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QCD Energy-Momentum "I 'ensor

Canonical Noether current for space-time translational invariance of Lagrangian
s pv .
[Belinfante ’39, "40]
; : 1 1) [Rosenfeld “40]
Belinfante - Rosenteld Symmetric T+ = T"H
V A TV 1
THY — _FHARY
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q
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[Lorcé 14]

: % %
“Gluonic” T; = Qu ark” CZ—Wq’u
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e s ﬁ“E%(D“—%“)
sum over gluon color is implicit

Terms with gauge-fixing and ghost fields do not contribute to matrix elements between physical states

[Nielsen “77]

[Collins, Duncan, Joglekar “77]
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Our Focus: Renormalization

: : | : [Dixon, Taylor "74]

EM tensor is a sum of composite operators usually divergent [Kluberg-Stern, Zuber ‘75

[Joglekar, Lee 76

[Nielsen '77]

. : ; 1 1 [Collins, Duncan, Joglekar "77]

g1 —0 conserved: finite & scale independent [T“ ] R = TH e e
Quark and gluon parts require renormalization

,ul/ . v VA% 12 % [A%
Oulgg 70 13 a 2 1 (e e

State-of-the-art for renormalization

2-loop: Hatta, Rajan, Tanaka ’18 _ Metz, Pasquini, Rodini "20, ‘21
Slcon Tadika o MS Other schemes
9op el Lorcé, Metz, Pasquini, Rodini 21

(Goal Computation of renormalization constants at 4-loop
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Why Studying '1'his? - E1C

Understanding the dynamics of quarks and gluons inside the hadrons

Bright future for precision hadron physics
How does the mass arise?

: Electron-lon Collider
L Irace anomaly contributes A machine that will unlock the secrets of the strongest force in Nature

Many fundamental questions at

lon Collider Ring

Electron-Ion Collider

Sven-Olaf Moch DIS coefficient functions at four loops in QCD and beyond —=p-
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Why Studying '] 'his? - Nucleon K

EM tensor contains important information about structures of nucleon

. . . .
Even more important if we discuss quark and gluon parts separately

Q . - .
Partonic decomposition of nucleon mass and spin

Non-forward nucleon matrix element

— o S0 Plrig")* A, AFAY — gt A2 , ,
(P ‘qufg‘P> = u(P’) {Aq,gV(MP ) + By.q 2N - Dy q AN - Cq,gMn" }U(P) o=t b
All these 4 form factors are important (P T[LL7 g|P) =2M 2 ( Ay + dC g)
: -
D: radial pressure distribution inside a nucleon (PIT};q|P) =2M (Aq + dCy)

1 1

Ji sum rule for nucleon spin > I o Irg— 5 (Ag.q + By.g) a0

™ Related to second moment of generalized PDF
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Operator Mixing

AWBYE — ARBY | A BH

= ,u)\ v gy — 1 e %u
e sum over quark flavors is implicit s s
(92 e 77'“ F s 1
Define 4-operators > T;V =05 = =)
(s = EV{M%DV}%D 4
v TH = 03
Oy = n""ypmap :
O B Lo g O
Lorentz covariance analysis: Mix under renormalization (9?; _ ZZZ ZZZ ZZ? sz C’)?
Oilr EJ: et ot L -op. a4 o0
Mixing with equation-of-motion and BRST exact operators are omitted [Talk by Giulio Falcionil
= | 1 b h . 1 . h And: [Falcioni, Herzog "22]
matrix elements between physical states vanis [Talk by Tongzhi Yang]
.

Our interest: renormalization of 1, and 1, between physical states
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(Goal and Approach

* Determine these 10 renormalization constants at 4-loop in QCD
« Calculable through evaluating Green correlation function involving these operators: Feynman diagrams

« "Two-point Green function with zero momentum operator insertion

+ Sudakov form factor

Lo -0 (2 (/{qTé“/ = /{QT;V) Exploit RG evolution

Three-loop: [TA, Banerjee, Dhani, Mathews, Rana, Ravindran "16]

[Hatta, Rajan, Tanaka "18]

+ An alternative method without explicit computation o
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Symmetric Rank-1wo 'l'ensor

Can be separated into traceless and trace components

Traceless & trace parts are in difterent irreducible representations of Lorentz group

| - .
renormalization should preserve Lorentz symmetry

. .
do not mix

Regroup the operators to traceless tensor representation of Lorentz group

1 e o lrace
WY — MY _ MV, aBy” ,
e Bl d 770450 apply thison (07 and (D3 (& EOM for operator)
- : 1
trace(O*") = 0 O O 0
.............................................................................. e g
O3 Zqqg Zqg U 0 Cl v fsa
o1 2. 7 "o Ol
(N 02 ....................... OOZFFZFm 02 ..... BlOCk diagonal I‘enormalization Constant matriX
o, i 0 | 7

Taushif Ahmed

Renormalization of the Quark and Gluon Energy-Momentum Tensors

8 /19



RG of 'Twist-1'wo Spin-1wo

(D1 and O4 twist-2 + twist-4
), and O4 twist-2 + % twist-4 components can be expressed in terms of (D9 and 4

Twist-2 spin-2 flavor singlet quark/gluon operators involved in Wilson OPE for DIS in Bjorken limit

RG equation : <03R> = (qu ,7(]9> . (O3R>
. d Inp% \|O1]|r i LT o

s coincide with 2nd moment of DGLAP evolution for flavor-singlet unpolarized PDFs

Recent 4-loop anomalous dimensions in MS
Moch, Ruijl, Ueda, Vermaseren, Vogt '21

[Talk by Sven Moch]

3% o Three loop: [Larin, Nogueira, van Ritbergen, Vermaseren ’'97]
[Talk by Johannes Blumlein} e
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Renormalized Svmmetric ' raceless Operators

= 1
OHY = O{MV} = E uunaﬁgaﬁ Bare
Definition in d-dimensions .
g o {O{“ V}} e e e = Renormalized [Wilson ‘70]
£ oftwd|  _ lnuv [naﬁ(f)aﬁ}
: tr 4 7
In DR, trace and renormalization do not commute [77&50&5} R 7 Nap [Oaﬁ] R
Book on Renormalization: [Collins '86]
Nu 1t 4 ) MS 4
(s € — r
Starts arising from tensor of rank 2 e et
difference Nuv MS_ Ny Tr> 4 )
G & €
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Renormalized EM "I ensor

Traceless Trace

. v

Oilg = Z 259 DGLAP Trace Anomaly
J
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"I 'race Anomal

1 - s
qEE _F,LL)\F)\V | 477,uuF2 - Z Z¢q7{u D I/}qu
Trace :
Classical L = Z MW, vanishing in chiral limit
q
[Nielsen '77]
/6 ( ) [Tarrach ’82]
Quantum 1, = ;;’ : F2] .+ Z(l + Ym) [Mq¥q¥q| ,  NON-vanishing even in chiral limit

q

+ 'Trace anomaly: breakdown of approximate conformal symmetry

. T[f = [TlﬂR

e (T[; = T[;’d)

1s RG invariant

B(Q& 6) == Cllg=— Z /Bna'?_l_Q e %
n=0
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Parametrization of ' race

Anomaly can be distributed

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
* *

Constraints Lg T Lg —

.
----------------------------------------------------------------------------------------------------------------------------------

r & y : finite and expandable in «y

L

We will determine
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ZFF and ZFm

Exploit RG invariance ——
LgF
/
THY e THY g g
77,UJ/ [ q } R 77,UJ7/ [ g } R 0 0 ZFF ....... ZFm
0 0 0
Oilp = Z 250, bl =T s Trace anomaly
J
€ (FQ)R (). ase—0 Oilg = ZZijOj
J
.‘.6 ................................. _ ........... 6(&87 6) Z F2 1 - i 5(&87 6) Z 7 53
——F? + map el b L ng e aia B
Zpp = o
FF——¢ B(asg, €) Consistent with explicitly (diagrammatic) computed results to 2-loops ~ [Tarmach 52
g 29m (as)as All order results exist: follow from general theory of renormalization [Nielsen 73]
om B(as, €) of gauge-invariant operators bl
4-loop mass ano dim: [Chetyrkin '97] [Larin, Ritbergen, Vermaseren ’97] 4-loop beta: [Czakon "04]
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Relating Renormalization Constants

= 4= = Traceless = Trace

'

Trace Anomaly

................. e ”
ey ZqF— Equ | dq ZFF [T,UJV}
Zgqg Zqg EZqF Zigm = Iy o 1, -
guisEs 2 o a0 F o
“9q “ig ik fgm 1d : : :
0 0 ZFF ZFm ZgF_ —Zgg | ik LFF
(e o :
7 o g L, T3
gm i o < s

*
lllllllllllllll
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Determining & ¥ and Unknown Z

Explicit results of 6 renormalization constants in MS

X: 5 ) > ,FF,FTYL
- Zgmi= —lzqq+ﬁZFm b {99,99, 94, 99 }

d Laurent expansion of RHS around € =

O(e”) must vanish in MS
+ New result O(a?)

(&) depeddsed 140 352 dabedqobed . 70 320 2372
S0 4 S )

g & 5 a8 0N 5 i
° ° abed Jabed
+ Consistent with S (2004 04, - B06) + en (- g + o)
(- TR B ) (- 28, 2 ke - ~ Y " a? and fini
—1 1 4919 22 39775 55 227 y an nlte
3 Oop results +CA"?’(34992_ﬁ<3)+CACF";(-M“§C4+8_1§3) 1,97 94,9 2
1471673 250 . 142, 445 83215 20 L
[Tanaka 18] 8 i“f‘"f( 52488 7§6f§ gt 162C3) i Cf‘"?’( ~ 11662 T 27% T3¢ —l

92275213 445 ¢
23328 27 *°

5  517. 779
L mmiudet 2 e S i 3
T Cs) + CACF"f(52488 g a C3) + CAnf(

33 6239 ./ 150653 22
~ 2%t 163 Q”) +CA< “ o T ?C?’)

same accuracy as the renormalization constants
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Anomaly Induced Mass: Proton

QCD Trace Anomaly < Nucleon Mass 2M? = (P|TH|\P) = (P|nyo [T;U] = P)+ (Pnys [Tg”"] = P)

o [ T3], = (0.079577471550 (1ur) + 0.05886948401a; (1r) 4 0.0216036542303 (1r) + 0.013675022440r; (ur) ) [F?] ,
+(1 + 0.14147106050 (1) — 0.00823495216802 (ur) — 0.06435111168a2 (ur) — 0.09861260742a; (ur)) [mabp]
o [T77] = (—0.437676093505(1ur) — 0.261511851302 (1ur) — 0.18382719270% (1) — 0.256096130505 (1r)) [F7] 4
+(0.4951487118cv, (1ug) + 0.77658726150% (k) + 0.8654924478a2 (ur) + 1.007417073as (ur)) [myy] ,
Mo [T37 ], = 0.0538719 [F?] , 4 1.05336 [myy)]
Mo [Ty ], = —0.298333 [F?] . + 0.551265 [myy] . os(pr =1 GeV) ~ 0.47358
R o 3 =7z o B
e Agree with literature to O(a)
. d d(5/2as) dYm ,
RG evolution ek [FQ} = —2 ( i [FZ} B | . mzﬁzb) [Tanaka "18]
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Anomaly Induced Mass: Pion

(7 ()M [TH] , I7(p)) = 0.611111 — 0.1221505 (1) — 0.1246590; (r) — 0.09916040; (1r) = 0.514773

: . . 3
Disagree with literature at O (Oé S)
[Tanaka "18]

Quark Gluon
m?2 ~ 0.485227m= + 0.514773m2 almost equal contributions
(in chiral limit) m2P = —O.1m2p | 1.1m2p quark contribution is negative
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Summary

Understanding the renormalization of quark/gluon EM tensor is important in hadronic physics

EIC: understanding mass, spin, pressure of hadrons

Exploiting RG invariance and other properties: renormalization to 4-loop

Trace anomaly and its effect on proton’s and pion’s mass

'T'hank you!
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