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Overview of  (I)pp → ZH

Consider the matrix element for  with QCD corrections 

Various channels contribute:  and 

pp → ZH

qq̄ → ZH gg → ZH

The  channel is loop-induced (i.e. LO in this channel is 1-loop)gg → ZH
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Overview of  (II)pp → ZH

The  channel 
contributes to   
starting at NNLO in QCD 

However due the large 
gluon-gluon luminosity 
at the LHC it contributes 
significantly (~10%) to 
the total cross section

gg → ZH
pp → ZH
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Overview of  (III)pp → ZH

HAWK (NLO QCD + NLO EW)
Denner, Dittmaier, Kallweit, Mück 14

vh@nnlo (NNLO QCD + NLO EW)
Harlander, Klappert, Liebler, Simon 18;  
Brein, Harlander, Zirke 12

Drell-Yan piece (  known)NNLO
Brein, Djouadi, Harlander 03; 
Ferrera, Grazzini, Tramontano 14;  
See also: Kumara, Mandal, Ravindran 14

Available in various codes:

GENEVA (NNLL′+NNLO with PS)
Alioli, Broggio, Kallweit, Lim, Rottoli 19
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(c) (d)

Figure 3: Example of transverse momentum distributions in (a) and (b) and invariant mass
distributions in (c) and (d) for VH production in the SM at the LHC with

p
s = 13 TeV and

MH = 125 GeV; (a,c) Comparison of W
+
H (green), W

�
H (blue) and ZH production (red)

created with MCFM 8.0.1; (b,d) Comparison of full ZH (red), gluon-induced (magenta)
and bottom-induced ZH (cyan) production. All results are obtained at O(↵2

s), apart from
bb̄ ! ZH which is calculated at LO.

14

𝒪(α2
s ): DY, GF

LO: bb̄

Harlander, 
Klappert, 
Liebler, Simon 
18

Gluon-fusion piece  piece (  known)bb̄ NNLO

H

G0

Z
Z Z

H H

Ahmed, Ajjath, Chen, Dhani, 
Mukherjee, Ravindran 19 

+  piece with closed top loops (1-3%)qq̄

b

b̄

MCFM (NNLO QCD)
Campbell, Ellis, Williams 16

~10% of total xs. 
~100% scale unc.
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 in Gluon FusionZH
Full leading order  (loop induced)
Dicus, Kao 88; Kniehl 90

NLO in the limit of    (            )mt → ∞
Altenkamp, Dittmaier, Harlander, H. Rzehak, Zirke 12

 Expansion + Padé approx1/m8
t

Hasselhuhn, Luthe, Steinhauser 17

Davies, Mishima, Steinhauser  20

H

G0

Z
Z Z

H H

K ≈ 2

 &  Expansion + Padé approx1/m10
t m32

t

Virtual Corrections:

Full numerical result
Chen, Heinrich, SPJ, Kerner, Klappert, Schlenk 20

 Expansion p4
T

Alasfar, Degrassi, Giardino, Gröber, Vitti 21

NLO result: small  Expansionmz, mh
Wang, Xu, Xu, Yang 21

 +  Expansion + Padé approxp4
T m12

t
Bellafronte, Degrassi, Giardino, Gröber, Vitti 22



Setup & Amplitudes
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Diagrams: gg → ZH

H

G0

Z
Z Z

H H

Leading Order (1-loop) Diagrams

Box Triangle Goldstone

NLO (2-loop) Virtual Diagrams

t t, b t

Box
Triangle & 
Goldstone

1PR 
(start at 2-loop)

We compute in Feynman Gauge 

Keep the dependence on all EW 
couplings symbolic (can be varied)  

Set  mb = 0
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Decomposition: gg → ZH

Cross checked with conventional form factor decomposition at LO 
and at NLO with expansions

Idea: construct projectors for linearly polarised amplitudes in c.o.m frame, directly 
compute polarised amplitudes Chen 19; See also Peraro, Tancredi 19, 20;

Polarisation vectors can be expressed (up to normalisation factors  ) in terms of 
external momenta:

𝒩i

Davies, Mishima, Steinhauser 20

Projectors are just products of pol. vecs.
<latexit sha1_base64="+jyYgM9EiAE3iI11+AJz6atKz7Q="></latexit>
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Dimensional Regularisation &  γ5

𝒱Vff̄
μ = i

e
2 sin θW cos θW

γμ (vt + atγ5)

Z-Fermion Vertex 
Contains vector  and axial-vector :∼ vt γμ ∼ atγμγ5

We use dimensional regularisation ( ) to regulate divergences appearing 
in loop integrals, however, one can’t retain all properties of  in  dimensions

d = 4 − 2ϵ
γ5 d ≠ 4

h,Hq̄

q

W,Z

W,Z

Figure 30: Diagram contributing to qq̄ → V ∗ → h/H + V at lowest order.

H

q

q̄

g

t

t̄

H

g

g

t

t̄

Figure 31: Typical diagrams contributing to qq̄/gg → tt̄H at lowest order.

threshold effects are strongly diminished. The main parts of the QCD corrections originate from regions
significantly above the production threshold and can be approximated by a fragmentation approach
involving first producing a tt̄ pair supplemented by the t → tH fragmentation in the high-energy
limit [191, 194]. Although this provides a bad approximation for the magnitude of the cross section
itself it leads to a reasonable estimate of the relative QCD corrections [191]. The full NLO results have
recently been implemented in the Powheg box [195], matched to Sherpa [196] and generated within the
Mg5 amc@nlo framework [193] thus offering NLO event generators matched to parton showers. The
NLO result has recently been improved by a soft and collinear gluon resummation based on the SCET
approach starting from the boosted final-state particle triplet11 [198] leading to a further increase of the
cross section by 5-10%. The residual scale dependence is reduced to the level of 5− 10%. Recently the
electroweak corrections have been calculated for tt̄H production [199]. They range a the per-cent level
and are thus small. Moreover, off-shell top-quark effects have been determined at NLO in QCD [200]
with leptonic top-quark decays and turn out to be small for the inclusive tt̄H cross section. However,
they play a role in certain regions of phase space and are thus of relevance for distributions.

bb̄H production. Higgs bremsstrahlung off bottom quarks does not play a significant role for the
SM Higgs boson, but yields an important constraint on the bottom Yukawa coupling. Its total cross
section is of similar size as the tt̄H production cross section. The results of tt̄H production can be
taken over for bb̄H production. However, they have to be transformed to the four-flavour-scheme (4FS)
in order to avoid artificial large logarithms initiated by the bottom mass in the combination of the
virtual and real corrections at NLO. In this way finite bottom-mass effects can be taken into account
consistently. The NLO QCD corrections are positive and large. There is a decrease by about 10% due

11The recent alternative approach using conventional threshold resummation techniques does not yield a sizeable con-
tribution beyond NLO [197] due to the strong threshold suppression.

58

Z

Larin Scheme (Used here) 
Sacrifice anti-commuting property of  

Fix Ward identities/ABJ anomaly:

γ5

Alternative schemes exist e.g: 
Kreimer Scheme 
Retain , but, sacrifice 
cyclicity of traces involving   

Define `reading point’ and carefully 
manipulate all traces 

{γ5, γμ} = 0
γ5

J5
μ = Z5,ns J5

μ,B = Z5,ns [ i
3!

ϵμνρσψ̄γνγργσψ̄]
P5 = Z5,p P5

B = Z5,p [ i
4!

ϵμνρσψ̄γμγνγργσψ̄]
Z5,ns = 1 + αs(−4CF) + …
Z5,p = 1 + αs(−8CF) + …

Larin, Vermaseren 91; Larin 93 

Kreimer 90; Korner, Kreimer, Schilcher 92



Schematically: 

Amplitudes

+
<latexit sha1_base64="YazVSqnLQZMGP7qu/lsvC+qRJok=">AAACF3icbVDLSgMxFL3xWcdXq0s3g6UgWMqMCrqSghuXLdgHtEPJZNI2NPMgydSWoV/gVhd+jTtx69K/MZ3OwrYeCBzOfeTc40acSWVZP2hjc2t7Zze3Z+wfHB4d5wsnTRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyRw/zemtMhWRh8KSmEXV8PAhYnxGstFS/7OWLVsVKYa4TOyNFyFDrFRB0vZDEPg0U4VjKjm1FykmwUIxwOjNK3VjSCJMRHtCOpgH2qXSS1OrMLGnFM/uh0C9QZqoafyYS7Es59V3d6WM1lKu1ufhfrROr/p2TsCCKFQ3I4qN+zE0VmvO7TY8JShSfaoKJYNqsSYZYYKJ0OkubvDGLZOq6rLDOsTwhnsDPTjJZ3GDozOzVhNZJ86piX1fs+k2xep+ll4MzOIcLsOEWqvAINWgAAQov8Apv6B19oE/0tWjdQNnMKSwBff8CGwae1w==</latexit>

+ . . .
<latexit sha1_base64="yfxFO8ZNyoU1CfXkV0QhlyX+t4w=">AAACHnicbVDLSsNAFL2prxpfVZduBktBsJREBV1JwY3LClYLbZDJZNoOnTyYuamW0J9wqwu/xp241b9xmmbh68DA4dzHnHv8RAqNjvNplRYWl5ZXyqv22vrG5lZle+dGx6livM1iGauOTzWXIuJtFCh5J1Gchr7kt/7oYla/HXOlRRxd4yThXkgHkegLRtFInUPSk0GM+q5SdRpODvKXuAWpQoHW3bYFvSBmacgjZJJq3XWdBL2MKhRM8qld66WaJ5SN6IB3DY1oyLWX5Y6npGaUgPRjZV6EJFftbxMZDbWehL7pDCkO9e/aTPyv1k2xf+ZlIkpS5BGbf9RPJcGYzM4ngVCcoZwYQpkSxixhQ6ooQxPSj03BWCQ6d11HauKsP7BA0Xsve5jfYJvM3N8J/SU3Rw33uOFenVSb50V6ZdiDfTgAF06hCZfQgjYwkPAIT/BsvViv1pv1Pm8tWcXMLvyA9fEFoC2hvw==</latexit>

Rational functions 
Large num. terms/ high degree 
Handled with FORM & FireFly

Feynman integrals 
Analytically: Involved special functions 
(Polylogs, Elliptic…) 

In our work, we will compute them 
numerically or in a small-  expansionmt

ℳμνρ = ∑
i

AiT
μνρ
i , Ai = ∑

k

Ci,k Ik

11

ℳμνρ ∼

Vermaseren 00; Kuipers, Ueda, Vermaseren 13; Ruijl, Ueda, 
Vermaseren 17; Klappert, Lange 19; Klappert, Klein, Lange 20



Dealing with the Integrals
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Integral Reduction

Reduce to master integrals using Kira 2 + FireFly 

Mass ratios fixed  

Obtain 452 master integrals 
Basis: 
1) Select quasi-finite integrals 
2) Require - and kinematic dependence of denominators factorises     

(achieved by brute force neglecting sub-sectors, public tools are available) 

        

3) Prefer simple denominator factors 
4) Prefer fewer orders in epsilon for each master (found a basis in which all 7-

propagator integrals start contributing only at ) 
5) Prefer simpler numerators (check number of terms/file size) 

Steps 2-5 reduced the size of amplitude by factor of 5 
Largest coefficient (double-tadpole) 150 MB  5 MB 

m2
z

m2
t

=
23
83

,
m2

H

m2
t

=
12
23

d

N(s, t, d)
D(s, t, d)

I + … →
N′�(s, t, d)

D′�1(d)D′�2(s, t)
I′� + …

ϵ−1

→

Smirnov, Smirnov 20; Usovitsch 20

See: Matthias Kerner, Loops and Legs Proceedings 2018 

Maierhöfer, Usovitsch, Uwer 18;  
Klappert, Lange, P. Maierhöfer, Usovitsch 20;  
Klappert, Lange 20; Klappert, Klein, Lange 20
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Integrals evaluated numerically on GPUs using sector decomposition (pySecDec) 
(written in python, FORM, c++, CUDA)

Latest update: Expansion by Regions & Amplitude Evaluation

Evaluation of the Integrals

Vermaseren 00; Kuipers, Ueda, Vermaseren 13; Ruijl, Ueda, Vermaseren 17

Publicly available (Github) 

Extensive tests (CI) and 
documentation

Heinrich, Jahn, SPJ, Kerner, Langer, Magerya, Põldaru, Schlenk, Villa 21

Install with:  
python3 -m pip install --user --upgrade pySecDec

See talk of Vitaly→

http://www.github.com/gudrunhe/secdec


Combining with expanded results
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Comparison to Small  Expansionmt

Find acceptable agreement for  (<2.8% difference) 
Switch from the full numerical result to Padé result at this point

pT,Z ≥ 150 GeV

0 200 400 600 800 1000
pT,Z [GeV]

�0.020

�0.015

�0.010

�0.005

0.000

0.005

0.010

0.015

0.020
↵

s
/(

4⇡
)

(V
ex

p
�

V
)/

B
Padé (m2

Z , m2
H)

Padé (m4
Z , m4

H)

Full (Lin. Err.)

The amplitude can be expanded around small , , mt mh mz
Davies, Mishima, Steinhauser 20; 
Mishima 18

Previously known to , extended for this work to (m2
z , m2

h , m32
t ) (m4

z , m4
h , m32

t )



Results gg → ZH
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Real Emission Diagrams

There is some freedom regarding which real diagrams we include in  vs  
Must be careful not to double count when combining all channels for  
Our reals are evaluated using GoSam

gg qq̄
pp → ZH

Diagrams included in our work (   + massive top in loop) + crossingsnf = 5

We require: 
1) A closed fermion loop 
2) A Z-boson or Goldstone boson coupled to that loop

Figure 3: Representative Feynman diagrams for the real correction amplitudes ggZHg

and qq̄ZHg, with nf = 5 massless quarks and a massive top quark running in the

closed fermion loops. We calculate in the Feynman gauge and so also include the set

of diagrams in which the Z-boson propagators are replaced by Goldstone bosons.

Figure 4: Representative Feynman diagrams for the class of real corrections excluded

in this work; we exclude diagrams in which the Z boson couples to the external quark

line.

2.2 Computation of the real radiation contributions

The real radiation matrix elements are calculated using the one-loop amplitude gen-

erator GoSam [54, 55] together with an in-house C++ code, similar to the one used

in Refs. [53, 56], where the IR singularities are subtracted in the Catani-Seymour

scheme [52], supplemented by a dipole phase-space cut parameter ↵cut [57]. We have

checked that our implementation of the dipoles reproduces the matrix element in the

soft and collinear limits and that our results are independent of ↵cut for 0.2  ↵cut  1.

To check the numerical precision of our real matrix elements we use several rotation

tests (i.e., we perform azimuthal rotations about the beam axis and recompute the

phase-space point). We first compute the matrix element at a given phase-space point

and a rotated phase-space point in double precision. If the results do not agree to

10 digits, we compute the phase-space point in quadruple precision and check if it

– 7 –

Cullen et al. 11,14
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Real Emission Diagrams (II)

Diagrams excluded in our work

Left class of diagrams: separately UV/IR finite & gauge invariant  
Previously studied in detail 

Right class of diagrams: belongs to real corrections to Drell-Yan (i.e. ) 
Included in DY calculations

qq̄

See e.g. Brein, Harlander, Wiesemann, Zirke 12

Brein, Djouadi, Harlander 03; 
Ferrera, Grazzini, Tramontano 14;  
See also: Kumara, Mandal, Ravindran 14

Figure 3: Representative Feynman diagrams for the real correction amplitudes ggZHg

and qq̄ZHg, with nf = 5 massless quarks and a massive top quark running in the

closed fermion loops. We calculate in the Feynman gauge and so also include the set

of diagrams in which the Z-boson propagators are replaced by Goldstone bosons.

Figure 4: Representative Feynman diagrams for the class of real corrections excluded

in this work; we exclude diagrams in which the Z boson couples to the external quark

line.

2.2 Computation of the real radiation contributions

The real radiation matrix elements are calculated using the one-loop amplitude gen-

erator GoSam [54, 55] together with an in-house C++ code, similar to the one used

in Refs. [53, 56], where the IR singularities are subtracted in the Catani-Seymour

scheme [52], supplemented by a dipole phase-space cut parameter ↵cut [57]. We have

checked that our implementation of the dipoles reproduces the matrix element in the

soft and collinear limits and that our results are independent of ↵cut for 0.2  ↵cut  1.

To check the numerical precision of our real matrix elements we use several rotation

tests (i.e., we perform azimuthal rotations about the beam axis and recompute the

phase-space point). We first compute the matrix element at a given phase-space point

and a rotated phase-space point in double precision. If the results do not agree to

10 digits, we compute the phase-space point in quadruple precision and check if it

– 7 –

There is some freedom regarding which real diagrams we include in  vs  
Must be careful not to double count when combining all channels for  
Our reals are evaluated using GoSam

gg qq̄
pp → ZH

Cullen et al. 11,14
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Total Cross Section & Invariant Mass

is 2.7% larger than ours; we have verified that this is due only to the di↵erent choice of

PDFs and masses (mZ , mH and mt). At NLO their result is 2% larger than ours, we

ascribe this di↵erence again to the di↵erent choice of PDFs and masses. In Ref. [33]

the scale uncertainty is assessed via a 3-point scale variation by a factor of 3; adopting

this procedure we agree with their scale uncertainty of +27%
�21% at NLO.

p
s LO [fb] NLO [fb]

13 TeV 52.42+25.5%
�19.3% 103.8(3)+16.4%

�13.9%

13.6 TeV 58.06+25.1%
�19.0% 114.7(3)+16.2%

�13.7%

14 TeV 61.96+24.9%
�18.9% 122.2(3)+16.1%

�13.6%

Table 1: Total cross sections at LO and NLO with full top-quark mass dependence,

evaluated at the scale µR = µF = mZH . The upper and lower values resulting from a

7-point scale variation are also shown.

Di↵erential results for the invariant mass mZH = (pZ +pH)2 of the Z-Higgs system

are shown in Fig. 5 for the central scale choices mZH and HT , with

HT =
X

i=H,Z

q
m

2
i
+ p

2
T,i

+
X

k

|pT,k|, (3.1)

where the sum runs over all final state massless partons k. For the fully-inclusive case

(left), the K-factor is relatively flat with a value of about two, except at very low in-

variant masses where threshold corrections are significant. The kink in the distribution

at mZH ' 350 GeV is related to the tt̄-production threshold. Only a small reduction

of the scale uncertainty is observed going from LO to NLO. Note that the quark-gluon

channel for this process first opens up at the NLO level. The cuts pT,H � 140 GeV,

pT,Z � 150 GeV (Fig. 5 (right)) somewhat decrease the K-factor.

The Z-boson transverse momentum distributions at LO and NLO are shown in

Fig. 6. In the left plot we observe a K-factor which rises with increasing pT,Z , reaching

a value of almost 5 at pT,Z = 1 TeV, it is only slightly tamed by the cuts on pT,H and

pT,Z (right plot).

Fig. 7 shows the Higgs-boson transverse momentum distributions with and without

pT cuts. In the inclusive case (left) an extreme rise of the K-factor with increasing pT,H ,

up to values of about 20 towards pT,H = 1 TeV, is observed. The cuts pT,H � 140 GeV,

pT,Z � 150 GeV decrease this K-factor by a factor of about 3 at large pT,H values.

The cuts have such a large e↵ect on the K-factor of this distribution as they remove

configurations with a hard jet recoiling against a relatively hard Higgs while the Z boson

is soft, this configuration dominates the tail of the distribution but is not present at

– 9 –
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NLO/LO somewhat flat except at production & top pair production thresholds
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Comparison to Expansion (Small )mh, mz

4

ŝ/m
2

t û/m
2

t

V
0
fin

pySecDec O(m0) O(m2) O(m4)

1.707133657190554 �0.441203767016323 35.429092(6) 35.9823 35.5530 35.4478

3.876056604162662 �1.616287256345735 4339.045(1) 4319.37 4336.63 4338.73

4.130574250302561 �1.750372271104745 6912.361(3) 6870.47 6906.92 6911.64

4.130574250302561 �2.595461551488002 6981.09(2) 6979.28 6980.14 6980.85

134.5142052093564 �70.34125943305149 �153.9(4) �154.543 �154.458 �154.460

134.5142052093564 �105.1770655376327 527(4) 524.585 525.958 525.965

TABLE I. The finite part of the virtual corrections at six representative phase-space points. The column labelled pySecDec
contains results from [26], while those labelled O(mn) come from the small mass expansion. Note that the numbers correspond
to V

0
fin (see the text for explanation).
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 (GeV)s
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0.05

0.10

finV =50
T

p =200
T

p =400
T

p
=600

T
p =800

T
p

)0O(m )2O(m )4O(m

expansion:

order:

FIG. 1. Vfin as a function of
p
ŝ computed using the small-

mass expansion up to m
0 (blue marks), m2 (red marks), and

m
4 (black lines) for several representative values of pT .

overlap with each other completely, which demonstrates
the reliability of the expansion in the entire phase space.
We expect that the terms at O(m6) are irrelevant for
phenomenological applications.

We now combine the finite part of the virtual correc-
tions with the IR-subtracted real corrections, and present
our predictions for the total and di↵erential cross sec-
tions. We first consider the LHC with a center-of-mass
energy of

p
s = 13 TeV. We use the program package

vh@nnlo [8, 9] to calculate the contributions from the qq̄

channel (including QCD and EW corrections). This pro-
gram also gives the gg ! ZH contributions up to the
NLO in the heavy top limit, which we use as a reference
to compare our results with. The various results for three
values of µr = µf are listed in Table II. As expected, the
NLO corrections lead to significant enhancement (about
100%) to the gg ! ZH cross section. Combining our
results with the qq̄ contributions, we arrive at the state-
of-the-art fixed-order prediction for the pp ! ZH total
cross section at the 13 TeV LHC:

�pp!ZH = 882.9+3.5%
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FIG. 2. The LO and NLO di↵erential cross sections in the
gg ! ZH channel with respect to the ZH invariant mass in
the range 200 GeV 6 MZH 6 2500 GeV at the 13 TeV LHC.
The lower panel shows the ratios to the LO central values.

In the last two columns of Table II, we show for compar-
ison the results in the heavy top limit given by vh@nnlo.
We find that the situation is quite di↵erent from the
Higgs boson pair production: the finite top mass e↵ects
are much milder, which reduces the NLO cross sections
in the gg channel only by about 4%. This accidental fact
makes it promising that by calculating the order ↵4

s
con-

tributions in the heavy top limit, one could reduce the
residue theoretical uncertainty of the total cross section
down to the percent-level.

We now turn to the di↵erential cross sections. It is
well-known that the heavy top limit is not valid above
the 2mt threshold. On the other hand, the small mass
expansion provides reliable results for di↵erential cross
sections in the entire phase space. As an example, we
show in Fig. 2 the LO and NLO di↵erential cross sec-
tions in the gg ! ZH channel with respect to the invari-
ant mass MZH of the Z boson and the Higgs boson at
the 13 TeV LHC. The upper plot employs a logarithmic
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V
0
fin

pySecDec O(m0) O(m2) O(m4)
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134.5142052093564 �105.1770655376327 527(4) 524.585 525.958 525.965

TABLE I. The finite part of the virtual corrections at six representative phase-space points. The column labelled pySecDec
contains results from [26], while those labelled O(mn) come from the small mass expansion. Note that the numbers correspond
to V

0
fin (see the text for explanation).
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overlap with each other completely, which demonstrates
the reliability of the expansion in the entire phase space.
We expect that the terms at O(m6) are irrelevant for
phenomenological applications.

We now combine the finite part of the virtual correc-
tions with the IR-subtracted real corrections, and present
our predictions for the total and di↵erential cross sec-
tions. We first consider the LHC with a center-of-mass
energy of

p
s = 13 TeV. We use the program package

vh@nnlo [8, 9] to calculate the contributions from the qq̄

channel (including QCD and EW corrections). This pro-
gram also gives the gg ! ZH contributions up to the
NLO in the heavy top limit, which we use as a reference
to compare our results with. The various results for three
values of µr = µf are listed in Table II. As expected, the
NLO corrections lead to significant enhancement (about
100%) to the gg ! ZH cross section. Combining our
results with the qq̄ contributions, we arrive at the state-
of-the-art fixed-order prediction for the pp ! ZH total
cross section at the 13 TeV LHC:

�pp!ZH = 882.9+3.5%
�2.5% fb . (7)
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The lower panel shows the ratios to the LO central values.

In the last two columns of Table II, we show for compar-
ison the results in the heavy top limit given by vh@nnlo.
We find that the situation is quite di↵erent from the
Higgs boson pair production: the finite top mass e↵ects
are much milder, which reduces the NLO cross sections
in the gg channel only by about 4%. This accidental fact
makes it promising that by calculating the order ↵4

s
con-

tributions in the heavy top limit, one could reduce the
residue theoretical uncertainty of the total cross section
down to the percent-level.

We now turn to the di↵erential cross sections. It is
well-known that the heavy top limit is not valid above
the 2mt threshold. On the other hand, the small mass
expansion provides reliable results for di↵erential cross
sections in the entire phase space. As an example, we
show in Fig. 2 the LO and NLO di↵erential cross sec-
tions in the gg ! ZH channel with respect to the invari-
ant mass MZH of the Z boson and the Higgs boson at
the 13 TeV LHC. The upper plot employs a logarithmic

Can expand in only  and retain full  dependence 
Integrals appearing in the expansion (scales ) are known

mh, mz mt
s, t, m2

t
Caron-Huot, Henn 14; Becchetti, Bonciani 18; Xu, Yang 18; Wang, Wang, Xu, Xu, Yang 20; 

Expansion shows good agreement 
with numerical result  
No breakdown near top threshold

Wang, Xu, Xu, Yang 21

Wang, Xu, Xu, Yang 21

Authors obtained NLO results for  
Virtuals: small  expansion 
Reals: GoSam 

We find agreement with their total cross 
section result and uncertainty 
(2% difference ascribed to different choice of 
PDFs and masses)

gg → ZH
mh, mz
Cullen et al. 11, 14
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Large NLO corrections, rising sharply at large   
Placing cuts on soft  emission only slightly tames growth 

Very important to include higher order corrections in this region

pT,Z
H
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 Transverse MomentumH

Extremely large pathological NLO corrections, rising very sharply at large   
Placing cuts on soft  emission tames growth somewhat 

Let’s try to understand what is leading to this different behaviour for   vs 

pT,H
Z

pT,Z pT,H



The different behaviour of  and  was observed previously in  pT,Z pT,H gg → ZH + j

Traced to configurations where Higgs 
recoils against a hard jet, with a soft Z

24

Discussion: Z vs H

Hespel, Maltoni, Vryonidou 15; Les Houches 19
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Figure 2: Representative Feynman diagrams for gluon induced ZHj production in the SM.

obtained from the tree-level EFT amplitudes are modified by the ratio of the full one-loop

amplitude over the EFT ones, i.e., r = |M2
Loop|/|M2

EFT |, where |M2
Loop| represents the

numerical amplitude as obtained from MadLoop. In our case, reweighting proves to be

efficient in terms of the computational speed, as the loop amplitudes have to be calculated

for significantly fewer phase-space points than what would be needed to integrate them

directly. Moreover the EFT leads to distributions that are in general harder in the tails,

and therefore the EFT events populate regions that are later suppressed by the exact loop

matrix elements, resulting to no significant degradation of the statistical uncertainty.

2.2 Parton level results

Before proceeding to the technical setup and presenting results of the merging-matching,

we consider the salient aspects as observed at the parton level. The findings of this study

will reveal some previously unnoticed features of gg → ZH and will act as a motivation to

employ a merging-matching procedure in the following section.

In our computation the heavy quark masses are set to: mt =173 GeV and mb =4.75

GeV, while the Higgs mass to mH =125 GeV and the heavy quark Yukawas are given by

yq/
√
2 = mq/v. We note here that finite width effects in the propagators of the loops can be

taken consistently into account within MadGraph5 aMC@NLO via the implementation

of the complex mass scheme [55,56]. The effect of a non-zero top width is shown in Fig. 3,

where the matrix element squared for gg → ZH, for 900 scattering, is shown as a function

of the invariant mass of the ZH system. The correction is more important at the tt̄

threshold, where it reaches 20%. Finally, when integrated over all centre-of-mass energies

and scattering angles, we find the top-quark width to modify the gg → ZH cross-section

by ∼2% at 14TeV, an effect similar to that observed for single and double Higgs production

– 5 –

 

Maltoni et al. attributed this 
-channel gluon exchanget

One observation
If we apply an eikonal approximation to such diagrams, the enhancement of soft 

 bosons can be understood 

  

Ratio for large radiator (transverse) momentum 

Z

(Soft Z emission) :
pμ

p . pZ

(Soft H emission) :
mt

p . pH
∼ pT /mt ≫ 1
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Mass Scheme Uncertainty

: Baglio, Campanario, Glaus, Mühllleitner, Spira, Streicher 18 + Ronca 20, 21;  
: Catani, Devoto, Grazzini, Kallweit, Mazzitelli 20; : Martin, Moch, Saibel 21 
: Alioli, Fuster, Garzelli, Gavardi, Irles, Melini, Moch, Uwer, Voß 22; Various: Les Houches 19

HH
tt̄ t t̄H
t t̄j

Can assess impact of changing top quark mass renormalisation scheme 
for  using full B + full R + expanded virtualspT,H ≥ 140 GeV & pT,Z ≥ 150 GeV

Convert  using 4-loops, then use RGE at 5-loops with   
Gives      

Go from OS to  mass counter term using: 

  

Study 3 different renormalisation scales: 

 

mt → mt(mt) nf = 6
mt = 173.21 GeV → mt(mt) = 163.39 GeV

MS

mt → mt(μt) 1 +
αs(μR)

4π
CF 4 + 3 log [ μ2

t

mt(μt)2 ]

μt = mZH,

μt = HT = ∑
i=H,Z

m2
i + p2

T,i + ∑
k

|pT,k |

μt = mt(mt)

Chetyrkin, Kuhn, Steinhauser 00; Herren, Steinhauser 18
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Mass Scheme Uncertainty

Large difference between different schemes 
 LO: OS result ~2.9x  result 
 NLO: Difference reduced ~1.9x 

Scale  most similar to OS  (OS is 1.4x) 
Scale  differs most from OS (OS is 1.9x)

MS

μt = mt(mt)
μt = mZH

Observations @ mZH = 1 TeV

If taken as a theoretical 
uncertainty, is much larger 
than scale uncertainty
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Mass Scheme Uncertainty

Comparing to , we see a different high-energy behaviourgg → HH

    with  Afin
i = asA(0),fin

i + a2
s A(1),fin

i + 𝒪(a3
s ) as = αs /4π

A(0)
i ∼ m2

t fi(s, t)

A(1)
i ∼ 6CF A(0)

i log [ m2
t

s ]
A(0)

i ∼ m2
t fi(s, t) log2 [ m2

t

s ]
A(1)

i ∼
(CA − CF)

6
A(0)

i log2 [ m2
t

s ]

HH ZH Davies, Mishima, Steinhauser 20

Would be interesting to further understand these structures, similar power-
suppressed mass logarithms were studied in single H

Davies, Mishima, Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira, 
Streicher 20

LO:  from  
NLO: leading  from mass c.t. 
converting to  gives  
motivating scale choice of 

m2
t y2

t
log(m2

t )
MS log [μ2

t /s]
μ2

t ∼ s

Liu, Modi, Penin 22

LO: one  from  
NLO: leading  not 
coming from mass c.t. ( )

mt yt
log(m2

t )
CA



I have presented a calculation which underscores the usefulness of 
• Numerical methods for solving Feynman integrals 
• Using expansions, where valid, to supplement numerical results and explore the 

analytic structure 

Next steps… 
• Incorporate into public tools for  (?) 

Thank you for listening!

pp → ZH
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Conclusion



Backup
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Comparison to Large  Expansionmt

�1.0 �0.8 �0.6 �0.4 �0.2 0.0
�t
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V n
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n = 1

n = 2

n = 3

n = 4

Let us compare our result to the Born 
reweighted  expansion:1/m2n

t

<latexit sha1_base64="dOmsEUwL91Uo3OXj9txLg2DXigU="></latexit>

Vn =
B
Bn

eVn + V1PR

Per mille level agreement far 
below top quark threshold: 

 

Expansion breaks down at 
threshold, observe that it 
differs from our result 

Observation:  apparently 
worse than 

𝒱4/𝒱 = 0.9989

n = 1
n = 0

The amplitude has been expanded around large-  and computed analyticallymt
Hasselhuhn, Luthe, Steinhauser 17; Davies, Mishima, Steinhauser  20
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Helicity Amplitudes
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We can produce precise results for all helicity amplitudes also in kinematic limits!
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Evaluation of the Amplitude (Timing)

Each phase-space point evaluated with 2 x Nvidia Tesla V100 GPUs 
Precision goal set to 0.3% for each (linearly polarised) amplitude 

Timing/ point: 
Min: 45 mins,     Max:  24 hr (wall-clock), ~65 hr (high-energy),     Median: 3.5 hr

Worst performance near to ,  thresholds, high-energy and forward scatteringZH tt̄
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