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QCD Energy-Momentum Tensor

2

Noether current for space-time translational invariance of LagrangianCanonical
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Belinfante - Rosenfeld Symmetric
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Tµ⌫ = T ⌫µ

[Belinfante ’39, ’40]

[Rosenfeld ‘40]
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Tµ⌫
q“Gluonic” “Quark”

❖ sum over gluon color is implicit

❖ Terms with gauge-fixing and ghost fields do not contribute to matrix elements between physical states
[Nielsen ‘77]

[Collins, Duncan, Joglekar ‘77]
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A{µB⌫} = AµB⌫ +A⌫Bµ

[Ji ’95]
[Lorcé 14]
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Our Focus: Renormalization
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usually divergent ❖ EM tensor is a sum of composite operators
[Nielsen ’77]

❖                                          conserved: finite & scale independent
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[Tµ⌫ ]R = Tµ⌫

❖ Quark and gluon parts require renormalization
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Goal Computation of renormalization constants at 4-loop

State-of-the-art for renormalization

❖ 2-loop: Hatta, Rajan, Tanaka ’18
❖ 3-loop: Tanaka ’19
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MS
❖ Metz, Pasquini, Rodini ’20, ‘21
❖ Lorcé, Metz, Pasquini, Rodini 21

Other schemes

[Collins, Duncan, Joglekar ’77]

[Dixon, Taylor ’74]

[Joglekar, Lee ’76]
[Kluberg-Stern, Zuber ’75]

[Adler, Collins, Duncan ’77]
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Why Studying This? - EIC
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❖ Understanding the dynamics of quarks and gluons inside the hadrons

❖ How does the mass arise?

Many fundamental questions at

       Electron-Ion Collider

Trace anomaly contributes
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Why Studying This? - Nucleon FF
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EM tensor contains important information about structures of nucleon

Even more important if we discuss quark and gluon parts separately

Partonic decomposition of nucleon mass and spin

Non-forward nucleon matrix element
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�µ = P 0µ � Pµ

❖ All these 4 form factors are important

❖ D: radial pressure distribution inside a nucleon
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❖ Ji sum rule for nucleon spin
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= Jq + Jg
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1

2
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Related to second moment of generalized PDF
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Operator Mixing

6

Define 4-operators
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Lorentz covariance analysis: Mix under renormalization
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A{µB⌫} = AµB⌫ +A⌫Bµ

sum over quark flavors is implicit

Mixing with equation-of-motion and BRST exact operators are omitted

matrix elements between physical states vanish

[Talk by Giulio Falcioni]

Our interest:  renormalization of                    between physical states
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Tq and Tg
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O1 ⌘ �Fµ�F ⌫
�

O2 ⌘ ⌘µ⌫F 2

O3 ⌘  �{µ i
2

$
D⌫} 

O4 ⌘ ⌘µ⌫ m 

And: [Falcioni, Herzog ’22]

[Talk by Tongzhi Yang]
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❖ Determine these 10 renormalization constants at 4-loop in QCD

❖ Calculable through evaluating Green correlation function involving these operators: Feynman diagrams

❖ An alternative method without explicit computation [Hatta, Rajan, Tanaka ’18]

[Tanaka ’18]

❖ Two-point Green function with zero momentum operator insertion

❖ Sudakov form factor
<latexit sha1_base64="dPu3f/MQvB7MygmjOMiCo7zHNm8="></latexit>

Lint = hµ⌫(x)
�
qT

µ⌫
q + gT

µ⌫
g

�
Exploit RG evolution

Three-loop: [TA, Banerjee, Dhani, Mathews, Rana, Ravindran ’16]
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Symmetric Rank-Two Tensor
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❖ Traceless & trace parts are in different irreducible representations of Lorentz group

❖ Regroup the operators to traceless tensor representation of Lorentz group

❖ Can be separated into traceless and trace components

do not mix

renormalization should preserve Lorentz symmetry

Block diagonal renormalization constant matrix

apply this on           and            (& EOM for operator) 
<latexit sha1_base64="T1kejmd90bq6Ar8EZNlSzVLweKE=">AAACCnicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVl0484K9gFtLJPJTTt0MgkzE6GE/IEf4FY/wZ249Sf8An/DSZuFbT0wcDjnXu6Z48WcKW3b31ZpZXVtfaO8Wdna3tndq+4ftFWUSAotGvFIdj2igDMBLc00h24sgYQeh443vsn9zhNIxSLxoCcxuCEZChYwSrSRHvsh0SNKeHqXDRw8qNbsuj0FXiZOQWqoQHNQ/en7EU1CEJpyolTPsWPtpkRqRjlklX6iICZ0TIbQM1SQEJSbTlNn+MQoPg4iaZ7QeKr+3UhJqNQk9MxknlItern4n9dLdHDlpkzEiQZBZ4eChGMd4bwC7DMJVPOJIYRKZrJiOiKSUG2KmruizKdG4GcV04yz2MMyaZ/VnYv6+f15rXFddFRGR+gYnSIHXaIGukVN1EIUSfSCXtGb9Wy9Wx/W52y0ZBU7h2gO1tcvRzmbFQ==</latexit>

O1
<latexit sha1_base64="q8M5c8n3D0S+KHCoH69PHs+ZkRY=">AAACCXicbVBLTsMwFHwpv1J+BZZsLCokVlUCFbCsYMOOItGP1EaV47itVccJtoNURTkBB2ALR2CH2HIKTsA1cNosaMtIlkYz7+mNx4s4U9q2v63Cyura+kZxs7S1vbO7V94/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG99kfvuJSsVC8aAnEXUDPBRswAjWRnJ7AdYjgnlyl/bP++WKXbWnQMvEyUkFcjT65Z+eH5I4oEITjpXqOnak3QRLzQinaakXKxphMsZD2jVU4IAqN5mGTtGJUXw0CKV5QqOp+ncjwYFSk8Azk1lItehl4n9eN9aDKzdhIoo1FWR2aBBzpEOUNYB8JinRfGIIJpKZrIiMsMREm57mrijzqRH105JpxlnsYZm0zqrORbV2X6vUr/OOinAEx3AKDlxCHW6hAU0g8Agv8Apv1rP1bn1Yn7PRgpXvHMIcrK9f7R6a7Q==</latexit>

O3

trace<latexit sha1_base64="mZHg5ulvGKXYd4stWvxz2B0COZk="></latexit>

Ō
µ⌫

⌘ O
µ⌫

�
1

d
⌘µ⌫⌘↵�O

↵�

<latexit sha1_base64="foLNOCtaoh8aK/0Z0mzEa8TowGE="></latexit>

trace(Ōµ⌫) = 0
<latexit sha1_base64="J5pxbrn2SACZlFFttrFQ9l3vkf4="></latexit>

Ō1 = O1 +
1

d
O2

Ō3 = O3 �
1

d
O4

<latexit sha1_base64="mMIA+dqq5sriPMxVbWnCVIvUW/E="></latexit>0

BB@

Ō3

Ō1

O2

O4

1

CCA

R

=

0

BB@

Zqq Zqg 0 0
Zgq Zgg 0 0
0 0 ZFF ZFm

0 0 0 1

1

CCA

0

BB@

Ō3

Ō1

O2

O4

1

CCA
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<latexit sha1_base64="0puWj8lCqwp3gT4LpP9WdvhXKwI=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVl0484K9gFtKJPJTTt0MokzE6GEfIEf4FY/wZ249Sv8An/DSZuFbT0wcDjnXu6Z48WcKW3b31ZpZXVtfaO8Wdna3tndq+4ftFWUSAotGvFIdj2igDMBLc00h24sgYQeh443vsn9zhNIxSLxoCcxuCEZChYwSrSR3H5I9IgSnt5lA2dQrdl1ewq8TJyC1FCB5qD60/cjmoQgNOVEqZ5jx9pNidSMcsgq/URBTOiYDKFnqCAhKDedhs7wiVF8HETSPKHxVP27kZJQqUnomck8pFr0cvE/r5fo4MpNmYgTDYLODgUJxzrCeQPYZxKo5hNDCJXMZMV0RCSh2vQ0d0WZT43AzyqmGWexh2XSPqs7F/Xz+/Na47roqIyO0DE6RQ66RA10i5qohSh6RC/oFb1Zz9a79WF9zkZLVrFziOZgff0C6eya6w==</latexit>

O1         and                 twist-2 + twist-4 
<latexit sha1_base64="q8M5c8n3D0S+KHCoH69PHs+ZkRY=">AAACCXicbVBLTsMwFHwpv1J+BZZsLCokVlUCFbCsYMOOItGP1EaV47itVccJtoNURTkBB2ALR2CH2HIKTsA1cNosaMtIlkYz7+mNx4s4U9q2v63Cyura+kZxs7S1vbO7V94/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG99kfvuJSsVC8aAnEXUDPBRswAjWRnJ7AdYjgnlyl/bP++WKXbWnQMvEyUkFcjT65Z+eH5I4oEITjpXqOnak3QRLzQinaakXKxphMsZD2jVU4IAqN5mGTtGJUXw0CKV5QqOp+ncjwYFSk8Azk1lItehl4n9eN9aDKzdhIoo1FWR2aBBzpEOUNYB8JinRfGIIJpKZrIiMsMREm57mrijzqRH105JpxlnsYZm0zqrORbV2X6vUr/OOinAEx3AKDlxCHW6hAU0g8Agv8Apv1rP1bn1Yn7PRgpXvHMIcrK9f7R6a7Q==</latexit>

O3

         and                 twist-2 + twist-4 twist-4 components can be expressed in terms of          and 
<latexit sha1_base64="8XPKTJaNf2GCvtRZi/ROef1ThOs=">AAACCXicbVDLSsNAFL2pr1pfVZduBovgqiSlqMuiG3dWsA9oQ5lMJu3QySTOTIQS+gV+gFv9BHfi1q/wC/wNJ20WtvXAwOGce7lnjhdzprRtf1uFtfWNza3idmlnd2//oHx41FZRIgltkYhHsuthRTkTtKWZ5rQbS4pDj9OON77J/M4TlYpF4kFPYuqGeChYwAjWRnL7IdYjgnl6Nx3UBuWKXbVnQKvEyUkFcjQH5Z++H5EkpEITjpXqOXas3RRLzQin01I/UTTGZIyHtGeowCFVbjoLPUVnRvFREEnzhEYz9e9GikOlJqFnJrOQatnLxP+8XqKDKzdlIk40FWR+KEg40hHKGkA+k5RoPjEEE8lMVkRGWGKiTU8LV5T51Ij605JpxlnuYZW0a1Xnolq/r1ca13lHRTiBUzgHBy6hAbfQhBYQeIQXeIU369l6tz6sz/lowcp3jmEB1tcv64Wa7A==</latexit>

O2
<latexit sha1_base64="azXy2QGfNTrwS/YlsgD+ty/Li3U=">AAACCXicbVDLSsNAFL3xWeur6tLNYBFclUSKuiy6cWcF+4A2lMlk0g6dTOLMRCghX+AHuNVPcCdu/Qq/wN9w0mZhWw8MHM65l3vmeDFnStv2t7Wyura+sVnaKm/v7O7tVw4O2ypKJKEtEvFIdj2sKGeCtjTTnHZjSXHocdrxxje533miUrFIPOhJTN0QDwULGMHaSG4/xHpEME/vskF9UKnaNXsKtEycglShQHNQ+en7EUlCKjThWKmeY8faTbHUjHCalfuJojEmYzykPUMFDqly02noDJ0axUdBJM0TGk3VvxspDpWahJ6ZzEOqRS8X//N6iQ6u3JSJONFUkNmhIOFIRyhvAPlMUqL5xBBMJDNZERlhiYk2Pc1dUeZTI+pnZdOMs9jDMmmf15yLWv2+Xm1cFx2V4BhO4AwcuIQG3EITWkDgEV7gFd6sZ+vd+rA+Z6MrVrFzBHOwvn4B7rea7g==</latexit>

O4

RG equation

coincide with 2nd moment of DGLAP evolution for flavor-singlet unpolarized PDFs

Recent 4-loop anomalous dimensions in 
    Moch, Ruijl, Ueda, Vermaseren, Vogt ’21

<latexit sha1_base64="ZNlQWu2f429FLkcG79P0Y6ULvGM=">AAACEXicbVBLTsMwFHTKr5RfoEs2FhUSqyqBClhWsGFHkehHaqLIcdzWquNEtoMURTkFB2ALR2CH2HICTsA1cNosaMtIlkYz7+mNx48Zlcqyvo3K2vrG5lZ1u7azu7d/YB4e9WSUCEy6OGKRGPhIEkY56SqqGBnEgqDQZ6TvT28Lv/9EhKQRf1RpTNwQjTkdUYyUljyz7vhIZE6I1AQjlt3nuXfhmQ2rac0AV4ldkgYo0fHMHyeIcBISrjBDUg5tK1ZuhoSimJG85iSSxAhP0ZgMNeUoJNLNZuFzeKqVAI4ioR9XcKb+3chQKGUa+nqySCmXvUL8zxsmanTtZpTHiSIczw+NEgZVBIsmYEAFwYqlmiAsqM4K8QQJhJXua+GK1J+akCCv6Wbs5R5WSe+8aV82Ww+tRvum7KgKjsEJOAM2uAJtcAc6oAswSMELeAVvxrPxbnwYn/PRilHu1MECjK9feYKd4w==</latexit>

Ō3
<latexit sha1_base64="QlJ+CpouzsHhtjJCiOHAqremicE=">AAACEXicbVDLSsNAFJ3UV62vaJduBovgqiQi6rLoxp0V7AOaECaTSTt0MgkzEyGEfIUf4FY/wZ249Qv8An/DSZuFbT0wcDjnXu6Z4yeMSmVZ30ZtbX1jc6u+3djZ3ds/MA+P+jJOBSY9HLNYDH0kCaOc9BRVjAwTQVDkMzLwp7elP3giQtKYP6osIW6ExpyGFCOlJc9sOj4SuRMhNcGI5fdF4dme2bLa1gxwldgVaYEKXc/8cYIYpxHhCjMk5ci2EuXmSCiKGSkaTipJgvAUjclIU44iIt18Fr6Ap1oJYBgL/biCM/XvRo4iKbPI15NlSrnsleJ/3ihV4bWbU56kinA8PxSmDKoYlk3AgAqCFcs0QVhQnRXiCRIIK93XwhWpPzUhQdHQzdjLPayS/nnbvmxfPFy0OjdVR3VwDE7AGbDBFeiAO9AFPYBBBl7AK3gzno1348P4nI/WjGqnCRZgfP0CdlCd4Q==</latexit>

Ō1

Three loop: [Larin, Nogueira, van Ritbergen, Vermaseren ’97]
                                                        [Moch, Vogt, Vermaseren ’04] 

Twist-2 spin-2 flavor singlet quark/gluon operators involved in Wilson OPE for DIS in Bjorken limit

<latexit sha1_base64="kdMxP3FqAEWZzj7q1mEH4YXbKzk="></latexit>

d

d lnµ2
R

✓
[Ō3]R
[Ō1]R

◆
=

✓
�qq �qg

�gq �gg

◆
·
✓
[Ō3]R
[Ō1]R

◆

[Talk by Sven Moch]
[Talk by Johannes Blümlein]

<latexit sha1_base64="TG1SLNUSb0BZLl2PjQ/e7WANp/4=">AAACEHicbVDNSgMxGMzWv1r/1nr0EiyCp7IrRT0WvXgRKtpa6C4lm822odlkSbJiWfoSPoBXfQRv4tU38Al8DbPtHmzrQGCY+YbvywQJo0o7zrdVWlldW98ob1a2tnd29+z9akeJVGLSxoIJ2Q2QIoxy0tZUM9JNJEFxwMhDMLrK/YdHIhUV/F6PE+LHaMBpRDHSRurbVU8YO0/DzJMxvLmb9O2aU3emgMvELUgNFGj17R8vFDiNCdeYIaV6rpNoP0NSU8zIpOKliiQIj9CA9AzlKCbKz6a3T+CxUUIYCWke13Cq/k1kKFZqHAdmMkZ6qBa9XPzP66U6uvAzypNUE45ni6KUQS1gXgQMqSRYs7EhCEtqboV4iCTC2tQ1t0WZTw1JOKmYZtzFHpZJ57TuntUbt41a87LoqAwOwRE4AS44B01wDVqgDTB4Ai/gFbxZz9a79WF9zkZLVpE5AHOwvn4BEJ+dFA==</latexit>

MS
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Definition in d-dimensions
Bare

<latexit sha1_base64="buK+EA9hNAtSwQohhw0MM+eb7fU="></latexit>⇥
Ō

µ⌫
⇤
R
⌘

h
O

{µ⌫}
i

R
�

1

d
⌘µ⌫⌘↵�

⇥
O

↵�
⇤
R

<latexit sha1_base64="RK+L6DaE0wh7RuFQ6D8903M37+s="></latexit>

Ō
µ⌫

⌘ O
{µ⌫}

�
1

d
⌘µ⌫⌘↵�O

↵�

Renormalized [Wilson ’70]

<latexit sha1_base64="2p25dE2FHavFvPuBXJDByI1hu+I="></latexit>

6=
h
O

{µ⌫}
i

R
�

1

d
⌘µ⌫

⇥
⌘↵�O

↵�
⇤
R

<latexit sha1_base64="8SfPedwqjlYh+yB/RLeDWdL5LU8="></latexit>⇥
⌘↵�O

↵�
⇤
R
6= ⌘↵�

⇥
O

↵�
⇤
RIn DR, trace and renormalization do not commute 

Book on Renormalization: [Collins ’86]

<latexit sha1_base64="vEp1s12hDvqthYAkwL+kJl/tSV0="></latexit>

⌘µ⌫
✏

�! 4

✏
� 2 �! 4

✏
<latexit sha1_base64="blanwG1Th/wt7Wippdouk1yAhYg="></latexit>

⌘µ⌫
✏

�! ⌘µ⌫
✏

�! 4

✏
� 2

Tr
<latexit sha1_base64="CMom9c3yJALYpS6t9bvM+Mx12v8=">AAACD3icbVDNSgMxGMzWv1r/tnr0EiyCp7IrRT0WvXgRKtpa6C4lm03b0GyyJFmlLPsQPoBXfQRv4tVH8Al8DbPtHmzrQGCY+YbvywQxo0o7zrdVWlldW98ob1a2tnd29+zqfkeJRGLSxoIJ2Q2QIoxy0tZUM9KNJUFRwMhDML7K/YdHIhUV/F5PYuJHaMjpgGKkjdS3q54wdp5OPRnBm7usb9ecujMFXCZuQWqgQKtv/3ihwElEuMYMKdVznVj7KZKaYkayipcoEiM8RkPSM5SjiCg/nZ6ewWOjhHAgpHlcw6n6N5GiSKlJFJjJCOmRWvRy8T+vl+jBhZ9SHieacDxbNEgY1ALmPcCQSoI1mxiCsKTmVohHSCKsTVtzW5T51IiEWcU04y72sEw6p3X3rN64bdSal0VHZXAIjsAJcME5aIJr0AJtgMETeAGv4M16tt6tD+tzNlqyiswBmIP19QuzeJzq</latexit>

MS

<latexit sha1_base64="CMom9c3yJALYpS6t9bvM+Mx12v8=">AAACD3icbVDNSgMxGMzWv1r/tnr0EiyCp7IrRT0WvXgRKtpa6C4lm03b0GyyJFmlLPsQPoBXfQRv4tVH8Al8DbPtHmzrQGCY+YbvywQxo0o7zrdVWlldW98ob1a2tnd29+zqfkeJRGLSxoIJ2Q2QIoxy0tZUM9KNJUFRwMhDML7K/YdHIhUV/F5PYuJHaMjpgGKkjdS3q54wdp5OPRnBm7usb9ecujMFXCZuQWqgQKtv/3ihwElEuMYMKdVznVj7KZKaYkayipcoEiM8RkPSM5SjiCg/nZ6ewWOjhHAgpHlcw6n6N5GiSKlJFJjJCOmRWvRy8T+vl+jBhZ9SHieacDxbNEgY1ALmPcCQSoI1mxiCsKTmVohHSCKsTVtzW5T51IiEWcU04y72sEw6p3X3rN64bdSal0VHZXAIjsAJcME5aIJr0AJtgMETeAGv4M16tt6tD+tzNlqyiswBmIP19QuzeJzq</latexit>

MS Tr
finite 

difference
Starts arising from tensor of rank 2
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DGLAP 
<latexit sha1_base64="0Wi77b8Xhm8LCwrqZN4/xaK6dv0="></latexit>

[Oi]R =
X

j

ZijOj Trace Anomaly 

<latexit sha1_base64="ESfJHuITU3PIQCaKclOdo5hNwVk="></latexit>⇥
Tµ⌫
q,g

⇤
R

= Traceless + Trace
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Trace Anomaly
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<latexit sha1_base64="4HGBn8TH7Bj2GTDCDuoV74Ms4Mg="></latexit>

Tµ⌫ = �Fµ�F ⌫
� +

1

4
⌘µ⌫F 2 +

X

q

i ̄q�
{µ !D ⌫} q

Trace

vanishing in chiral limitClassical

Quantum NON-vanishing even in chiral limit

❖ Trace anomaly: breakdown of approximate conformal symmetry
[Collins, Duncan, Joglekar ’77]

[Chanowitz, Ellis ’72, ’73]
[Crewther ’72]

<latexit sha1_base64="nRFH5whrcQWmmXb/WGfBt/U6EGM="></latexit>

Tµ
µ =

�(as, ✏)

2as

⇥
F 2

⇤
R
+

X

q

(1 + �m)
⇥
mq ̄q q

⇤
R

<latexit sha1_base64="Aw/O/H7f2EAW1fLzcZXaajpYZaI="></latexit>

�(as, ✏) = �✏as �
X

n=0

�na
n+2
s

<latexit sha1_base64="YbqFQAcgPOrpYkLn2C6qAmMEjTs=">AAACGXicbZDLSsNAFIYn9VbrLeqym8EiuCqJFHUjFN24rGAv0IQwmUyaoZNJmJkIJWThc/gAbvUR3IlbVz6Br+G0zcK2/jDw859zOHM+P2VUKsv6Nipr6xubW9Xt2s7u3v6BeXjUk0kmMOnihCVi4CNJGOWkq6hiZJAKgmKfkb4/vp3W+49ESJrwBzVJiRujEachxUjpyDPryJPwGjqhQDh3EEsjHRR5y0lp4ZkNq2nNBFeNXZoGKNXxzB8nSHAWE64wQ1IObStVbo6EopiRouZkkqQIj9GIDLXlKCbSzWdHFPBUJwEME6EfV3CW/p3IUSzlJPZ1Z4xUJJdr0/C/2jBT4ZWbU55minA8XxRmDKoETonAgAqCFZtog7Cg+q8QR0jzUJrbwhapj4pIUNQ0GXuZw6rpnTfti2brvtVo35SMqqAOTsAZsMElaIM70AFdgMETeAGv4M14Nt6ND+Nz3loxypljsCDj6xcIqqDQ</latexit>

as =
↵s

4⇡

EOM

[Nielsen ’77]
[Tarrach ’82]

<latexit sha1_base64="KWRBDnlYJrRcMrsFs4psBUa+j+4=">AAACIHicbVDJSgNBEO2JW4xb1KOXIUHwFGYkqBch6MVjlGyQGYeeTk3SpGehu0YIIXe/ww/wqp/gTTzqD/gbdhbEJD4oeP1eFdX1/ERwhZb1aWRWVtfWN7Kbua3tnd29/P5BQ8WpZFBnsYhly6cKBI+gjhwFtBIJNPQFNP3+9dhvPoBUPI5qOEjADWk34gFnFLXk5Qu1eydMPV2XjoAA279vR/JuD13vzssXrZI1gblM7BkpkhmqXv7b6cQsDSFCJqhSbdtK0B1SiZwJGOWcVEFCWZ92oa1pRENQ7nByy8g81krHDGKpK0Jzov6dGNJQqUHo686QYk8temPxP6+dYnDhDnmUpAgRmy4KUmFibI6DMTtcAkMx0IQyyfVfTdajkjLU8c1tUfqoHnRGOZ2MvZjDMmmcluyzUvm2XKxczTLKkiNSICfEJuekQm5IldQJI4/kmbyQV+PJeDPejY9pa8aYzRySORhfP0gtpCI=</latexit>

Tµ
µ =

⇥
Tµ
µ

⇤
R

<latexit sha1_base64="0gAceFSEr7YObky3lVrOMjTKy50=">AAACGHicbVDLSsNAFJ34rPUVdaebYBEqaEmkqMuiG5cV+oI2hslk0g6dmYSZiVBCwO/wA9zqJ7gTt+78An/DaZuFbT1wh8M593LnHj+mRCrb/jaWlldW19YLG8XNre2dXXNvvyWjRCDcRBGNRMeHElPCcVMRRXEnFhgyn+K2P7wd++1HLCSJeEONYuwy2OckJAgqLXnmYbnx0GOJp+t8ylL9nCGanXpmya7YE1iLxMlJCeSoe+ZPL4hQwjBXiEIpu44dKzeFQhFEcVbsJRLHEA1hH3c15ZBh6aaTGzLrRCuBFUZCF1fWRP07kUIm5Yj5upNBNZDz3lj8z+smKrx2U8LjRGGOpovChFoqssaBWAERGCk60gQiQfRfLTSAAiKlY5vZIvVRAxxkRZ2MM5/DImldVJzLSvW+Wqrd5BkVwBE4BmXggCtQA3egDpoAgSfwAl7Bm/FsvBsfxue0dcnIZw7ADIyvX8wLoBw=</latexit>

(Tµ
µ � Tµ

µ,cl)❖                                                            is RG invariant

<latexit sha1_base64="5Ep343B66IM2fm99BFe3UCQA4pk="></latexit>

Tµ
µ,cl =

X

q

mq ̄q q
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Parametrization of Trace
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Anomaly can be distributed
<latexit sha1_base64="jO57WwguqNFMUtlybgvr4b5OSmY="></latexit>

⌘µ⌫
⇥
Tµ⌫
g

⇤
R
= xg

⇥
F 2

⇤
R
+ yg

⇥
m ̄ 

⇤
R

<latexit sha1_base64="iCNH6H8Dp4B/8k8HYDUIg8QcbWg="></latexit>

⌘µ⌫
⇥
Tµ⌫
q

⇤
R
= xq

⇥
F 2

⇤
R
+ (1 + yq)

⇥
m ̄ 

⇤
R

<latexit sha1_base64="seCc5jtbui7zVK9AWc0IDblizlo=">AAACDnicbVDLSsNAFJ34rPUVdelmsAiCUBIp6kYounFZwT6gDWEymbRDZyZxZlIIof/gB7jVT3Anbv0Fv8DfcNpmYVsPXDiccy/33hMkjCrtON/Wyura+sZmaau8vbO7t28fHLZUnEpMmjhmsewESBFGBWlqqhnpJJIgHjDSDoZ3E789IlLRWDzqLCEeR31BI4qRNpJv25n/dJ75/ZteH3GOfO7bFafqTAGXiVuQCijQ8O2fXhjjlBOhMUNKdV0n0V6OpKaYkXG5lyqSIDxEfdI1VCBOlJdPLx/DU6OEMIqlKaHhVP07kSOuVMYD08mRHqhFbyL+53VTHV17ORVJqonAs0VRyqCO4SQGGFJJsGaZIQhLam6FeIAkwtqENbdFmacGJByXTTLuYg7LpHVRdS+rtYdapX5bZFQCx+AEnAEXXIE6uAcN0AQYjMALeAVv1rP1bn1Yn7PWFauYOQJzsL5+AZESnEg=</latexit>

yq + yg = �mConstraints

<latexit sha1_base64="gJzOSYn18GlrW4CHsVryusocdLs="></latexit>

x & y : finite and expandable in ↵s

We will determine 

<latexit sha1_base64="UvSrXTyVoOdJ7xWuNJFkH+IQukQ="></latexit>

xq + xg =
1

2as
�(as, ✏)
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<latexit sha1_base64="Nz/GhmxfBE/j6u81vvQwnTxxNDQ="></latexit>

ZFF and ZFm

<latexit sha1_base64="BECRxPJ4f80kbPyk+VLttpk+gko=">AAACWXicdVDLSsNAFJ3GV62vqks3g0UQhJKIqEvRjUuVPoQkhsn0ph2cTOLMjVBCP87PED/Arf6B01rQ+jgwcDjnXO6dE+dSGHTd54ozN7+wuFRdrq2srq1v1De3OiYrNIc2z2Smb2NmQAoFbRQo4TbXwNJYQje+vxj73UfQRmSqhcMcwpT1lUgEZ2ilqO4HgCwqg7QIVDGigYQEfdqKHu6+NC36AwyjG0oP6D/x/l/xqN5wm+4E9DfxpqRBpriK6q9BL+NFCgq5ZMb4nptjWDKNgksY1YLCQM74PeuDb6liKZiwnJQwontW6dEk0/YppBP1+0TJUmOGaWyTKcOB+emNxb88v8DkNCyFygsExT8XJYWkmNFxo7QnNHCUQ0sY18LeSvmAacbR9j6zxdhPDaA3qtlmvJ89/Cadw6Z33Dy6PmqcnU87qpIdskv2iUdOyBm5JFekTTh5Iq/kjbxXXpyKU3Vqn1GnMp3ZJjNwtj8Ahgi3Fg==</latexit>

⌘µ⌫
⇥
Tµ⌫
q

⇤
R
+ ⌘µ⌫

⇥
Tµ⌫
g

⇤
R

<latexit sha1_base64="0Wi77b8Xhm8LCwrqZN4/xaK6dv0="></latexit>

[Oi]R =
X

j

ZijOj
<latexit sha1_base64="w45anJoWLQLg/4/mIEEFpOy9seg=">AAACJHicbVDLSgNBEJyNrxhfUY9eBoOil7ArQb0IQS8eoxgVsjHMTnqTIbOzy0yvEJb8gd/hB3jVT/AmHrx49TecxIAaLWgoqrrp7goSKQy67puTm5qemZ3LzxcWFpeWV4qra5cmTjWHOo9lrK8DZkAKBXUUKOE60cCiQMJV0DsZ+le3oI2I1QX2E2hGrKNEKDhDK7WK2xc3mR+lvkoHR76EEHfot0J9LTpd3G2dt4olt+yOQP8Sb0xKZIxaq/jht2OeRqCQS2ZMw3MTbGZMo+ASBgU/NZAw3mMdaFiqWASmmY3+GdAtq7RpGGtbCulI/TmRsciYfhTYzohh10x6Q/E/r5FieNjMhEpSBMW/FoWppBjTYTi0LTRwlH1LGNfC3kp5l2nG0Ub4a4uxT3WhPSjYZLzJHP6Sy72yt1+unFVK1eNxRnmyQTbJDvHIAamSU1IjdcLJHXkgj+TJuXeenRfn9as154xn1skvOO+fv96lVw==</latexit>

Tµ⌫ = (Tµ⌫)R
<latexit sha1_base64="5M4P38nhMyu0ZXapaA57FWvRFwQ=">AAACKXicbZDLSgMxFIYzXmu9VV26CRZBEcqMiLosCuJSxarQqSWTnmlDM8mQnFFK6UP4HD6AW30Ed+rWha9hWmfh7YfAx3/O4eT8USqFRd9/9cbGJyanpgszxdm5+YXF0tLyhdWZ4VDjWmpzFTELUiiooUAJV6kBlkQSLqPu4bB+eQPGCq3OsZdCI2FtJWLBGTqrWdoKIbVCakVDCTFu0KPrbRoa0e7gZvMsJ2aMvqV+s1T2K/5I9C8EOZRJrpNm6SNsaZ4loJBLZm098FNs9JlBwSUMimFmIWW8y9pQd6hYArbRHx01oOvOadFYG/cU0pH7faLPEmt7SeQ6E4Yd+7s2NP+r1TOM9xt9odIMQfGvRXEmKWo6TIi2hAGOsueAcSPcXynvMMM4uhx/bLHuqA60BkWXTPA7h79wsV0Jdis7pzvl6kGeUYGskjWyQQKyR6rkmJyQGuHkjjyQR/Lk3XvP3ov39tU65uUzK+SHvPdPBKumXw==</latexit>

✏
�
F 2

�
R
! 0

<latexit sha1_base64="D4cmg/TogDH7E2rKMZr/S75t9e4=">AAACHnicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAdkQ5id7SRDZmeWmVklLOvR7/ADvOoneBOv+gX+hpPHwSQWNBRV3XR3BTFn2rjut5NbWV1b38hvFra2d3b3ivsHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh9dhv3oPSTIo7M4qhE5G+YD1GibFSt4hTX0WY6OzRh1gzLgXGvmL9gSFKyQfsdoslt+xOgJeJNyMlNEOtW/zxQ0mTCIShnGjd9tzYdFKiDKMcsoKfaIgJHZI+tC0VJALdSSefZPjEKiHuSWVLGDxR/06kJNJ6FAW2MyJmoBe9sfif105M77KTMhEnBgSdLuolHBuJx7HgkCmgho8sIVQxeyumA6IINTa8uS3aPjWAMCvYZLzFHJZJ46zsnZcrt5VS9WqWUR4doWN0ijx0garoBtVQHVH0hF7QK3pznp1358P5nLbmnNnMIZqD8/ULMxOi/Q==</latexit>

as ✏ ! 0

Trace anomaly
<latexit sha1_base64="0Wi77b8Xhm8LCwrqZN4/xaK6dv0="></latexit>

[Oi]R =
X

j

ZijOj

<latexit sha1_base64="ZEzCIzrbtlafWUxOonH4n1xPLCY="></latexit>

� ✏

2
F 2 +m ̄ 

<latexit sha1_base64="weycFoyKXX1Bs8+yH7a2qK+V9ws="></latexit>

�(as, ✏)

2as
ZFFF

2 +

✓
1 + �m(as) +

�(as, ✏)

2as
ZFm

◆
m ̄ 

<latexit sha1_base64="pCu7toxZYFJF3uFm00EfZJyo+H0="></latexit>

ZFF = �✏
as

�(as, ✏)
<latexit sha1_base64="Ma6fCcbu6fuk6kLcCLg3Qr8q9/w="></latexit>

ZFm = �2�m(as)as
�(as, ✏)

❖ All order results exist: follow from general theory of renormalization
    of gauge-invariant operators

❖ Consistent with explicitly (diagrammatic) computed results to 2-loops [Tarrach ’82]

Exploit RG invariance

4-loop beta: [Czakon ’04]4-loop mass ano dim: [Chetyrkin ’97] [Larin, Ritbergen, Vermaseren ’97]

[Nielsen ’75]
[Spiridonov ’84]

<latexit sha1_base64="12j/prr6Zpj6rxp27HxP065CMpY="></latexit>0

BB@

Zqq Zqg ZqF Zqm

Zgq Zgg ZgF Zgm

0 0 ZFF ZFm

0 0 0 1

1

CCA
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DGLAP 

<latexit sha1_base64="x+tVrrJRociUgBs4BKyKC+cM3jQ="></latexit>⇥
Tµ⌫
q

⇤
R
= [O3]R = Traceless + Trace

<latexit sha1_base64="0Wi77b8Xhm8LCwrqZN4/xaK6dv0="></latexit>

[Oi]R =
X

j

ZijOj Trace Anomaly 

<latexit sha1_base64="2wOmvL9ytBIqRy1SvIyx9XOIBlk=">AAACHXicbVDLSsNAFJ34rPUVdenCYBFclUSKuiy6cVmlVaGJYTK9aQcnkzBzI5SQpd/hB7jVT3AnbsUv8DecPha+Dlw4nHMv994TZYJrdN0Pa2Z2bn5hsbJUXV5ZXVu3NzYvdZorBh2WilRdR1SD4BI6yFHAdaaAJpGAq+j2dORf3YHSPJVtHGYQJLQvecwZRSOF9o4vIMZu0S5vCj/JfZmXYdEvfcX7AwzCi9CuuXV3DOcv8aakRqZohfan30tZnoBEJqjWXc/NMCioQs4ElFU/15BRdkv70DVU0gR0UIwfKZ09o/ScOFWmJDpj9ftEQROth0lkOhOKA/3bG4n/ed0c4+Og4DLLESSbLIpz4WDqjFJxelwBQzE0hDLFza0OG1BFGZrsfmzR5qkB9MqqScb7ncNfcnlQ9w7rjfNGrXkyzahCtsku2SceOSJNckZapEMYuSeP5Ik8Ww/Wi/VqvU1aZ6zpzBb5Aev9C/y9o4o=</latexit>⇥
Tµ⌫
g

⇤
R

<latexit sha1_base64="OsuJ2LlOHQpUwjmIAwg8IDPNSu4=">AAACHXicbVDLSsNAFJ34rPVVdenCYBFclUSKuiy6calitdDEMJnetIOTSZy5EUrI0u/wA9zqJ7gTt+IX+BtOHwtrPXDhcM693HtPmAqu0XG+rJnZufmFxdJSeXlldW29srF5rZNMMWiyRCSqFVINgktoIkcBrVQBjUMBN+Hd6cC/eQCleSKvsJ+CH9Ou5BFnFI0UVHY8ARG286viNvfizJNZEeT3had4t4d+cBlUqk7NGcKeJu6YVMkY50Hl2+skLItBIhNU67brpOjnVCFnAoqyl2lIKbujXWgbKmkM2s+HjxT2nlE6dpQoUxLtofp7Iqex1v04NJ0xxZ7+6w3E/7x2htGxn3OZZgiSjRZFmbAxsQep2B2ugKHoG0KZ4uZWm/WoogxNdhNbtHmqB52ibJJx/+YwTa4Pau5hrX5RrzZOxhmVyDbZJfvEJUekQc7IOWkSRh7JM3khr9aT9Wa9Wx+j1hlrPLNFJmB9/gANKqOU</latexit>⇥
Tµ⌫
q

⇤
R

<latexit sha1_base64="1uOemHGRsGA0iJgJEenuwu0oNOc="></latexit>0

BB@

Zqq Zqg ZqF Zqm

Zgq Zgg ZgF Zgm

0 0 ZFF ZFm

0 0 0 1

1

CCA

<latexit sha1_base64="X0lvHgbaFAfWO2hd/NXtI7S/CIo="></latexit>

ZqF =
1

d
Zqg +

xq

d
ZFF

Zqm = �1

d
Zqq +

xq

d
ZFm +

1 + yq
d

<latexit sha1_base64="NrFPMBYRFMLq5yHi/d55uiPaqSU="></latexit>

ZgF =
1

d
Zgg +

xg � 1

d
ZFF

Zgm = �1

d
Zgq +

xg � 1

d
ZFm +

yg
d
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<latexit sha1_base64="8xSON+KcJTeDSLu9bq3RDlWUFIw="></latexit>

ZX = (�X,gg + �X,qq + �X,FF ) +
X

n=1

aX,n

✏n

Explicit results of 6 renormalization constants in 
<latexit sha1_base64="TG1SLNUSb0BZLl2PjQ/e7WANp/4=">AAACEHicbVDNSgMxGMzWv1r/1nr0EiyCp7IrRT0WvXgRKtpa6C4lm822odlkSbJiWfoSPoBXfQRv4tU38Al8DbPtHmzrQGCY+YbvywQJo0o7zrdVWlldW98ob1a2tnd29+z9akeJVGLSxoIJ2Q2QIoxy0tZUM9JNJEFxwMhDMLrK/YdHIhUV/F6PE+LHaMBpRDHSRurbVU8YO0/DzJMxvLmb9O2aU3emgMvELUgNFGj17R8vFDiNCdeYIaV6rpNoP0NSU8zIpOKliiQIj9CA9AzlKCbKz6a3T+CxUUIYCWke13Cq/k1kKFZqHAdmMkZ6qBa9XPzP66U6uvAzypNUE45ni6KUQS1gXgQMqSRYs7EhCEtqboV4iCTC2tQ1t0WZTw1JOKmYZtzFHpZJ57TuntUbt41a87LoqAwOwRE4AS44B01wDVqgDTB4Ai/gFbxZz9a79WF9zkZLVpE5AHOwvn4BEJ+dFA==</latexit>

MS

<latexit sha1_base64="VnGx6y0gJCBeMLoNIrJoYWYcn1A=">AAAB/XicdVDJSgNBEO2JW4xb1KOXxiB4GmayGW9BLx4TMAskQ+jpqSRNeha6e8QwBD/Aq36CN/Hqt/gF/oadZAQj+qDg8V4VVa/ciDOpLOvDyKytb2xuZbdzO7t7+wf5w6O2DGNBoUVDHoquSyRwFkBLMcWhGwkgvsuh406u537nDoRkYXCrphE4PhkFbMgoUVpq3g/yBcu0FsCWWS6WKqVLTWqlStUuYju1CihFY5D/7HshjX0IFOVEyp5tRcpJiFCMcpjl+rGEiNAJGUFP04D4IJ1kcegMn2nFw8NQ6AoUXqg/JxLiSzn1Xd3pEzWWv725+JfXi9Ww5iQsiGIFAV0uGsYcqxDPU2OPCaCKTzUhVDB9K6ZjIghV+jcrW6QONQZvltOf+Y6P/yftomlXzXKzXKhfpT/KohN0is6RjS5QHd2gBmohigA9oif0bDwYL8ar8bZszRjpzDFagfH+BQjxlhE=</latexit>x
<latexit sha1_base64="3I8biFj25kGpap6CdZKVd2GdOiA=">AAAB/XicdVDLSgNBEJyNrxhfUY9eBoPgadnNy3gLevGYgDGBZAmzs51kyOyDmVlhWYIf4FU/wZt49Vv8An/DSbKCES1oKKq66a52I86ksqwPI7e2vrG5ld8u7Ozu7R8UD4/uZBgLCh0a8lD0XCKBswA6iikOvUgA8V0OXXd6Pfe79yAkC4NblUTg+GQcsBGjRGmpnQyLJcu0FsCWWS1XapVLTRqVWt0uYzuzSihDa1j8HHghjX0IFOVEyr5tRcpJiVCMcpgVBrGEiNApGUNf04D4IJ10cegMn2nFw6NQ6AoUXqg/J1LiS5n4ru70iZrI395c/Mvrx2rUcFIWRLGCgC4XjWKOVYjnqbHHBFDFE00IFUzfiumECEKV/s3KFqlDTcCbFfRnvuPj/8ld2bTrZrVdLTWvsh/l0Qk6RefIRheoiW5QC3UQRYAe0RN6Nh6MF+PVeFu25oxs5hitwHj/AgqKlhI=</latexit>y

<latexit sha1_base64="X0lvHgbaFAfWO2hd/NXtI7S/CIo="></latexit>

ZqF =
1

d
Zqg +

xq

d
ZFF

Zqm = �1

d
Zqq +

xq

d
ZFm +

1 + yq
d

<latexit sha1_base64="NrFPMBYRFMLq5yHi/d55uiPaqSU="></latexit>

ZgF =
1

d
Zgg +

xg � 1

d
ZFF

Zgm = �1

d
Zgq +

xg � 1

d
ZFm +

yg
d

<latexit sha1_base64="uRtXhNWgRHfu3U3l6q7Q0ZzNfmM="></latexit>

X = {qq, qg, gq, gg, FF, Fm}

Laurent expansion of RHS around 
<latexit sha1_base64="/P5b0UQWRBpkWFEC8GXp9hbtFYk=">AAACBnicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqBch6MVjBPPAZAmzs73JkNmZZWZWCEvufoBX/QRv4tXf8Av8DSfJHkxiQUNR1U13V5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVRQaVHKp2gHRwJmAhmGGQztRQOKAQysY3k781hMozaR4MKME/Jj0BYsYJcZKj11INONSXLu9csWtulPgZeLlpIJy1Hvln24oaRqDMJQTrTuemxg/I8owymFc6qYaEkKHpA8dSwWJQfvZ9OIxPrFKiCOpbAmDp+rfiYzEWo/iwHbGxAz0ojcR//M6qYmu/IyJJDUg6GxRlHJsJJ68j0OmgBo+soRQxeytmA6IItTYkOa2aPvUAMJxySbjLeawTJpnVe+ien5/Xqnd5BkV0RE6RqfIQ5eohu5QHTUQRQK9oFf05jw7786H8zlrLTj5zCGag/P1C15QmYM=</latexit>

✏ = 0

<latexit sha1_base64="TG1SLNUSb0BZLl2PjQ/e7WANp/4=">AAACEHicbVDNSgMxGMzWv1r/1nr0EiyCp7IrRT0WvXgRKtpa6C4lm822odlkSbJiWfoSPoBXfQRv4tU38Al8DbPtHmzrQGCY+YbvywQJo0o7zrdVWlldW98ob1a2tnd29+z9akeJVGLSxoIJ2Q2QIoxy0tZUM9JNJEFxwMhDMLrK/YdHIhUV/F6PE+LHaMBpRDHSRurbVU8YO0/DzJMxvLmb9O2aU3emgMvELUgNFGj17R8vFDiNCdeYIaV6rpNoP0NSU8zIpOKliiQIj9CA9AzlKCbKz6a3T+CxUUIYCWke13Cq/k1kKFZqHAdmMkZ6qBa9XPzP66U6uvAzypNUE45ni6KUQS1gXgQMqSRYs7EhCEtqboV4iCTC2tQ1t0WZTw1JOKmYZtzFHpZJ57TuntUbt41a87LoqAwOwRE4AS44B01wDVqgDTB4Ai/gFbxZz9a79WF9zkZLVpE5AHOwvn4BEJ+dFA==</latexit>

MSmust vanish in 

<latexit sha1_base64="at/UC3IpnWEHAtN/IgN9rWLjyZY=">AAACJHicbVC7TsMwFHV4lvIKMLJYVCCGqkpQBSxIFSyMRaIPqS2R4zitVdsJtoOoovwB38EHsMInsCEGFlZ+A/cx0JYj2T46515d3+PHjCrtOF/WwuLS8spqbi2/vrG5tW3v7NZVlEhMajhikWz6SBFGBalpqhlpxpIg7jPS8PtXQ7/xQKSikbjVg5h0OOoKGlKMtJE8++jRS++L3aw4GL+wrSg3V8K9VFy4GUSeuhPQswtOyRkBzhN3Qgpggqpn/7SDCCecCI0ZUqrlOrHupEhqihnJ8u1EkRjhPuqSlqECcaI66WifDB4aJYBhJM0RGo7Uvx0p4koNuG8qOdI9NesNxf+8VqLD805KRZxoIvB4UJgwqCM4DAcGVBKs2cAQhCU1f4W4hyTC2kQ4NUWZpXokyPImGXc2h3lSPym5p6XyTblQuZxklAP74AAcAxecgQq4BlVQAxg8gRfwCt6sZ+vd+rA+x6UL1qRnD0zB+v4FAwGk5A==</latexit>

xq,g, yq,g ⇠
X

n=1

ans

same accuracy as the renormalization constants

and finite

<latexit sha1_base64="fVnZSqeo1iQ/zLwg8FZ6bcr6k/U=">AAACBXicbVDLTsJAFL3FF+ILdemmkZjghrSGqEuiG5eYyMNAJdPpABNmps3M1Eiarv0At/oJ7oxbv8Mv8DccoAsBT3KTk3Puzb33+BGjSjvOt5VbWV1b38hvFra2d3b3ivsHTRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEbz0SqWgo7vQ4Ih5HA0H7FCNtpPun3uAhKVdP016x5FScKexl4makBBnqveJPNwhxzInQmCGlOq4TaS9BUlPMSFroxopECI/QgHQMFYgT5SXTg1P7xCiB3Q+lKaHtqfp3IkFcqTH3TSdHeqgWvYn4n9eJdf/SS6iIYk0Eni3qx8zWoT353g6oJFizsSEIS2putfEQSYS1yWhuizJPDUmQFkwy7mIOy6R5VnHPK9Xbaql2lWWUhyM4hjK4cAE1uIE6NAADhxd4hTfr2Xq3PqzPWWvOymYOYQ7W1y8k45jP</latexit>

x(4)
g

<latexit sha1_base64="X+2x7+uPEZXB1sVBfUNglDN+lE0=">AAACDXicbVBLSgNBEO2Jvxg/GXXppjEIcRNmJKjLoBt3RjAfSMahp6cmadLzobtHCEPO4AHc6hHciVvP4Am8hp1kFibxQcHjvSqq6nkJZ1JZ1rdRWFvf2Nwqbpd2dvf2y+bBYVvGqaDQojGPRdcjEjiLoKWY4tBNBJDQ49DxRjdTv/MEQrI4elDjBJyQDCIWMEqUllyznPUp4fhuUiWufKyfuWbFqlkz4FVi56SCcjRd86fvxzQNIVKUEyl7tpUoJyNCMcphUuqnEhJCR2QAPU0jEoJ0stnhE3yqFR8HsdAVKTxT/05kJJRyHHq6MyRqKJe9qfif10tVcOVkLEpSBRGdLwpSjlWMpylgnwmgio81IVQwfSumQyIIVTqrhS1SPzUEf1LSydjLOayS9nnNvqjV7+uVxnWeUREdoxNURTa6RA10i5qohShK0Qt6RW/Gs/FufBif89aCkc8coQUYX7+un5ss</latexit>

O(a4s)❖ New result

❖ Consistent with
      3-loop results

[Tanaka ’18]

<latexit sha1_base64="Pw1mahChVSwfo0dOTpb/lPeuYNk=">AAACEnicbVBLSgNBEO3xG+MvfnZuGoMQN2FGgroMunFnBPOBzBh6OpWkSU/30N0jxCG38ABu9QjuxK0X8ARew85nYRIfFDzeq6KqXhhzpo3rfjtLyyura+uZjezm1vbObm5vv6ZloihUqeRSNUKigTMBVcMMh0asgEQhh3rYvx759UdQmklxbwYxBBHpCtZhlBgrtXKHqU8Jx7fDgg+xZlyKB/e0lcu7RXcMvEi8KcmjKSqt3I/fljSJQBjKidZNz41NkBJlGOUwzPqJhpjQPulC01JBItBBOr5+iE+s0sYdqWwJg8fq34mURFoPotB2RsT09Lw3Ev/zmonpXAYpE3FiQNDJok7CsZF4FAVuMwXU8IElhCpmb8W0RxShxgY2s0Xbp3rQHmZtMt58Doukdlb0zoulu1K+fDXNKIOO0DEqIA9doDK6QRVURRQ9oRf0it6cZ+fd+XA+J61LznTmAM3A+foF7KWdfQ==</latexit>

O(✏0)
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QCD Trace Anomaly <latexit sha1_base64="Ei+zwNNCLWAGmUt7heL8lLrrtCA=">AAACDXicbVBLSgNBEO2Jvxg/GXXpZjAIrsKMiLoMunEZwXwgGUJPT02mSc+H7holDDmDB3CrR3Anbj2DJ/AadpJZmMQHBY/3qqiq56WCK7Ttb6O0tr6xuVXeruzs7u1XzYPDtkoyyaDFEpHIrkcVCB5DCzkK6KYSaOQJ6Hij26nfeQSpeBI/4DgFN6LDmAecUdTSwKz2BQQo+TBEKmXyNDBrdt2ewVolTkFqpEBzYP70/YRlEcTIBFWq59gpujmVyJmASaWfKUgpG9Eh9DSNaQTKzWeHT6xTrfhWkEhdMVoz9e9ETiOlxpGnOyOKoVr2puJ/Xi/D4NrNeZxmCDGbLwoyYWFiTVOwfC6BoRhrQpnk+laLhVRShjqrhS1KPxWCP6noZJzlHFZJ+7zuXNYv7i9qjZsiozI5JifkjDjkijTIHWmSFmEkIy/klbwZz8a78WF8zltLRjFzRBZgfP0Cvkiccw==</latexit>$ Nucleon Mass
<latexit sha1_base64="LjleTv0tGKRKQEnSe1n1ZtdVb+c="></latexit>

2M2 = hP |Tµ
µ |P i = hP |⌘⌫�

⇥
T ⌫�
q

⇤
R
|P i+ hP |⌘⌫�

⇥
T ⌫�
g

⇤
R
|P i

<latexit sha1_base64="c0t2lfZmSUeEncDxYEz1+y7VL8M="></latexit>

⌘⌫�
⇥
T ⌫�
q

⇤
R
=

�
0.07957747155↵s(µR) + 0.05886948401↵2

s(µR) + 0.02160365423↵3
s(µR) + 0.01367502244↵4

s(µR)
� ⇥

F 2
⇤
R

<latexit sha1_base64="m0qD7Hmz9KDwQ8FtEVDySiWgKds=">AAACFXicbVDJSgNBEO1xjXEb9eDBS2MQ9BJmQlCPQUE8RjELJGPo6dQkTXoWumuEEPIdfoBX/QRv4tWzX+Bv2FkOJvFBweO9Kqrq+YkUGh3n21paXlldW89sZDe3tnd27b39qo5TxaHCYxmrus80SBFBBQVKqCcKWOhLqPm965FfewKlRRw9YD8BL2SdSASCMzRSyz6kZ00JATbozWOBNpXodNFr3dOWnXPyzhh0kbhTkiNTlFv2T7Md8zSECLlkWjdcJ0FvwBQKLmGYbaYaEsZ7rAMNQyMWgvYG4weG9MQobRrEylSEdKz+nRiwUOt+6JvOkGFXz3sj8T+vkWJw6Q1ElKQIEZ8sClJJMaajNGhbKOAo+4YwroS5lfIuU4yjyWxmizZPdaE9zJpk3PkcFkm1kHfP88W7Yq50Nc0oQ47IMTklLrkgJXJLyqRCOBmSF/JK3qxn6936sD4nrUvWdOaAzMD6+gXNDp3c</latexit>

)
⇥
F 2

⇤
R

<latexit sha1_base64="BpdFWop+0jLCfpcnXGoriSnElr0="></latexit>

⌘⌫�
⇥
T ⌫�
g

⇤
R
= (�0.4376760935↵s(µR)� 0.2615118513↵2

s(µR)� 0.1838271927↵3
s(µR)� 0.2560961305↵4

s(µR))
<latexit sha1_base64="mFYkYhkTexCwHWkPjKLMX9yITmA=">AAACE3icbVBLSgNBEO2Jvxh/UXHlpjEIrsJMCOoyKIjLKOYDyRh6OjVJk54P3TVCGHIMD+BWj+BO3HoAT+A17HwWJvFBweO9KqrqebEUGm3728qsrK6tb2Q3c1vbO7t7+f2Duo4SxaHGIxmppsc0SBFCDQVKaMYKWOBJaHiD67HfeAKlRRQ+4DAGN2C9UPiCMzRSJ3/UluBji948lmhbiV4f3c497eQLdtGegC4TZ0YKZIZqJ//T7kY8CSBELpnWLceO0U2ZQsEljHLtREPM+ID1oGVoyALQbjo5f0RPjdKlfqRMhUgn6t+JlAVaDwPPdAYM+3rRG4v/ea0E/Us3FWGcIIR8ushPJMWIjrOgXaGAoxwawrgS5lbK+0wxjiaxuS3aPNWH7ihnknEWc1gm9VLROS+W78qFytUsoyw5JifkjDjkglTILamSGuEkJS/klbxZz9a79WF9Tlsz1mzmkMzB+voFB86dfw==</latexit>⇥
F 2

⇤
R

<latexit sha1_base64="UjntaYg81rk7olTFdbNCB5PRgJk="></latexit>

+(1 + 0.1414710605↵s(µR)� 0.008234952168↵2
s(µR)� 0.06435111168↵3

s(µR)� 0.09861260742↵4
s(µR))

⇥
m ̄ 

⇤
R

<latexit sha1_base64="UETnu7TCC6aNu1PsKZyR1SRfyqo="></latexit>

+(0.4951487118↵s(µR) + 0.7765872615↵2
s(µR) + 0.8654924478↵3

s(µR) + 1.007417073↵4
s(µR))

⇥
m ̄ 

⇤
R

<latexit sha1_base64="0kKCAKYSBzhDacE5p/lG+62Kt84="></latexit>

⌘⌫�
⇥
T ⌫�
q

⇤
R
= 0.0538719

⇥
F 2

⇤
R
+ 1.05336

⇥
m ̄ 

⇤
R

⌘⌫�
⇥
T ⌫�
g

⇤
R
= �0.298333

⇥
F 2

⇤
R
+ 0.551265

⇥
m ̄ 

⇤
R

<latexit sha1_base64="g4mivl9RmQUezt6SQtmSmZqOOZ8="></latexit>

↵s(µR = 1 GeV) ⇠ 0.47358

<latexit sha1_base64="jW/aDVl8lOKar54rUXaL52nnoQ4=">AAACLHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUC9C0IvHKOYB2SXMTnqTIbMPZnqFEPIXfocf4FU/wYuIV/0NJ5scTGJBQ1HVTXeXn0ih0bY/rNzK6tr6Rn6zsLW9s7tX3D9o6DhVHOo8lrFq+UyDFBHUUaCEVqKAhb6Epj+4mfjNR1BaxNEDDhPwQtaLRCA4QyN1imVXQoBtGro+U26iRVZK9Prode7pFZ13OsWSXbYz0GXizEiJzFDrFH/cbszTECLkkmndduwEvRFTKLiEccFNNSSMD1gP2oZGLATtjbK/xvTEKF0axMpUhDRT/06MWKj1MPRNZ8iwrxe9ifif104xuPRGIkpShIhPFwWppBjTSUi0KxRwlENDGFfC3Ep5nynG0UQ5t0Wbp/rQHRdMMs5iDsukcVZ2zsuVu0qpej3LKE+OyDE5JQ65IFVyS2qkTjh5Ii/klbxZz9a79Wl9TVtz1mzmkMzB+v4FHdeonA==</latexit>⇥
m ̄ 

⇤
R
= m ̄ RG invariant

<latexit sha1_base64="hZYFr2Jz640gRTjBZ3cmgF8nHp0="></latexit>

d

d lnµR

⇥
F 2

⇤
R
= �2

✓
d(�/2as)

d ln as

⇥
F 2

⇤
R
+

d�m
d ln as

m ̄ 

◆
RG evolution

Agree with literature to 
<latexit sha1_base64="Lfi8YPf1+zxzE5rYC9dldUgZJdQ=">AAACEnicbVBLTgJBEO3BH+IPPzs3HYkJbsiMEnVJdONOTOSTAE5qenqYDj2fdPeY4IRbeAC3egR3xq0X8ARewwZmIeBLKnl5rypV9ZyYM6lM89vILS2vrK7l1wsbm1vbO8XdvaaMEkFog0Q8Em0HJOUspA3FFKftWFAIHE5bzuB67LceqZAsCu/VMKa9APoh8xgBpSW7eJB2CXB8Oyp3gcc+2PLh7MQulsyKOQFeJFZGSihD3S7+dN2IJAENFeEgZccyY9VLQShGOB0VuomkMZAB9GlH0xACKnvp5PoRPtaKi71I6AoVnqh/J1IIpBwGju4MQPly3huL/3mdRHmXvZSFcaJoSKaLvIRjFeFxFNhlghLFh5oAEUzfiokPAojSgc1skfopn7qjgk7Gms9hkTRPK9Z5pXpXLdWusozy6BAdoTKy0AWqoRtURw1E0BN6Qa/ozXg23o0P43PamjOymX00A+PrF7panV4=</latexit>

O(↵3
s)

[Tanaka ’18]
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<latexit sha1_base64="x9gz/Xnf/6CBuyl4fVBnQZzbazw="></latexit>

m2
⇡ = h⇡|m ̄ |⇡i

(1� �m)m2
⇡ = h⇡| �

2as
[F 2]R|⇡i

<latexit sha1_base64="wECnjFjcmcKatwx7mNV0ZtfHrIo="></latexit>

1

2m2
⇡

h⇡(p)|⌘µ⌫
⇥
Tµ⌫
g

⇤
R
|⇡(p)i = 0.611111� 0.12215↵s(µR)� 0.124659↵2

s(µR)� 0.0991604↵3
s(µR) = 0.514773

<latexit sha1_base64="h/JhFNTyuonDcU33GCgm2/LgaZk="></latexit>

1

2m2
⇡

h⇡(p)|⌘µ⌫
⇥
Tµ⌫
q

⇤
R
|⇡(p)i = 0.388889 + 0.12215↵s(µR) + 0.124659↵2

s(µR) + 0.0991604↵3
s(µR) = 0.485227

Disagree with literature at 
<latexit sha1_base64="Lfi8YPf1+zxzE5rYC9dldUgZJdQ=">AAACEnicbVBLTgJBEO3BH+IPPzs3HYkJbsiMEnVJdONOTOSTAE5qenqYDj2fdPeY4IRbeAC3egR3xq0X8ARewwZmIeBLKnl5rypV9ZyYM6lM89vILS2vrK7l1wsbm1vbO8XdvaaMEkFog0Q8Em0HJOUspA3FFKftWFAIHE5bzuB67LceqZAsCu/VMKa9APoh8xgBpSW7eJB2CXB8Oyp3gcc+2PLh7MQulsyKOQFeJFZGSihD3S7+dN2IJAENFeEgZccyY9VLQShGOB0VuomkMZAB9GlH0xACKnvp5PoRPtaKi71I6AoVnqh/J1IIpBwGju4MQPly3huL/3mdRHmXvZSFcaJoSKaLvIRjFeFxFNhlghLFh5oAEUzfiokPAojSgc1skfopn7qjgk7Gms9hkTRPK9Z5pXpXLdWusozy6BAdoTKy0AWqoRtURw1E0BN6Qa/ozXg23o0P43PamjOymX00A+PrF7panV4=</latexit>

O(↵3
s)
[Tanaka ’18]

Quark

<latexit sha1_base64="S6GGPmUSvQY/ihY4v7zRCQfG1Lw=">AAACInicbZDLSsNAFIYnXmu9RV26GayCIIakFHVZdOOygr1AG8NkMmmHTpJhZiKW0BfwOXwAt/oI7sSV4N7XcNpGsK0/DHz85xzOnN/njEpl25/GwuLS8spqYa24vrG5tW3u7DZkkgpM6jhhiWj5SBJGY1JXVDHS4oKgyGek6fevRvXmPRGSJvGtGnDiRqgb05BipLTlmYeRV7srww7iXCQP8BTaljOxTqDzi55Zsi17LDgPTg4lkKvmmd+dIMFpRGKFGZKy7dhcuRkSimJGhsVOKglHuI+6pK0xRhGRbja+ZgiPtBPAMBH6xQqO3b8TGYqkHES+7oyQ6snZ2sj8r9ZOVXjhZjTmqSIxniwKUwZVAkfRwIAKghUbaEBYUP1XiHtIIKx0gFNbpD6qR4JhUSfjzOYwD42y5ZxZlZtKqXqZZ1QA++AAHAMHnIMquAY1UAcYPIJn8AJejSfjzXg3PiatC0Y+swemZHz9AJV8oSY=</latexit>

m2
P ⇡ �0.1m2

P + 1.1m2
P

Gluon

(in chiral limit)

almost equal contributions

quark contribution is negative

<latexit sha1_base64="NBXBwxSUTeDqx1NHQpgvxg0gR+c="></latexit>

m2
⇡ ⇡ 0.485227m2

⇡ + 0.514773m2
⇡
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❖ Understanding the renormalization of quark/gluon EM tensor is important in hadronic physics

❖ Exploiting RG invariance and other properties: renormalization to 4-loop

❖ EIC: understanding mass, spin, pressure of hadrons

❖ Trace anomaly and its effect on proton’s and pion’s mass

Thank you!


