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Motivation
Why care about the high-energy limit?

• Interesting theoretical question


• Use it as a toy model for scattering amplitudes


• Has still rich structure in both kinematics and colour


• Understand all-order behaviour of amplitudes


• Regge poles and Regge cuts in perturbative QCD


• Provide constraints for universal infrared divergences

4

 rungsn

two-dimensional 
bubble integrals

simplification in 
high-energy limit
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 Scattering Amplitudes2 → 2

5

i(p1, a1, λ1)

j(p2, a2, λ2) j(p3, a3, λ3)

i(p4, a4, λ4)
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• We will consider  scattering amplitudes in any massless theory


• 


• Described in terms of Mandelstam invariants


•  


2 → 2

 Scattering Amplitudes2 → 2

5

i(p1, a1, λ1)

j(p2, a2, λ2) j(p3, a3, λ3)

i(p4, a4, λ4)

momentum conservation implies
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• We will consider  scattering amplitudes in any massless theory


• 


• Described in terms of Mandelstam invariants


•  


2 → 2

• The high-energy limit is defined to be

 Scattering Amplitudes2 → 2

5

i(p1, a1, λ1)

j(p2, a2, λ2) j(p3, a3, λ3)

i(p4, a4, λ4)

momentum conservation implies
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What are Regge poles and cuts?

6

Let us travel back to the 1960s, prior to QCD

Start with partial wave expansion of the scattering amplitude

angular momentum in t-channel dependence of a state of 
angular momentum 


are the Legendre polynomials
ℓ[Regge ’59, ’60; Eden, Landshoff, Olive, Polkinghorne ’66; Collins ‘77]
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What are Regge poles and cuts?

6

Let us travel back to the 1960s, prior to QCD

Start with partial wave expansion of the scattering amplitude

angular momentum in t-channel dependence of a state of 
angular momentum 


are the Legendre polynomials
ℓ[Regge ’59, ’60; Eden, Landshoff, Olive, Polkinghorne ’66; Collins ‘77]

Sommerfeld-Watson transforms series into a counter integral, picking up poles in the complex angular momentum plane 

Legendre polynomials have the asymptotic behaviour

Regge cuts arise from only 

nonplanar diagrams

Regge’s idea was to open up the contour


Doing so we will pick up 

other analytic behaviour Regge cuts

Regge poles

at non-integer locations [Mandelstam ’63]

Only from Feynman integral 
analysis, there is no colour (yet)

We will show how to 
disentangle cuts and poles 

in perturbative QCDThis contour is subleading in high energy limit
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The High-Energy Limit of QCD
At Leading Logarithmic Accuracy: The Regge trajectory

i(p1, a1, λ1)

j(p2, a2, λ2) j(p3, a3, λ3)

i(p4, a4, λ4)
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The High-Energy Limit of QCD
At Leading Logarithmic Accuracy: The Regge trajectory
• At leading power the amplitude is


i(p1, a1, λ1)

j(p2, a2, λ2) j(p3, a3, λ3)

i(p4, a4, λ4)

7

helicity conservation

colour operator notation

valid for any representation 

convenient to define the colour 
flow operators corresponding to 

Mandelstam invariants
colour charge in t-channel is 
the adjoint Casimir (gluon)
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The High-Energy Limit of QCD
At Leading Logarithmic Accuracy: The Regge trajectory
• At leading power the amplitude is


• Large Logarithms develop in the ratio  at each order in  s/(−t) αs

• They can be resummed by the famous QCD Regge pole

• The exponent  is the Regge trajectory. At one-loop it isαg

• This captures logarithms of the form , what about subleading logarithms?αn
s logn ( s

−t )

i(p1, a1, λ1)

j(p2, a2, λ2) j(p3, a3, λ3)

i(p4, a4, λ4)
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Odd/even amplitudes
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Odd/even amplitudes

• It is convenient to exploit  symmetry in the high-energy limit. We define even and odd amplitudes such that they have 
definite sign under crossing


s ↔ u

8
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Odd/even amplitudes

• It is convenient to exploit  symmetry in the high-energy limit. We define even and odd amplitudes such that they have 
definite sign under crossing


s ↔ u

• With the symmetric even logarithm


8

Odd amplitudes Real part

Even amplitudes Imaginary part
We will focus on the 

odd amplitudes

[Caron-Huot, Gardi, Vernazza ’17]
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Odd/even amplitudes

• It is convenient to exploit  symmetry in the high-energy limit. We define even and odd amplitudes such that they have 
definite sign under crossing


s ↔ u

• With the symmetric even logarithm


• It will be convenient to define the odd colour structure


8

As the kinematic term  is odd, the odd amplitude will have an even number of 
s
t

T2
s−u

Odd amplitudes Real part

Even amplitudes Imaginary part
We will focus on the 

odd amplitudes

[Caron-Huot, Gardi, Vernazza ’17]
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Odd/even amplitudes

• It is convenient to exploit  symmetry in the high-energy limit. We define even and odd amplitudes such that they have 
definite sign under crossing


s ↔ u

• With the symmetric even logarithm


• It will be convenient to define the odd colour structure


• The amplitude, written as an expansion

8

As the kinematic term  is odd, the odd amplitude will have an even number of 
s
t

T2
s−u

Odd amplitudes Real part

Even amplitudes Imaginary part
We will focus on the 

odd amplitudes

[Caron-Huot, Gardi, Vernazza ’17]
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Next-to-Leading-Logarithms
Two-loop Regge trajectory and impact factors

• At the next logarithmic accuracy we need to generalise the Regge pole - Regge factorisation


9

impact factorsRegge trajectory

Odd amplitude
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Next-to-Leading-Logarithms
Two-loop Regge trajectory and impact factors

• At the next logarithmic accuracy we need to generalise the Regge pole - Regge factorisation


• Expanding to two loops we have

9

impact factorsRegge trajectory

Odd amplitude
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Infrared Divergences
The cusp and collinear anomalous dimensions

10

A similar exponentiation occurs for infrared divergences of scattering amplitudes
Long distance singularities factorise

soft anomalous dimension

integrating over the running coupling generates infrared polesfinite hard function
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Infrared Divergences
The cusp and collinear anomalous dimensions

10

A similar exponentiation occurs for infrared divergences of scattering amplitudes
Long distance singularities factorise

soft anomalous dimension

integrating over the running coupling generates infrared polesfinite hard function
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Soft anomalous dimension in the high-energy limit is

starts at NLL for even amplitudes and NNLL for odd amplitudes
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Comparing Regge and infrared factorisation

11

Infrared factorisation valid to NLL Regge factorisation valid to NLL

holds at two loops

Comparing the two exponentiations gives two obvious equalities at NLL

finite at one loop 

This identification suggests it is eikonal We will see later how these 
generalise at NNLL and beyond

[Korchemskaya, Korchemsky ’94, ’96]

[Del Duca, Falcioni, Magnea, Vernazza ’14]
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• At the next logarithmic order the factorisation fails and we need to add a non-factorising term


Next-to-Next-to-Leading-Logarithms
Non-factorising term

12

The pole term can only contain Casimirs

But the amplitude no longer carries just the colour structure of the tree-level 

While the factorising term is associated 
to Regge poles the non-factorising term 

is associated to Regge cuts

universal - independent of fundament/adjoint scattering particles depends only on  or  not togetheri j
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• At the next logarithmic order the factorisation fails and we need to add a non-factorising term


• To see this, let us return to colour

Next-to-Next-to-Leading-Logarithms
Non-factorising term

12

tree-level
contributes to the odd amplitude at NNLL

Use a basis that is orthonormal and one of the elements is the tree-level antisymmetric octet

the others contribute to the even amplitude

The pole term can only contain Casimirs

But the amplitude no longer carries just the colour structure of the tree-level 

While the factorising term is associated 
to Regge poles the non-factorising term 

is associated to Regge cuts

universal - independent of fundament/adjoint scattering particles depends only on  or  not togetheri j
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• Expanding the above two loops at NNLL we have


The Scheme Dependence at NNLL

loop order log order

fixed We can shift terms that are colour proportional to the tree-level between these

There is an ambiguity in the definition of the two-loop impact factors
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• Expanding the above two loops at NNLL we have


• We can access this NF term by a computation

The Scheme Dependence at NNLL

loop order log order

fixed We can shift terms that are colour proportional to the tree-level between these

There is an ambiguity in the definition of the two-loop impact factors
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• Expanding the above two loops at NNLL we have


• We can access this NF term by a computation

The Scheme Dependence at NNLL

loop order log order

fixed We can shift terms that are colour proportional to the tree-level between these

There is an ambiguity in the definition of the two-loop impact factors

Ta Tb Tc

Ta Tb Tc

k
1

k
2

k
3

↵g

The pole term can be thought of 
as a single “Reggeized” gluon 

(Reggeon) in the t-channel

Two Reggeon exchange 
appears in the even amplitude. 

We shall not consider it.
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• Expanding the above two loops at NNLL we have


• We can access this NF term by a computation

The Scheme Dependence at NNLL

loop order log order

fixed We can shift terms that are colour proportional to the tree-level between these

There is an ambiguity in the definition of the two-loop impact factors

Ta Tb Tc

Ta Tb Tc

k
1

k
2

k
3

↵g

The pole term can be thought of 
as a single “Reggeized” gluon 

(Reggeon) in the t-channel

Two Reggeon exchange 
appears in the even amplitude. 

We shall not consider it.

Ta Tb Tc

Ta Tb Tc

k
1

k
2

k
3

we shall call this scheme MRS = Multiple Reggeon States

At two loops we can start to exchange three Reggeons

We can calculate it based on shockwave 
formalism and Balitsky-JIMWLK evolution

[Caron-Huot ’13]

[Caron-Huot, Gardi, Vernazza ’17]

Even number of T2
s−u

Overall factor of  is 
indicative of a cut

π2 = − (iπ)2

sum over all possible orderings
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MRS at three and four loops

14

commutators are subleading in planar limit only this gives planar contribution

[Caron-Huot, Gardi, Vernazza ’17]
Functions in 


Uniform transcendental weight
ϵ
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MRS at three and four loops

14

commutators are subleading in planar limit only this gives planar contribution

[Caron-Huot, Gardi, Vernazza ’17]
Functions in 


Uniform transcendental weight
ϵ

The four-loop contribution is entirely nonplanar

[Falcioni, Gardi, CM, Vernazza ’20]

̂ζ3

Common ratios between even and odd zetas

Define new zeta values to absorb them

They appear in other computations

[Baikov, Chetyrkin ’19; Kotikov, Teber ’19]
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But we could move any part of the 
term colour proportional to the tree-

level into new impact factors 

The impact factors can be found from matching to amplitudes

15
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Choosing a scheme

But we could move any part of the 
term colour proportional to the tree-

level into new impact factors 

The impact factors can be found from matching to amplitudes

• The MRS scheme was used because it made calculational sense


• Evaluating the term in the planar limit gives


• At odds with the term being identified as coming from Regge cuts in the complex angular momentum plane


• Naturally gives a new scheme we call the “cut” scheme

15

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]

What is the most “physical” scheme?

SRS = Single Reggeon State
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Introducing the cut scheme

16

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]
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Introducing the cut scheme

16

• We define a new pole term with a new Regge trajectory and new impact factors

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]
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Introducing the cut scheme

16

• We define a new pole term with a new Regge trajectory and new impact factors

• At two loops we compute the nonplanar piece of the MRS term. 

Then keeping the whole amplitude invariant we have a relation between the impact factors in both schemes

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]
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Introducing the cut scheme

16

• We define a new pole term with a new Regge trajectory and new impact factors

• At two loops we compute the nonplanar piece of the MRS term. 

Then keeping the whole amplitude invariant we have a relation between the impact factors in both schemes

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]

• We can do the same at three loops, finding a relation between the three-loop Regge trajectories
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Introducing the cut scheme

16

• At four loops (and beyond) the MRS term was already nonplanar

We have exhausted all possible parameters at NNLL to absorb planar contributions into the pole term 

As such we know the four-loop Regge cut in any gauge theory! It is a universal result

• We define a new pole term with a new Regge trajectory and new impact factors

• At two loops we compute the nonplanar piece of the MRS term. 

Then keeping the whole amplitude invariant we have a relation between the impact factors in both schemes

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]

• We can do the same at three loops, finding a relation between the three-loop Regge trajectories



What can we extract?
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Two-loop results
• Using the cut scheme we can extract two-loop Regge trajectory and impact factors


18

Note the two-loop Regge 
trajectory in both 

schemes are equal.

It is a NLL quantity
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Two-loop results
• Using the cut scheme we can extract two-loop Regge trajectory and impact factors


• We expand the amplitudes known to  in the high-energy limit and compare𝒪(ϵ2)

18

Note the two-loop Regge 
trajectory in both 

schemes are equal.

It is a NLL quantity

[Ahmed, Henn, Mistlberger ’19]

we define the cusp-subtracted Regge trajectory

• Order  and above are new results


• Finite at two loops, as discussed earlier

• Agrees with the planar limit of

ϵ

[Del Duca, Marzucca, Verbeek ’21]

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL]
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Two-loop impact factors

• We extract them to 


•  and above are new results


• Agrees with the planar limit of


• Divergences are given by the collinear anomalous dimension

𝒪(ϵ2)

𝒪(ϵ)

19

[Del Duca, Falcioni, Magnea, Vernazza ’14]

[Del Duca, Marzucca, Verbeek ’21]

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL] There is no cut in the planar limit!

We are considering the cut 

contribution for the first time!
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• We can also do the same at three loops
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The three-loop Regge trajectory
• We can also do the same at three loops


• The relevant three-loop amplitudes have been computed recently

20

[Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi ’21]

[Falcioni, Gardi, Maher, CM, Vernazza ’21, PRL; see also Caola, Chakraborty, Gambuti, von Manteuffel, Tancredi ’21]

• Finite, thus has poles governed by the cusp anomalous dimension


 Also for  there are no -subleading corrections, maximally non-Abelian


Is it an eikonal quantity? Can we define it in terms of Wilson lines? 


• Agrees with the planar limit of

nf = 0 Nc

[Del Duca, Marzucca, Verbeek ’21]

also Giulio Gambuti’s talk
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Infrared Constraints at four loops

21

• Infrared factorisation

• Soft anomalous dimension in high-energy limit
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• Infrared factorisation

• Soft anomalous dimension in high-energy limit
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• Explicit results in the high-energy limit, in any gauge theory
NLL 4-loop

• Matching gives asymptotic limits of the four-loop functions

NNLL 4-loop
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Let us revisit the two exponents

infrared factorisation Regge pole

soft anomalous dimension cut-scheme Regge trajectory

The poles of the Regge trajectory are given by the cusp in the adjoint

For the two exponents to match we need the linear term of the soft anomalous dimension to be the cusp

gives further constraints

[Falcioni, Gardi, Maher, CM, Vernazza ’21]

<latexit sha1_base64="rZRQQXU36b1mEWdnSpfQsCAzMO0="></latexit>

�1

2

Z µ2

0

d�2

�2
�

<latexit sha1_base64="/q5Xw1zws7la30llXdGmpW+tOpQ=">AAAB+HicbVDLSsNAFJ3UV42PRl26GSyCq5KIqBux6MZlBfuANpTJdNIOnUzCzI1SQ7/EjaAibv0J927Ev3H6WGjrgQuHc+7l3nuCRHANrvtt5RYWl5ZX8qv22vrGZsHZ2q7pOFWUVWksYtUIiGaCS1YFDoI1EsVIFAhWD/qXI79+y5TmsbyBQcL8iHQlDzklYKS2U2gJFoLi3R4QpeK7tlN0S+4YeJ54U1I8/7DPkqcvu9J2PludmKYRk0AF0brpuQn4GVHAqWBDu5VqlhDaJ13WNFSSiGk/Gx8+xPtG6eAwVqYk4LH6eyIjkdaDKDCdEYGenvVG4n9eM4Xw1M+4TFJgkk4WhanAEONRCrjDFaMgBoYQqri5FdMeUYSCyco2IXizL8+T2mHJOy4dXbvF8gWaII920R46QB46QWV0hSqoiihK0QN6Ri/WvfVovVpvk9acNZ3ZQX9gvf8AzMuW1w==</latexit>$ <latexit sha1_base64="f/uvUYHH4q6fe3f3bYTwP1lqfM4=">AAACAHicbVC7SgNBFJ2Nr5j4iFpY2AxGITZhV0Qto2ksLCKYByTLMjs7SYbMPpi5GwhLGn/FxkIRGwtb/8DOD9HayaPQxAMXDufcy733uJHgCkzz00gtLC4tr6RXM9m19Y3N3NZ2TYWxpKxKQxHKhksUEzxgVeAgWCOSjPiuYHW3Vx759T6TiofBLQwiZvukE/A2pwS05OR2y85FC7jwWNIiIuqSodMpwNG1k8ubRXMMPE+sKcmXDr5e3/vZ74qT+2h5IY19FgAVRKmmZUZgJ0QCp4INM61YsYjQHumwpqYB8Zmyk/EDQ3yoFQ+3Q6krADxWf08kxFdq4Lu60yfQVbPeSPzPa8bQPrcTHkQxsIBOFrVjgSHEozSwxyWjIAaaECq5vhXTLpGEgs4so0OwZl+eJ7XjonVaPLnRaVyiCdJoD+2jArLQGSqhK1RBVUTREN2jR/Rk3BkPxrPxMmlNGdOZHfQHxtsP4JGaYQ==</latexit>

CA↵̃g(t)L

<latexit sha1_base64="WXZ522GoZFLPbF2FhdpdXQSeldc="></latexit>

d

dL
�

����
L=0

Mtree
ij!ij = �cusp

A Mtree
ij!ij



/23Calum Milloy High energy limit of 2->2 scattering amplitudes at NNLL

Further Constraints

22

Let us revisit the two exponents

infrared factorisation Regge pole

soft anomalous dimension cut-scheme Regge trajectory

The poles of the Regge trajectory are given by the cusp in the adjoint

For the two exponents to match we need the linear term of the soft anomalous dimension to be the cusp

gives further constraints

[Falcioni, Gardi, Maher, CM, Vernazza ’21]

The three-loop soft anomalous dimension is bootstrapable [Almelid, Duhr, Gardi, McLeod, White ’17]

We have found useful constraints for a potential four-loop bootstrap
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Conclusions

• We have shown how to define a nonplanar Regge cut in perturbative QCD by shifting planar terms 
from multiple Reggeon exchanges into the pole term


• The Regge trajectory in the pole term has infrared poles governed by the cusp anomalous dimension


• In this scheme we have found the three-loop Regge trajectory


• Provided constraints on the four-loop soft anomalous dimension relevant for a potential bootstrap


• To be explored: direct connection between Regge cuts in the complex angular momentum plane and 
modern amplitudes
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nonplanar - consistent with 
Regge cut behaviour

Thank you!
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(Very) brief introduction to Regge poles and cuts

26

Amplitude via dispersion relations

Mellin transformed discontinuities

Even and odd 
amplitudes at leading 

power

Regge poles

Regge cuts

[Caron-Huot, Gardi, Vernazza ’17]
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Formulating highly energetic partons as Wilson lines
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Target Projectile

Evolve so that they are at equal rapidity

evolves according to Balitsky-JIMWLK

The amplitude is then written as

Only odd/even number of Reggeons contribute to the odd/even amplitude

In this framework the NLL divergences have been resummed and finite parts known to very high loop order 

Can we achieve the same at NNLL?
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[Caron-Huot, Gardi, Reichel, Vernazza ’17, ’20]
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Reggeon field

regulate rapidity divergences by tilting 
Wilson-line off the light cone

Expand Wilson line in Reggeons

our parton is a collection 
of such Wilson lines

“eikonal approximation” Fourier conjugate of t

z2
⊥ ↔ t

Target and projectile 
separated by some 

https://arxiv.org/abs/1309.6521
https://arxiv.org/abs/1701.05241
https://arxiv.org/abs/1711.04850
https://arxiv.org/abs/2006.01267


Explicit momentum-space Hamiltonians
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The diagonal transitions are

with kernel
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The off-diagonal transitions are

with kernel

dresses one Reggeon 
with the trajectory adds a rung between two Reggeons

Source of the difficulty at NNLL. 
Three Reggeons spoil the 

symmetry between colour and 
kinematics, which is there for 

two Reggeons (NLL).
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The odd NNLL amplitude

Expand in terms of the coupling and logarithms


We get the all-order expression for the n-loop amplitude


Only require Leading Order Balitsky-JIMWLK Hamiltonian 

and results from two-loop amplitudes (impact factors)
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Expand Hamiltonian to 
describe transitions between 
different Reggeon (W) states
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Ĥ3!3
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reduced amplitude, see slide 7 see slide 8 for the explicit 
momentum-space Hamiltonians



One-loop impact factors

Two-loop Regge trajectory
[Fadin, Kotsky, Fiore ’95; Fadin, Fiore, Kotsky ’96; 


Fadin, Fiore, Quartarolo ’96; Blumlein, Ravindran, van Neerven '98]

[Fadin, Fiore ’92; Fadin, Lipatov ’93; Fadin, Fiore, Quartarolo ’94; 

Lipatov ’97; Del Duca, Schmidt ’98; Bern, Del Duca, Schmidt ‘98]

NLL pole parameters


