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Hadronic 𝛕 Spectral Function Moments 
ALEPH: 𝛕 hadronic width (HFLAV 2019)

3.6355± 0.0081

Braaten, Narison, Pich, Le Diberder, ...  90‘s

Inclusive hadronic mass spectrum
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Hadronic 𝛕 Spectral Function Moments 

Theory: Operator product expansion
Adler function:
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FOPT-CIPT Discrepancy Problem

Contour-improved perturbation theory (CIPT):

Fixed-order perturbation theory (FOPT):

4-loop: Gorishni etal., Surguladze etal.  1991

5-loop: Baikov etal.  2008

CIPTFOPT

• CIPT resums powers of π with
respect to FOPT

• CIPT leads in general to smaller 
moments than FOPT

• OPE and DV corrections 
assumed to be universal

• Strong coupling from CIPT larger 
than from FOPT

c0,1 = c1,1 = 1 , c2,1 = 1.640

c3.1 = 6.371

c4,1 = 49.076

Change of
renormalization

scale

x =
s

s0

FOPT CIPT
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W (x) = 1� 2x+ 2x3 � x4
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Outline

• Introduction 

• FOPT and CIPT Borel representations are different: 
Asymptotic Separation Δ
→  FOPT and CIPT expansions describe different quantities

• Properties of the original CIPT expansion:
CIPT expansion not consistent with the standard association

OPE power corrections ⬌ IR renormalons 

• Reconciling CIPT and FOPT:
renormalon-free gluon condensate scheme

• Preliminary results and outlook
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Interesting Observations: Total Decay Rate

• CIPT is not an expansion in powers of αs at a definite renormalization scale.   
It is impossible to switch between the CIPT and FOPT moment series terms
through a change of scheme of the strong coupling and a reexpansion of the
series due to the contour integration !! 

• Discrepancy between CIPT and FOPT 
scales as ⇠

⇤4
QCD

s20

W⌧ (x) = 1� 2x+ 2x3 � x4

→ Sensitivity to leading O(Λ4QCD) gluon condensate strongly suppressed
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→  Contradiction to standard OPE 

Moment‘s perturbation series:

→  Worth to reconsider CIPT and FOPT from scratch:   OPE ⬌ IR renormalons  

→  How can there be O(Λ4QCD) sensitivity left ? 

→  Accidental or indication of a quartic IR sensitivity?
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Renormalon Calculus: Euclidean Adler Function

Perturbative series in QCD are not convergent, 
but asymptotic in expansion variable αs(s0).       

Borel sum:

`t Hooft; David; Müller; ... Beneke; ...
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Association: IR renormalon poles/cuts ⟺ (standard) OPE Corrections

Leading Gluon Condensate: 
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Borel calculus:

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>
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FOPT vs. CIPT Borel Representation (large-β0)

FOPT expansion:  

coefficient

FOPT Borel representation = “true“ Borel representation 
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FOPT vs. CIPT Borel Representation

coefficient

�(0),CIPT
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CIPT Borel representation:    NEW !

Contour needs to be deformed from |x|=1

CIPT expansion:  ⇾ No obvious expansion parameter !

expansion variable

Regner, Hoang arXiv:2008.00578 

„Asymptotic Separation“ �W (s0) ⌘ �(0),CIPT
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W,Borel
(s0)

�W (s0) ⇠
⇤d
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sd/20

for O(⇤d
QCD) IR renormalon contained in D̂
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Character of the Asymptotic Separation
FOPT Borel representation

CIPT Borel representation

• Related through complex-valued  
change of variables

• Equivalent in perturbation theory   
(u-Taylor series)

• Agree at Euclidean point x = -1
• Difference in presence of IR 

renormalon cuts

u-path for CIPT 

u-paths for FOPT 

UV renormalons: 
FOPT and CIPT Borel representations 
equivalent because closing up paths 1 and 2 
does not contain cuts

IR renormalons: finite difference ! 
FOPT and CIPT Borel representations inequivalent

�(0),FOPT

Wi,Borel
(s0) = PV

Z 1

0

du
1

2⇡i

I

|x|=1

dx

x
Wi(x)B[D̂](u) e�
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• FOPT: PV prescription needs to be imposed

• CIPT: automatically well-defined by complex-valued αs
• Difference because closing paths 1a/1b and 2 always contains cuts 



Loops and Legs in Quantum Field Theory, Ettal, April 25-30 2022

Brief Numerical Analysis

Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

⇾ Gluon condensate corrections vanishes  

• CIPT series is divergent !
FOPT series convergent.

• CIPT not compatible with standard OPE !

• Excellent description of CIPT-FOPT 
discrepancy by asymptotic separation Δ

• Δ can have any sign (dep. choice of W(x)).

• Moments with small asymptotic separation 
can be identified.

W (x) = 1

FOPT BS FOPT BS + AS
CIPT FOPT
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CIPT Borel representation should not be 
considered as ”true”, but it correctly 
characterizes the CIPT expansion

s0 = m2
⌧

⇾ Per. series should be convergent 

This fact was 
overlooked in the 

past 

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>
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Renormalon-Free GC Scheme

Conclusion from the asymptotic separation:

• Asymptotic separation vanishes if IR renormalons are absent 
• CIPT and FOPT should become consistent for IR-subtracted perturbation theory

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

Idea:   “short-distance“ scheme for the gluon condensate

pure O(Λ4
QCD) renormalon  (scale invariant)  

renormalon-free

R-dependent

renormalon norm

(approximately known)

r(4,0)` =
⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1) C-scheme (C=0)
Boito, Jamin, Miravitllas 2016

Expand 
perturbatively with 

Adler function 

Original          GC containsMS

IR factorization 
scale R

<latexit sha1_base64="gkBQYZGgJIXVTl2WS92FbyXAbfs=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUkDJTirosutCNUNE+oDMtmTTThmYyQ5IRyjDf4cZfceNCEXfixr8x085CWy8ETs655yb3uCGjUpnmt5FbWl5ZXcuvFzY2t7Z3irt7LRlEApMmDlggOi6ShFFOmooqRjqhIMh3GWm748tUbz8QIWnA79UkJI6Phpx6FCOlqX7RshniQ0ag7SIBr3pVW0zvvTi2A21M58a28OHNXZKclPlx0i+WzIo5LbgIrAyUQFaNfvHTHgQ48glXmCEpu5YZKidGQlHMSFKwI0lChMdoSLoacuQT6cTT1RJ4pJkB9AKhD1dwyv52xMiXcuK7utNHaiTntZT8T+tGyjt3YsrDSBGOZw95EYMqgGlOcEAFwYpNNEBYUP1XiEdIIKx0mgUdgjW/8iJoVSvWaaV2WyvVL7I48uAAHIIysMAZqINr0ABNgMEjeAav4M14Ml6Md+Nj1pozMs8++FPG1w/4qqDW</latexit>

hḠ2iMS,(n)

<latexit sha1_base64="71L6BM+mbzE5Bzx2/PBOqqFyueM="></latexit>
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` ā`(R2) ,
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Renormalon-Free GC Scheme

Scale-invariant “short-distance“ scheme  
for the gluon condensate 

Renormalon-free (convergent series)

(R-evolution equation)
Convergent series!

treated like a tree-level term
(Do not expand !)

→ R-invariance of scheme at 
infinite truncation order

We can define an R-independent „short-distance“ GC: 

⇾ „true“ Borel sum value unchanged (i.e. Ng-independent) !      („minimal scheme“)  

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957
<latexit sha1_base64="0xXzSizC7vhlIIkJoVf8g78SsoQ=">AAACHXicbZDLTsJAFIanXhFvVZduJhIjLCRtQ9Ql0YUukcgloUCmwwATptNmZmpCGl7Eja/ixoXGuHBjfBuH0oUCfzLJl/+ckzPn90JGpbKsH2NldW19YzOzld3e2d3bNw8O6zKIBCY1HLBAND0kCaOc1BRVjDRDQZDvMdLwRjfTeuORCEkD/qDGIWn7aMBpn2KktNU1Sy5DfMAIvO04rkgwX+04hfMlflw9m3RiZ1LomjmraCWCi2CnkAOpKl3zy+0FOPIJV5ghKVu2Fap2jISimJFJ1o0kCREeoQFpaeTIJ7IdJ9dN4Kl2erAfCP24gon7dyJGvpRj39OdPlJDOV+bmstqrUj1r9ox5WGkCMezRf2IQRXAaVSwRwXBio01ICyo/ivEQyQQVjrQrA7Bnj95EepO0b4olu5LufJ1GkcGHIMTkAc2uARlcAcqoAYweAIv4A28G8/Gq/FhfM5aV4x05gj8k/H9C/dDoJw=</latexit>

hG2i(R2)� hG2i(R02)

<latexit sha1_base64="MgWvep/pErFXM7yF0ToEuYkYJ3w="></latexit>
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2) .

<latexit sha1_base64="ZAHbpa9qpd+jKAI8jyDmlEclBH4="></latexit>
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ā(R2)

⌘�



Loops and Legs in Quantum Field Theory, Ettal, April 25-30 2022

CIPT and FOPT: RF GC Scheme

Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

⇾ Gluon condensate corrections vanishes  
W (x) = 1

• FOPT same as in the original GC scheme

• CIPTRS series is convergent

• CIPTRS consistent with FOPT !

• CIPTRS compatible with standard OPE !

• CIPTRS Borel sum  = FOPT Borel sum 

• CIPTRS converges much faster than FOPTs0 = m2
⌧

FOPT BS FOPT BS + AS
CIPT FOPT
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0.038
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Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>
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CIPT and FOPT: RF GC Scheme

Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

⇾ Gluon condensate corrections vanishes  
W (x) = 1

• FOPT same as in the original GC scheme

• CIPTRS series is convergent

• CIPTRS consistent with FOPT !

• CIPTRS compatible with standard OPE !

• CIPTRS Borel sum  = FOPT Borel sum 

• CIPTRS converges much faster than FOPTs0 = m2
⌧

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957
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CIPT and FOPT: RF GC Scheme
Realistic Multi renormalon model: GC,  O(Λ4QCD, Λ6QCD) + UV renormalons  in Adler function 

Beneke, Jamin 2008
W (x) = 1� 2x+ 2x3 � x4

New RF GC Scheme !

h↵sG
2iMS h↵sG

2iRS

• Discrepancy between CIPT and FOPT removed
• CIPT becomes consistent with FOPT (which is only slightly modified)
• Higher precision for αs determinations from hadronic tau decays achievable
• Additional uncertainty from uncertainties in Ng

⇾ GC suppressed 

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="QRMpOllc5JWpJhQPz3B4ZfOzJWY="></latexit>
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 ⇠  2 , Ng = 0.64
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CIPT and FOPT: RF GC Scheme

Beneke, Jamin 2008

New RF GC Scheme !

• FOPT and CIPT expansions both get improved substantially
• Spectral function moments with high sensitivity to the GC can now be used 

for high-precision determinations of the strong coupling and the GC  

⇾ GC enhancedW (x) = (1� x)3

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="QRMpOllc5JWpJhQPz3B4ZfOzJWY="></latexit>

s0 = m2
⌧ ,

1

2
 ⇠  2 , Ng = 0.64

Realistic Multi renormalon model: GC,  O(Λ4QCD, Λ6QCD) + UV renormalons  in Adler function 

<latexit sha1_base64="3nyzlIEFIfgEQTllz3Itf6eFcb4=">AAACFnicbVC7TsMwFHXKq5RXgJHFokJioUqqChgrGGBBKoI+pCatHNdtrTpOZDtIVZSvYOFXWBhAiBWx8Tc4aQZouZKl43PuufY9XsioVJb1bRSWlldW14rrpY3Nre0dc3evJYNIYNLEAQtEx0OSMMpJU1HFSCcUBPkeI21vcpnq7QciJA34vZqGxPXRiNMhxUhpqm+eOAzxESPQ8ZCAV72qI7J7L46dQBvTubEjfHhzlyRJ3yxbFSsruAjsHJRBXo2++eUMAhz5hCvMkJRd2wqVGyOhKGYkKTmRJCHCEzQiXQ058ol042ytBB5pZgCHgdCHK5ixvx0x8qWc+p7u9JEay3ktJf/TupEanrsx5WGkCMezh4YRgyqAaUZwQAXBik01QFhQ/VeIx0ggrHSSJR2CPb/yImhVK/ZppXZbK9cv8jiK4AAcgmNggzNQB9egAZoAg0fwDF7Bm/FkvBjvxsestWDknn3wp4zPH7l7n8M=</latexit>

hḠ2iMS

<latexit sha1_base64="+SWZ7tekOUW0kf3yF91JUhpjdfU=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuCozpajLoqAuq9gLdKYlk6ZtaJIZkoxQhi7c+CpuXCji1odw59uYTmehrT8EPv5zDifnDyJGlXacbyu3srq2vpHfLGxt7+zu2fsHTRXGEpMGDlko2wFShFFBGppqRtqRJIgHjLSC8eWs3nogUtFQ3OtJRHyOhoIOKEbaWD276DEkhozA627Fkyl2E09yeHc17dklp+ykgsvgZlACmeo9+8vrhzjmRGjMkFId14m0nyCpKWZkWvBiRSKEx2hIOgYF4kT5SXrEFB4bpw8HoTRPaJi6vycSxJWa8MB0cqRHarE2M/+rdWI9OPcTKqJYE4HniwYxgzqEs0Rgn0qCNZsYQFhS81eIR0girE1uBROCu3jyMjQrZfe0XL2tlmoXWRx5UARH4AS44AzUwA2ogwbA4BE8g1fwZj1ZL9a79TFvzVnZzCH4I+vzB+2Xl6Y=</latexit>

hG2iRF
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CIPT and FOPT: RS GC Scheme

Impact on αs determination: Full-fledged analysis: w.i.p.

⇾ For now: use the the Beneke-Jamin model as „fake-data“ 

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957
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Input value:
<latexit sha1_base64="jCAChR/rWUEFuw0PP/czb3tM4kE=">AAAB/3icdVDJSgNBEO1xjXGLCl68NAYhXoaZyepBCHrxGMEskIShptNJmvQsdPcIIebgr3jxoIhXf8Obf2NPEkFFHxQ83quiqp4XcSaVZX0YS8srq2vrqY305tb2zm5mb78hw1gQWichD0XLA0k5C2hdMcVpKxIUfI/Tpje6TPzmLRWShcGNGke068MgYH1GQGnJzRx2gEdDcGXOdzsK4tNzy8zbRTeTtcyzSskpOtgyLavs5EsJccoFJ49trSTIogVqbua90wtJ7NNAEQ5Stm0rUt0JCMUIp9N0J5Y0AjKCAW1rGoBPZXcyu3+KT7TSw/1Q6AoUnqnfJybgSzn2Pd3pgxrK314i/uW1Y9WvdCcsiGJFAzJf1I85ViFOwsA9JihRfKwJEMH0rZgMQQBROrK0DuHrU/w/aTimXTLt60K2erGII4WO0DHKIRuVURVdoRqqI4Lu0AN6Qs/GvfFovBiv89YlYzFzgH7AePsESSyU/A==</latexit>

↵s(m⌧ ) = 0.315

• FOPT-CIPT for GC suppressed moments remedied
• Spectral function moments with high sensitivity to the GC can now be used 

for high-precision determinations of the strong coupling and the GC  
• Uncertainty on GC renormalon norm Ng still to be addressed.

<latexit sha1_base64="0jcegOA5kPOyVRLnQK1nVHxADm4="></latexit>

s0 = m2
⌧ ,

1

2
 ⇠  2 , Ng = 0.64 , R = (0.8± 0.1)m⌧
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Summary and Conclusions
• CIPT Borel representation different from FOPT Borel representation in the presence of 

IR renormalons.   ⟶ Asymptotic Separation
⟶ CIPT expansion NOT consistent with standard OPE approach

• Problems of CIPT resolved largely in  gluon condensate (GC) scheme.

• We have devised such a GC scheme in the most minimalistic and transparent way.
(Additional uncertainty from  Ng (GC renormalon norm), and factorization scale R.)

• New GC scheme: Disparity between CIPT and FOPT reconciled

• New GC scheme: Moments with high sensitivity to the GC can be used for high 
precision analyses 

⟶ The known O(αs4,5) corrections are consistent with the assumption of  
a sizeable GC renormalon norm Ng ≈ 0.64

⟶ All studies support that the CIPT-FOPT discrepancy is of IR origin
⟶ Excellent prospects for new high-precision determinations of       and 
⟶ 6-loop corrections highly welcome to further increase precision! 

<latexit sha1_base64="CK2tT9MC04NSakhtH2IgDN/3qko=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMlKIui4K6rGIv0GnLmTRtQzOZaZIRytCHcOOruHGhiFsX7nwb08tCW38IfPznHE7O70ecKe0431ZqaXlldS29ntnY3NresXf3KiqMJaFlEvJQ1nxQlDNBy5ppTmuRpBD4nFb9/uW4Xn2gUrFQ3OthRBsBdAXrMALaWC37xAMe9aClsDcYxNDGHgfR5RRfN/OenGAz8WSA765GLTvr5JyJ8CK4M8iimUot+8trhyQOqNCEg1J114l0IwGpGeF0lPFiRSMgfejSukEBAVWNZHLUCB8Zp407oTRPaDxxf08kECg1DHzTGYDuqfna2PyvVo9157yRMBHFmgoyXdSJOdYhHieE20xSovnQABDJzF8x6YEEok2OGROCO3/yIlTyOfc0V7gtZIsXszjS6AAdomPkojNURDeohMqIoEf0jF7Rm/VkvVjv1se0NWXNZvbRH1mfPwpznjI=</latexit>

↵s hG2iRF
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(1) CIPT Borel Sum Contour Integration
The contour integration for the CIPT Borel representation must be deformed away from |x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the contour-integral first:

�(0),CIPT
{(�x)m,p,�},Borel(s0) =

Z 1

0
dū

1

2⇡i

I

Cx

dx

x
(�x)m

�a(�x)
a0

� e�
ū
a0

�
p� a(�x)

a0
ū
��

=

Z 1

0
dū e�

ū
a0 C̃(p, �,m, s0; ū) . pole in x-plane at 

(arge-β0)

Contour must always cross real 
axis for x̃(ū) = �e(ū�p)/pa0 = �

 
⇤2
QCD

s0

! p�ū
p

< �1 for ū > p

x̃(ū > p)

.

x < x̃(ū)

x̃(0) = �
 
⇤2
QCD

s0

!
(Landau pole)

x̃(ū ! 1) ! �1
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(2) CIPT Borel Sum Contour Integration
The contour integration for the CIPT Borel representation must be deformed away from |x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the Borel-u-integral first:

Contour along the unit circle

Deformed contour for the 

asymptotic separation

„Asymptotic Separation“

Cut along the negative real s-axis! Power-suppressed  

Remaining contour integration must be deformed (to negative real infinity in the x-plane) 

⇠
 
⇤2
QCD

s

!p
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(3) Computation of the CIPT Borel Sum

An analytic continuation is mandatory to compute the CIPT Borel sum for m>p

⇠ x�p

Properties  of the asymptotic separation:

• Renormalization scheme invariant
• Much larger than canonical FOPT Borel sum ambiguity estimate if the 

Borel function has a sizeable gluon condensate cut 
• Fully analytic results
• Properties of CIPT Borel representation imply that OPE corrections for 

CIPT do not have the common standard form  C x <condensate> / s^p

W (x) ⇠ xm

B(u) ⇠ 1

(p� u)�


