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determination of sin® fyy. ; ; with an accuracy of 1 per mille

® Future linear colliders will be able to run at the Z peak with
huge statistics and improve the accuracy in the measurement

of A% to about 0.1%

® Moreover, at a future linear collider (ILC) A% 5 will be
experimentally accessible

—> need for NNLO calculation retaining the dependence on the

mass of the heavy quark I
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» Massive NLO (Arbuzov-Bardin-Leike '92,
Djouadi-Lampe-Zerwas '95)

# Massless NNLO (Altarelli-Lampe '93, Ravindran-van
Neerven '98)

» Massless NNLO with the leading logs (log (s/m?)) plus
constant terms (Catani-Seymour '99)

Our goal is the determination of Arp at O(a?a%) retaining the full

dependence on the mass of the heavy quark —- terms (mg, /s)®
and (m? /s)* log” (s/m?) I
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AFB = 05 = Grton
where
1 0
do do
or /0 SV dcoso’ 78 /_1 “ Y dcos 0

Expanding in powers of ag we have

the superscripts (¢, j) give the “number of partons in the final state”

and the “order” of a g
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Arp = Arpo(l1+ Arp1+ Arp,2)
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We are interested in the form factors at order as/(27), that can be extracted

by the following Feynman diagrams
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Feynman Diagrams

Geq

Projectors
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The34 Master Integrals
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R B., P. Mastrolia and E. Rem ddi, Nucl. Phys. B661 (2003) 289.
R B., P. Mastrolia and E. Rem ddi, Nucl. Phys. B690 (2004) 138.
M Czakon, J. Quza and T. R emann, Nucl. Phys. Proc. Suppl. 135 (2004) 83.
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Renormalization scheme:

# mass and wave function of the heavy quark — OS
» coupling constant and gluon wave function — MS
~5 prescription in D dimensions:

# diagrams without fermionic triangle — naive
anticommuting s

» diagrams with fermionic triangle — 't Hooft-Veltman ~5
For the first kind of diagrams the Ward Identities are directly
satisfied.

For the second kind of diagrams, the use of 't Hooft-Veltman ~5
In D dimensions brakes the Ward Identities that have to be

restored with a finite renormalization.
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Tree-Level
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Tree-Level
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Leading order asymmetry Agé)o for three values of the top quark
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One-Loop L evel

(2,1) (2,1)
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One-Loop L evel

Because

022’1) _ 022,0)022,1,7) n (2,0,2)[ 22,1,2) _022,1,7)]

we can write

(2,1) (2,1)
Agg) — 94 o s
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We have Pole(ReFl(ll)) = Pole(ReG&ll)) — A;‘?}g)l is IR fi nite.
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One-Loop L evel
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Two-Loop L evel
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Two-Loop L evel
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I Two-Parton Contribution at O(a*a%)
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c and b guarks on the Z peak

The bb contributions to A z for bottom quarks at /s = mz

bb bb bb, A bb, B bb bb
Appo | AYY | AP | AP | AR (aw) | AYE (o)
p o= % 0.103128 | -0.000365 | -0.000084 | 0.001147 0.103090 0.103200
p=mz 0.103128 | -0.000326 | -0.000100 | 0.000919 0.103094 0.103179
w=22mgy 0.103128 | -0.000295 | -0.000109 | 0.000/53 0.103097 0.103164

The cc contributions to A g for charm quarks at /s = mz

cc cc cc,A cc,B cc cc
A;‘B),O Ag : A; ) A; ) A;’B)(O‘S) A;‘B)(C“i)
w = % 0.073592 -0.000170 | -0.000060 | -0.002418 0.073580 0.073397
U =mzy 0.073592 -0.000152 | -0.000063 | -0.001938 0.073581 0.073434
U =22mgzg 0.073592 -0.000138 | -0.000064 | -0.001586 0.073582 0.073460

me. = 1.5GeV, mp =5GeV, m; =172.7 £ 2.9 GeV,
my = 91.1875GeV, I'z = 2.4952GeV,

.2 Nf:5
sin® Oy = 0.23153, «y (mz) = 0.1187
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T hreshold expansions

In order to check our results we performed the expansion near the threshold in powers of

B =+/1—4m?2/s.

The cross section can be written as follows:

T (20v){1+A(0 Az) o (Oés>A(1,ve)(1+A(o,Aw)) L O (%) A1 Az)

as )2 2,V 0,A as ) ? 2,A
+Cr (—) ARV (1 4L AADY | op (2—> Az f'C)}

N. 1 2
(2,0,y) _ c - Y, _ Q2
where o = i B (%UQ) (3—=2587)
2.0,2 2.0,vZ
A0 Az) ( ) 4 o ( vZ)
2,0
ag ’Y)
o (1,Az) G(SQ’O’Z) (2,1,2) (2,1,7)
S ) T —_— ) ) ) 7’y
or (32) 4 = e (o5 et
S
@5\ A (2,42)  _ o 2z (22
°r (57 = LBow (75 T
S
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Top T hreshold expansions

Up to order 3° the cross section is IR-finite:

6¢(2
A(l,VG) - Cﬁ( ) —8+O(B)
A(Z,Ve) _ C A(Q Ve) + C A<2 Ve) + NfTRAéQ,Ve) + TRAg,Ve)
with
AZVe) = 12¢°(2) _ 48¢(2) 24¢2(2) — 4c(2) (22 —8In2 + 41 4
VY= T - 5 +24¢%(2) — 4¢(2) (5 — 812+ 410 B) — 4(3) + 39
2ve) _ 4¢(2),31 11 179 B B 151
AR - (12 L (25)) +4g(2)( o —16In2 GInB) 26¢(3) — —
Ve 4¢(2) 44
apvo - KDy, <2a>—-) u
. 32 176
ATV = —5 @)+

A. H Hoang, Phys. Rev. D56 (1997) 7276.
A. Czarnecki and K. Mel ni kov, Phys. Rev. Lett. 80 (1998) 2531.
M Beneke, A Signer and V. A. Smrnov, Phys. Rev. Lett. 80 (1998) 2535.
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I T hreshold expansions

The cross section is IR finite at this order of 3, but Coulomb divergencies 1/
are present

» The Sommerfeld-Sakharov factor (modulus square of the fermion wave
function at the origin in NRQCD)

L e

resums the Coulomb terms % /3™ of the C7 part and improves,
therefore, the convergence of the series when 3 approaches a s

» If we multiply also by the so-called hard correction term (1 — 4Cra/7),

the subleading terms ozfg”“)/ﬂn can be taken into account

IR divergences for AV and A2V IR divergences appear at O(8) and

O(3?), respectively. I
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Top T hreshold expansions

For the terms involving Z-boson exchange we have:

AOAD) 82{(‘15)2*(”5)2[2(QZ)2 g’ +(03)’

_I_
)
VRN
—
|

o:NSw
N~
SRS
o220 N
S NS
O2NON
——

— v
D 2 Q 3 _ 32 Q
A () ;
A(1,Ag;) _ O (52>
A 64¢(miy (a§)* [(0)? + (8)?] o
- F
(vzgvg)Q(llmQQ — m?,)?
1000 £ o ' ' ' ' .
B AGAD) and A2:42) gre of order 52 I ]
and 3°, respectively [ _
10 | =
P In the expansions of ALAZ)  and _ '
A(2:47) IR divergences appear at order _ ]
B* and 8%, respectively s B
0.2 0.I25 0I.3 0.I35 I I
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Top T hreshold expansions

The same happens for the asymmetric cross section

2
as as
O'](VA]%LO = o O){l + CF (—27T> AND 4 op (—2 ) A(A’Q)}

70

A = —6<5(2) — 6+ 0 (B)
A(A’2) — C A(A 2) —|—C A(A 2) —|—N T A( ,2) —|—T (A(A ,2) —|—A(A 2))

Wi(tﬂ,g) o 12¢%(2)  36¢(2) 25 25 | 70
Al — i B +24¢ (2)—4{(2)(——Zn2—|— nﬁ)——g(3)+—
4¢(2 67 25 35
A = %(? i ln(QB)) +4g(2)(— - S In2- 41n5> - SE) -1

N - 4C(2) (21 (28) — _) 44
(a2 _ 32 o0
AgH = 3 5(2) + 3
AAD g (161n2_23—3>—81nz+ In*2 4 0 (%)
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Top T hreshold expansions

~ 0.35
A%QBQ) . AFB,O Crr I I I I I

03 | m, = 172.7 GeV

025

02

0.15

01 Agg at NNLL

Appg exact -----

0.05 ] ] ] ] ]
350 360 370 380 390 400

Vs (GeV)
The second order forward-backward asymmetry A;fg (a?) near threshold: exact values (dashed)
and the values obtained from the near-threshold formula (solid), using p = m, = 172.7 GeV
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Checks

® For what concerns the vector form factors, results for the massive and
massless fermion loops were calculated by Hoang-Jezabek-Kihn-
Teubner. We are in full agreement for the first ones and in agreement
with the leading logarithmic terms for the massless fermion loop.

® In the threshold region, we compared our form factors at one loop with
the ones by Hoang (replacing C'» with 1) and we found complete
agreement once Hoang’s results are translated in dimensional
regularization. At the two-loop level we found agreement between the

poles of our C'% part and the poles of Hoang’s results.

» Always in the threshold region we found agreement with the two-loop

corrections to the cross section ee~ — QQ calculated by
Czarnecki-Melnikov and Beneke-Signer-Smirnov.

» For the anomalous diagrams, we found full agreement with the triangle
contribution to the bb vertex function of the non-singlet current

tv,vst — by,.ysb computed for massless b quarks with the method of
dispersion relations by Kniehl-Kuhn.
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I Summary

» We presented the calculation of the two-parton contribution to the

heavy-quark Forward-Backward Asymmetry in e™e™ collisions, at the

NNLO in QCD, retaining the complete dependence on the mass of the
heavy quark

» Analytical expressions were obtained using the Laporta algorithm for the

reduction to the Master Integrals and the Differential Equations Method
for their calculation

—
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