.20 0.13600 4 3.32(2) 3.65(3)
5.20 0.13600 6 4.31(4) 4.61(4)

5.29 0.13641 4 3.184(16) 3.394(17)
5.29 0.13641 6 4.059(32) 4.279(37)
5.29 0.13641 8 5.34(8) 5.65(9)

5.40 0.13669 4 3.016(20) 3.188(24)
5.40 0.13669 6 3.708(31) 3.861(34)
5.40 0.13669 8 4.704(59) 4.747(63)

umax = 3.65 umax = 4.61

β r0/a Lmax/a ΛMS r0 Lmax/a ΛMS r0

5.20 5.45(5)(20) 4.00(6) 0.655(27) 6.00(8) 0.610(25)
5.29 6.01(4)(22) 4.67(6) 0.619(25) 6.57(6) 0.614(24)
5.40 7.01(5)(15) 5.43(9) 0.621(17) 7.73(10) 0.609(16)

ΛMS r0 = 0.62(4)(4)

Rainer Sommer Determining fundamental parameters of QCD on the lattice
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5.40 7.01(5)(15) 5.43(9) 0.621(17) 7.73(10) 0.609(16)

ΛMS r0 = 0.62(4)(4)
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Discussion

I Running close to perturbative below αSF = 0.2

I Running non-perturbative above αSF = 0.25

SF-coupling grows exponentially for large L

I Nf dependence of ΛMSr0 and comparison to phenomenology (r0 = 0.5 fm)

Nf : 0 2 4 5

[ LPHAA
Collaboration ]

0.60(5) 0.62(4)(4)

[Bethke, L&L 2004 ]
“experiment” 0.74(10) 0.54(8)

[Blümlein,Böttcher,Guffanti, L&L 2004 ]
DIS NNLO 0.57(8)

I looks like an irregular Nf -dependence ... but relatively large errors

I PT: Λ
Nf=4

MS
≈ 1.4 Λ

Nf=5

MS
[Bernreuther & Wetzel ]

How accurate is this? Need µ � mbeauty where pert. theory is accurate.
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[Blümlein,Böttcher,Guffanti, L&L 2004 ]
DIS NNLO 0.57(8)

I looks like an irregular Nf -dependence ... but relatively large errors

I PT: Λ
Nf=4

MS
≈ 1.4 Λ

Nf=5

MS
[Bernreuther & Wetzel ]

How accurate is this? Need µ � mbeauty where pert. theory is accurate.

Rainer Sommer Determining fundamental parameters of QCD on the lattice



Intro alpha masses Concl App RG scales CL sigma beta alpha1 alpha name lmev Concl

Discussion

I Running close to perturbative below αSF = 0.2

I Running non-perturbative above αSF = 0.25

SF-coupling grows exponentially for large L

I Nf dependence of ΛMSr0 and comparison to phenomenology (r0 = 0.5 fm)

Nf : 0 2 4 5

[ LPHAA
Collaboration ]

0.60(5) 0.62(4)(4)

[Bethke, L&L 2004 ]
“experiment” 0.74(10) 0.54(8)

[Blümlein,Böttcher,Guffanti, L&L 2004 ]
DIS NNLO 0.57(8)

I looks like an irregular Nf -dependence ... but relatively large errors

I PT: Λ
Nf=4

MS
≈ 1.4 Λ

Nf=5

MS
[Bernreuther & Wetzel ]

How accurate is this? Need µ � mbeauty where pert. theory is accurate.

Rainer Sommer Determining fundamental parameters of QCD on the lattice



Intro alpha masses Concl App RG scales CL sigma beta alpha1 alpha name lmev Concl

Discussion

I Running close to perturbative below αSF = 0.2

I Running non-perturbative above αSF = 0.25

SF-coupling grows exponentially for large L

I Nf dependence of ΛMSr0 and comparison to phenomenology (r0 = 0.5 fm)

Nf : 0 2 4 5

[ LPHAA
Collaboration ]

0.60(5) 0.62(4)(4)

[Bethke, L&L 2004 ]
“experiment” 0.74(10) 0.54(8)
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Discussion

I Improvements of lattice results:
Replace Lmax/r0 by FK × Lmax with small quark masses, small a
(will be done soon, god willing)

I also Nf = 3 and Nf = 4
Nf = 3 is on the agenda of JLQCD and CP-PACS, using similar
methods.

I In the (not so) long run lattice results will yield the best controlled
and most precise results for Λ.

I essentially described all the sources of systematic errors.

The assumptions made are minimal.
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Quark masses

I Same basic problem, → similar strategy

I mass independent renormalization scheme, (even for mb)

mi (µ) = Zm(µa, g0)︸ ︷︷ ︸
flavor independent

mbare
i (g0)

→ solve problem of running once and for all
RGI masses (scale and scheme inependent):

Mi = lim
µ→∞

(2b0ḡ
2(µ))−d0/2b0 m(µ)i

Mi/Mj = m(µ)i/m(µ)j = mbare
i /mbare

j

still due to convention, in the end, convert to MS-scheme
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Non-perturbative running of m, Nf = 2
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Results for mstrange

MS scheme, µ = 2GeV, exp. input: r0 = 0.5 fm, mK = 495 MeV

Nf = 2, 3 Nf = 0
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← 97(4)MeV
[ LPHAA

Collaboration & UKQCD, 2001 ]

I several results still with perturbative renormalization
tend to be smaller than non-perturbative ones
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I several results still with perturbative renormalization
tend to be smaller than non-perturbative ones

Rainer Sommer Determining fundamental parameters of QCD on the lattice



Intro alpha masses Concl App masses runn ms ms ms

Results for mstrange

MS scheme, µ = 2GeV, exp. input: r0 = 0.5 fm, mK = 495 MeV

Nf = 2, 3 Nf = 0

0 0.005 0.01 0.015 0.02 0.025 0.03

0

20

40

60

80

100

120

PSfrag replacements

m
M

S

s
(µ

=
2

G
eV

)
[M

eV
]

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm.

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm.

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm.

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 1-loop

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 2-loop

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 1-loop

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 2-loop

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 1-loop

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 2-loop

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 1-loop

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 2-loop

a
2 [fm2]

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF)

ALPHA, Nf =2, W/CW, nonpert. renorm. (SF), Z
con

A

CP-PACS, Nf =2, I/CW, pert. renorm.

JLQCD, Nf =2, W/CW, pert. renorm.

QCDSF/UKQCD, Nf =2, W/CW, nonpert. renorm. (RI-MOM)

SPQCDR, Nf =2, W/W, nonpert. renorm. (RI-MOM)

CP-PACS/JLQCD, Nf =3, I/CW, pert. renorm., stat. err. only

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 1-loop

HPQCD/MILC/UKQCD, Nf =3, LW/KS, pert. renorm. 2-loop

← 97(4)MeV
[ LPHAA

Collaboration & UKQCD, 2001 ]

I several results still with perturbative renormalization
tend to be smaller than non-perturbative ones

Rainer Sommer Determining fundamental parameters of QCD on the lattice



Intro alpha masses Concl App masses runn ms ms ms

Results for mcharm

MS scheme, µ = 2GeV, exp. input: r0 = 0.5 fm, mDs

Nf = 2, 3

Nf = 0

not yet

large mass causes O((amcharm)2) errors
difficult (but successfull cont. extrapol.) [ LPHAA

Collaboration , J. Rolf & S. Sint, 2003 ]

mcharm(m) = 1.30(3)GeV quenched!
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Result for mb

use HQET [Eichten ] with NP matching [J. Heitger, R.S. 2003 ]

experiment Lattice with amq � 1

mB = 5.4 GeV Φ1(L1, M), Φ2(L1, M)

? ?

ΦHQET
1 (L2), Φ

HQET
2 (L2) ΦHQET

1 (L1), Φ
HQET
2 (L1)�

σm(u1)

σkin
1 (u1), σkin

2 (u1)

L2 = 2L1

in the MS scheme:

mb(mb) = mstat
b + m

(1)
b

mstat
b = 4.35(6)GeV ( = O(mb) + O(Λ) )

m
(1)
b = −0.02(2)GeV (= O(Λ2/mb) ) .

in the quenched approximation! [Della Morte,Garron,Papinutto & S, 2005 ]
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Conclusions

I Fundamental parameters can be determined with a minimal
and controlled use of PT and from static experimental inputs
→ very precise results will come, eventually

I non-perturbative running is significant, in case of Z stat
A ,Z∆S=2

very much so

I the perturbative series itselve does not “predict” where this
happens
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Shortcuts are popular: (improved) bare couplings and
quark masses

[Creutz, 1980; Parisi; . . . ; HPQCD ]
basic formula (“asymptotic scaling”) a=lattice spacing:

Λlat

Fπ
=

1

a Fπ
(b0g0

2)−b1/2b2
0e−1/2b0g0

2

1 + c1 g0
2 + . . .︸ ︷︷ ︸

corrections

 ,
Λlat

ΛMS

= #

I not universal: depends on the discretization
can’t separate discretization errors from renormalization effects

I in general large corrections
very difficult to control, typically: a = 0.1 fm , . . . , 0.05 fm

g2
0 = 1 , . . . , 0.9 and ci = O(1)

I resummations: “boosted PT”, “V-scheme”

I very difficult to assign a reliable error
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Massless schemes: a remark

Consider an observable Φ with any energy scale µ, even

µ = O(mt)

Non-perturbatively

Φ = Φ(µ,mu(µ), . . . ,mt(µ), α(6)(µ))

with mi , α(6) in six-flavour massless renormalization scheme

Φ = F (µ/Λ,Mu/Λ, . . . ,Mt/Λ, ) for dimensionless Φ

In PT not such a good idea: large log’s: log(mt/µ)

I In principle, non-perturbatively, thresholds do not need to be
resolved in practise: u,d,s, maybe also c
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