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Outline

Review of tree-level soft current for 1 or 2 soft gluons

Tree-level current for 3 soft gluons

Squared currents for 1 or 2 or 3 soft gluons

Colour structure with dipoles and quadrupoles
Kinematical coefficients in strong energy ordering
Collinear singularities

Squared currents with 3 hard partons

c-number factorization
Casimir scaling (violation)
Multi-eikonal formula in strong energy ordering

Squared currents with 2 hard partons

Same analysis as for 3 hard partons
Extension to 4 soft gluons: colour monster, quartic Casimir,. . .
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Motivations

High-precision LHC data ↔ high precision in theoretical
predictions

to test our present understanding of the Standard Model
to discover (probably tiny) signals of new physics

Explicit knowledge of soft/collinear factorization of scattering
amplitudes necessary in resummed calculations at N3LL

Calculation of large logarithmic terms can be used to obtain
approximated fixed-order results

Soft/collinear factorization provides the theoretical basis of
parton shower algorithms for Monte Carlo event generators
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Behaviour of scattering amplitude M({pk}, {qi}) when some
external gluons qi = ξq̄i become soft (ξ → 0)
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2 soft gluon emission
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[Catani, Grazzini ’00] “Independent” + max. non-abelian correlation
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a2
µ2
(q2) + Γa1a2µ1µ2

(q1, q2)
A∗B≡

1
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[Catani, Grazzini ’00] “Independent” + max. non-abelian correlation
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(q1, q2) = if a1a2 b

∑
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T b
k γµ1µ2

k (q1, q2)

γµ1µ2

k (q1, q2) = 1
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conservation of current: qµ1
1 Ja1a2µ1µ2

(q1, q2) ε
µ2(q2)

cs
= 0

Abelian case (f abc = 0): only independent emission

QCD: J(1) ∗ J(2) =⇒ colour-correlations with hard partons
(furthermore currents do not commute)
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3 soft gluon emission
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D) E) F)

G) H)

Eikonal vertices on hard lines

Exact vertices elsewhere

Exact propagators of soft gluons
(light-cone / covariant) gauges
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A) B) C)

D) E) F)

G) H)

Eikonal vertices on hard lines

Exact vertices elsewhere

Exact propagators of soft gluons
(light-cone / covariant) gauges

Current is conserved on
colour-singlet states

Irreducible term has colour
structure T b

∑

s f
a1a2s f sa3b

J(1, 2, 3) = J(1) ∗ J(2) ∗ J(3) +
[

∑

cyc.123

J(1) ∗ Γ(2, 3)
]

+ Γ(1, 2, 3)

Γ(1, 2, 3) =
∑

k∈hard

T b
k

∑

cyc.123

f a1a2, a3b γµ1µ2µ3

k (q1, q2; q3)
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Kinematical coefficient of maximally non-abelian term

γk(1, 2; 3) =
1

pk · q123

{ 1

12

p
µ1
k p

µ2
k p

µ3
k pk · (3q3 − q12)

pk · q2 pk · q3 pk · q12

+
p
µ3
k pk · (q3 − q12)

pk · q3 pk · q12 q2
12

(1

2
g
µ1µ2 pk · q1 + p

µ2
k q

µ1
2

)

+
1

q2
123 q

2
12

[

q
2
12 p

µ1
k g

µ2µ3 + 2qµ1
2 g

µ2µ3 pk · (q3 − q12)

+ 4 qµ1
3 q

µ2
1 p

µ3
k + 4 qµ1

2 p
µ2
k q

µ3
12

+ g
µ1µ2

(

q
2
23 p

µ3
k + q

µ3
1 pk · (q13 − 3q2)

)

]}

−
(

1 ↔ 2
)

Notation: qij = qi + qj , q123 = q1 + q2 + q3
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Soft factors for colour-ordered subamplitudes

Colour-ordered subamplitudes decomposition [Berends,Giele ’89]

M(1, · · · , n) =
∑

perm(1,··· ,n−1)

tr(ta1 · · · tan) C (1, · · · , n)

In the soft limit k2, . . . km → 0

C (1, 2, · · · ,m,m + 1, · · · , n) = s1,2,··· ,m,m+1C (1,m + 1, · · · , n)
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Soft factors for colour-ordered subamplitudes

Colour-ordered subamplitudes decomposition [Berends,Giele ’89]

M(1, · · · , n) =
∑

perm(1,··· ,n−1)

tr(ta1 · · · tan) C (1, · · · , n)

In the soft limit k2, . . . km → 0

C (1, 2, · · · ,m,m + 1, · · · , n) = s1,2,··· ,m,m+1C (1,m + 1, · · · , n)

Soft factors in terms of kinematical coefficients

si1k = jk(1)− ji (1)
(

j
µ
k (1) ≡

pµk
pk ·q1

)

si12k = γi (1, 2) +
1
2 [ji (1)ji (2)− ji (1)jk(2)] +

(

1↔2
i↔k

)

si123k = γi (1, 2; 3) + γi (3, 2; 1)−
1
2

[

γi (1, 2) ji (3) + ji (1) γi (2, 3)
]

+ γi (1, 2) jk(3) +
1
2 ji (1) ji (2) jk(3)−

1
6 ji (1) ji (2) ji (3)−

(

1↔3
i↔k

)
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Square of soft current

Dirac’s notation in
colour⊗ helicity space

Mc1c2...
λ1λ2...

=: 〈c1, c2 . . . | ⊗ 〈λ1, λ2 . . . |M〉

|M(pk , qi )〉 ≃ J(qi )|M(pk)〉

|M(pk , qi )|
2 ≃ 〈M(pk)| |J(qi )|

2 |M(pk)〉
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Square of soft current

Dirac’s notation in
colour⊗ helicity space

Mc1c2...
λ1λ2...

=: 〈c1, c2 . . . | ⊗ 〈λ1, λ2 . . . |M〉

|M(pk , qi )〉 ≃ J(qi )|M(pk)〉

|M(pk , qi )|
2 ≃ 〈M(pk)| |J(qi )|

2 |M(pk)〉

Current conservation on colour-singlets qµℓ

ℓ J ..aℓ....µℓ..
(..qℓ..)

cs
= 0 ⇓

|J(q1 · · · qN)|
2 cs
=

[

N
∏

ℓ=1

−gµℓνℓ

]

Ja1...aNµ1...µN
(q1 · · · qN)

†Ja1...aNν1...νN
(q1 · · · qN)

Explicitly gauge invariant

Still a colour operator that depends on the colour charges of
the hard partons in M(pk)

Important simplifications for 2 or 3 hard partons
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Square of soft currents for 1 or 2 gluon emission

Single gluon emission

|J(q)|2
cs
= −

∑

i ,k∈hard

T i · T k Sik(q) =: W (q) (

T i ·T k ≡
∑

a T
a
i T

a
k

)

Sik(q) =
pi · pk

pi · q pk · q
colour dipoles

i k
a a
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Square of soft currents for 1 or 2 gluon emission

Single gluon emission

|J(q)|2
cs
= −

∑

i ,k∈hard

T i · T k Sik(q) =: W (q) (

T i ·T k ≡
∑

a T
a
i T

a
k

)

Sik(q) =
pi · pk

pi · q pk · q
colour dipoles

i k
a a

Double gluon emission
involves just colour dipoles in irreducible correlation

|J(q1, q2)|
2 cs
= W (q1) ∗W (q2) +W (q1, q2)

W (q1, q2) = −CA

∑

i ,k∈hard

T i · T k Sik(q1, q2)
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Square of soft current for 3 gluon emission

|J(q1, q2, q3)|
2 cs
= W (q1) ∗W (q2) ∗W (q3)

+
[

∑

cyc.123

W (q1) ∗W (q2, q3)
]

+W (q1, q2, q3)

Each W is gauge-invariant
The irreducible correlation involves dipoles and quadrupoles

l k

s

d

i mbc

a
W (q1, q2, q3) = −C 2

A

∑

i ,k

T i · T k Sik(q1, q2, q3)

+
∑

iklm

Qiklm Siklm(q1, q2, q3)

Irred. quadrupoles Qiklm ≡ 1
2 f

ab,cd
(

T a
l {T

c
i ,T

d
k }T

b
m + h.c.

)
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Square of soft current for 3 gluon emission

In strong energy ordering E1≪E2≪E3 and massless hard partons

S
seo
ik =

2(pi · pk )
3

3(pi · q1)(pk · q1)(pi · q2)(pk · q2)(pi · q3)(pk · q3)

−
2(pi · pk )

2

(q1 · q2)(pi · q1)(pk · q2)(pi · q3)(pk · q3)

+
2pi · pk

(q1 · q3)(q2 · q3)(pi · q1)(pk · q2)
+ perms. {1, 2, 3}

symmetric (!) under exchange of soft gluons momenta q1, q2, q3
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Square of soft current for 3 gluon emission

In strong energy ordering E1≪E2≪E3 and massless hard partons

S
seo
ik =

2(pi · pk )
3

3(pi · q1)(pk · q1)(pi · q2)(pk · q2)(pi · q3)(pk · q3)

−
2(pi · pk )

2

(q1 · q2)(pi · q1)(pk · q2)(pi · q3)(pk · q3)

+
2pi · pk

(q1 · q3)(q2 · q3)(pi · q1)(pk · q2)
+ perms. {1, 2, 3}

symmetric (!) under exchange of soft gluons momenta q1, q2, q3

Quadrupole kinematical coefficient

S
seo
iklm =

pi · pk

(pi · q3)(pk · q3)(pl · q1)(pm · q2)

{ (pm · pl )(pl · pi )

3(pl · q2)(pi · q1)

−
pm · pi

3pi · q2

[

pl · pi

pi · q1
+

pl · pm

pm · q1
+

2pl · pk

pk · q1

]

+
pl · q3

q3 · q1

[

2pm · pi

pi · q2
−

pm · q3

q3 · q2

]

}

+ (1 ↔ 2)

symmetric (!) in the exchange q1 ↔ q2.
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Collinear singularities of squared currents

|M|2 singular (not integrable) when momenta of two or more
of external massless legs become collinear
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Collinear singularities of squared currents

|M|2 singular (not integrable) when momenta of two or more
of external massless legs become collinear

1 gluon emission: singular when q ≃ z pB

|J(q)|2 = −
∑

i 6=k

T i · T k
pi · pk

pi · q pk · q
≃ −

∑

i 6=k

T i · T k
δiB + δkB
z pB · q

=
2

z pB · q
TB ·

(

−
∑

k 6=B

T k

)

cs
=

1

pB · q

2CB

z

{

CF (B = q)
CA (B = g)

absence of colour correlations ⇒ colour coherence
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Collinear singularities of squared currents

recall |J(1, 2, 3)|2
cs
= W (1) ∗W (2) ∗W (3) +

[

∑

cyc.123

W (1) ∗W (2, 3)
]

+W (1, 2, 3)

Expansion in irreducible correlations reduces collinear singularities of W ’s

W (2, 3)

c1 double-collinear limit of the 2 soft gluons (exact Pµν

g1g2)
c2 triple-collinear limit of the 2 soft gluons and a hard parton

W (1, 2, 3)dipole
c3 double-collinear limit of 2 soft gluons (exact)
c4 triple-collinear limit of the 3 soft gluons (exact Pµν

g1g2g3)
c5 quadruple-collinear limit of the 3 soft gluons and a hard parton

=⇒ soft limit of Pss′

g1g2g3C
(new!)

W (1, 2, 3)quadrupole has no collinear singularity!
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3 hard partons

Consider amplitudes with 3 hard partons A,B ,C plus soft gluons
(and colourless objs)

{A,B ,C} = {g, q, q̄} or {A,B ,C} = {g, g, g} (flavour cons.)
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3 hard partons

Consider amplitudes with 3 hard partons A,B ,C plus soft gluons
(and colourless objs)

{A,B ,C} = {g, q, q̄} or {A,B ,C} = {g, g, g} (flavour cons.)

Only 1 possible colour-singlet state: 〈aβγ̄|gqq̄〉 = taβγ̄

qN
. . .q

1
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|J|2 is colour conserving, thus c-number
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2|gqq̄〉 = |gqq̄〉 |J(q1 · · · qN)|
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3 hard partons

Consider amplitudes with 3 hard partons A,B ,C plus soft gluons
(and colourless objs)

{A,B ,C} = {g, q, q̄} or {A,B ,C} = {g, g, g} (flavour cons.)

Only 1 possible colour-singlet state: 〈aβγ̄|gqq̄〉 = taβγ̄

|J|2 is colour conserving, thus c-number

|J(q1 · · · qN)|
2|gqq̄〉 = |gqq̄〉 |J(q1 · · · qN)|

2
gqq̄

|M(pk , q1 · · · qN)|
2 ≃ |M(pk)|

2 |J(q1 · · · qN)|
2
gqq̄

c-number soft-gluon factorization formula is valid
at arbitrary loop orders
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3 hard partons

Consider amplitudes with 3 hard partons A,B ,C plus soft gluons
(and colourless objs)

{A,B ,C} = {g, q, q̄} or {A,B ,C} = {g, g, g} (flavour cons.)

Two colour-singlet states, with ±1 charge conjugation

〈abc |(ggg)f 〉 = if abc 〈abc |(ggg)d〉 = dabc

qN
. . .q

1
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3 hard partons

Consider amplitudes with 3 hard partons A,B ,C plus soft gluons
(and colourless objs)

{A,B ,C} = {g, q, q̄} or {A,B ,C} = {g, g, g} (flavour cons.)

Two colour-singlet states, with ±1 charge conjugation

〈abc |(ggg)f 〉 = if abc 〈abc |(ggg)d〉 = dabc

|J(q1 · · · qN)|
2 |(ggg)f ,d〉 = |(ggg)f ,d〉 |J(q1 · · · qN)|

2
f ,d

|J|2 is a 2× 2 colour-matrix, diagonal in the {f , d} basis
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3 hard partons

Consider amplitudes with 3 hard partons A,B ,C plus soft gluons
(and colourless objs)

{A,B ,C} = {g, q, q̄} or {A,B ,C} = {g, g, g} (flavour cons.)

Two colour-singlet states, with ±1 charge conjugation

〈abc |(ggg)f 〉 = if abc 〈abc |(ggg)d〉 = dabc

|J(q1 · · · qN)|
2 |(ggg)f ,d〉 = |(ggg)f ,d〉 |J(q1 · · · qN)|

2
f ,d

|J|2 is a 2× 2 colour-matrix, diagonal in the {f , d} basis

|J(q1 · · · qN)|
2
f 6= |J(q1 · · · qN)|

2
d for N ≥ 3

Quadrupole colour correlations remove degeneracy
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3 hard partons: Radiation at tree level of 1 or 2 gluons

Dipoles ∝ Casimirs: TA · TB |ABC 〉 = 1
2(CC − CA − CB) |ABC 〉

Rewrite W (q1 · · · qN)
cs
= −1

2C
n−1
A

∑

i ,k T i · T k wik(q1 · · · qN)

wAB = SAB + SBA − SAA − SBB

wABC = wAB + wAC − wBC

|J(q)|2ABC = CB wBC (q) + CA wABC (q)
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3 hard partons: Radiation at tree level of 1 or 2 gluons

Dipoles ∝ Casimirs: TA · TB |ABC 〉 = 1
2(CC − CA − CB) |ABC 〉

Rewrite W (q1 · · · qN)
cs
= −1

2C
n−1
A

∑

i ,k T i · T k wik(q1 · · · qN)

wAB = SAB + SBA − SAA − SBB

wABC = wAB + wAC − wBC

|J(q)|2ABC = CB wBC (q) + CA wABC (q)

|J(q1, q2)|
2
ABC = C 2

B wBC (q1)wBC (q2) +
CBCA [wBC (q1, q2) + wBC (q1)wABC (q2) + wBC (q2)wABC (q1)]
+C 2

A [wABC (q1, q2) + wABC (q1)wABC (q2)]

dependence on colour state of hard-partons entirely expressed
through the Casimir coefficients CA e CB

Casimir scaling: ABC : gqq̄ ggg

CB : CF CA
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3 hard partons: Radiation at tree level of 3 gluons

Dipole term: Casimir scaling

|J(q1, q2, q3)|
2,dip
ABC = C 3

B wBC (q1)wBC (q2) wBC (q3)

+ C 2
BCA [wBC (q1)wBC (q2, q3) + · · · ]

+ CBC
2
A [wBC (q1, q2, q3) + · · · ]

+ C 3
A

[

wABC (q1, q2, q3) + wABC (q1) wABC (q2) wABC (q3) + · · ·
]
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3 hard partons: Radiation at tree level of 3 gluons

Dipole term: Casimir scaling

|J(q1, q2, q3)|
2,dip
ABC = C 3

B wBC (q1)wBC (q2) wBC (q3)

+ C 2
BCA [wBC (q1)wBC (q2, q3) + · · · ]

+ CBC
2
A [wBC (q1, q2, q3) + · · · ]

+ C 3
A

[

wABC (q1, q2, q3) + wABC (q1) wABC (q2) wABC (q3) + · · ·
]

Quadrupole term: (sizeable) Casimir scaling violation O
(

N−2
c

)

|J(q1, q2, q3)|
2,quad
ABC = λBNc w

quad
ABC (q1, q2, q3)

|gqq̄〉 : λF = 1/2 , |f 〉 : λA = 3 , |d〉 : λ = 0

wquad

ABC ≡[SABAB−SABBA+SABCA−SABAC+SBAAC−SBACA ]+perm{A,B,C}

collinear safe w.r.t angular integration over soft-gluon momenta
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3 hard gluons: radiation at tree level of N gluons

Strong energy ordering: E1 ≪ E2 ≪ · · · ≪ EN

|M(pk , qi )|
2 ≃ |M(pk)|

2 |J(qi )|
2,seo
gggf

{

1 +O
(

N−2
c

)}

(new)

|J(qi )|
2,seo
ggg = CN

A pA ·pB pB ·pC pC ·pA Feik(pA, pB , pC , q1, · · · , qN)

Feik(k1, · · · , kM) ≡
[

(k1 · k2)(k2 · k3) . . . (kM−1 · kM)(kM · k1)
]

−1

+ ineq. perm{k1, · · · , kM}

in terms of multi-eikonal Feik [Bassetto Ciafaloni Marchesini 83]

The 2 eigenvalues of squared current become degenerate, up to
colour suppressed terms

Triple (and quadruple) soft-gluon radiation in QCD hard scattering Dimitri Colferai



Introduction Tree level current Squared current 3 hard partons 2 hard partons Conclusions

2 hard partons

qN
. . .q

1
qN

. . .q
1

{B ,C} = {q, q̄} or {B ,C} = {g, g} (flavour cons.)

1-dimensional colour spaces =⇒ c-number factorization

Non-abelian effects are in SU(Nc) colour coefficients

|J(q1, q2, q3)|
2
BC = C 3

B wBC (q1) wBC (q2) wBC (q3)

+ C 2
BCA[wBC (q1) wBC (q2, q3) + cyc.perm.(123)]

+ CBC
2
A wBC (q1, q2, q3)

Casimir scaling valid up to 3 soft gluons
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2 hard partons

Strong energy ordering with 2 hard gluons: check of [BCM]

[link a Feik]

|J(q1 · · · qN)|
2,seo
BC = 2CN

A (pB ·pC )
2Feik(pB , pC , q1 · · · qN) +O

(

NN−2
c

)
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2 hard partons

Strong energy ordering with 2 hard gluons: check of [BCM]

[link a Feik]

|J(q1 · · · qN)|
2,seo
BC = 2CN

A (pB ·pC )
2Feik(pB , pC , q1 · · · qN) +O

(

NN−2
c

)

If one soft gluon is much harder than the others
(EN ≫ E1, · · · ,EN−1)

|J(q1· · ·qN)|
2
BC ≃ |J(qN)|

2
BC |J(q1· · ·qN−1)|

2
ABC

pA ≡ qN

4 soft gluon sq.current constrained by 3 soft gluon sq.current
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2 hard partons, 4 soft gluons

Expansion in irreducible correlations

|J(1,2, 3, 4)|2
cs
= W (q1) ∗W (q2) ∗W (q3) ∗W (q4)

+ [W (q1, q2) ∗W (q3) ∗W (q4) + ineq. perms. {1, 2, 3, 4}]

+ [W (q1, q2) ∗W (q3, q4) + ineq. perms. {1, 2, 3, 4}]

+ [W (q1) ∗W (q2, q3, q4) + (1 ↔ 2) + (1 ↔ 3) + (1 ↔ 4)]

+W (q1, q2, q3, q4)

Action on a colour-singlet |BC 〉 state when E4 ≫ E1,2,3

|J(1, 2, 3, 4)|2BC = CB wBC (q4)
[

|J(1, 2, 3)|2,dip4BC + λBNc w
quad
4BC (q1, q2, q3)

]

New irreducible correlation: leading + subleading colour

W (q1 · · · q4)|BC = CB

[

C 3
A w

(L)
BC (q1 · · · q4) + λBNc w

(S)
BC (q1 · · · q4)

]
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2 hard partons, 4 soft gluons, energy ordering

W (q1 · · · q4)|BC = CB

[

C 3
A w

(L)
BC (q1 · · · q4) + λBNc w

(S)
BC (q1 · · · q4)

]

Exact colour structure for massive hard particles and arbitrary
soft energies; Kinematical coeffs. known in energy ordering

Last term is related to quartic Casimir

CB λB Nc = 2
d
(4)
AB
DB

− 1
12 CB C 3

A DB dimension of B representation

Generalized Casimir scaling: CF → CA , d
(4)
AF → d

(4)
AA

First correction to multi-eikonal BCM formula {B,C} = {g, g}

|J(1, · · · , 4)|2,seoBC = 2C 4
A(pB · pC )

2 F
(6)
eik (pB , pC , q1, q2, q3, q4)

+ 3N2
c w

(S ,seo)
BC (q1, q2, q3, q4)
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2 hard partons, 4 soft gluons, strong ordering

W (q1 · · · q4)|BC = CB

[

C 3
A w

(L)
BC (q1 · · · q4) + λBNc w

(S)
BC (q1 · · · q4)

]

[Dok Kho Mue Tro 91] examined 4 soft gluon radiation
from 2 massless hard partons in strong energy ordering . . .

. . . and found a contribution ∼ CBNc

from colour monster
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2 hard partons, 4 soft gluons, strong ordering

W (q1 · · · q4)|BC = CB

[

C 3
A w

(L)
BC (q1 · · · q4) + λBNc w

(S)
BC (q1 · · · q4)

]

[Dok Kho Mue Tro 91] examined 4 soft gluon radiation
from 2 massless hard partons in strong energy ordering . . .

. . . and found a contribution ∼ CBNc

from colour monster

Our results are fully consistent with the colour monster . . .

. . . related to quartic Casimir CB λB Nc = 2
d
(4)
AB
DB

− 1
12 CB C 3

A

w
(S)
BC has collinear singularities ⇒ α4

S d
(4)
AB / ǫ in coll.ev.kernels

contribute to Γ
(4)
cusp term that violates Casimir scaling
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Conclusions

Computed tree-level current for triple gluon emission
in terms of irreducible correlations for 1,2,3 gluons.
Obtained explicit results for colour-orderes subamplitudes
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Conclusions

Computed tree-level current for triple gluon emission
in terms of irreducible correlations for 1,2,3 gluons.
Obtained explicit results for colour-orderes subamplitudes

Computed tree-level squared current
3-gluon correlation involves colour dipoles and quadrupoles
Collinear behaviour consistent with collinear factorization and
angular ordering features. Quadrupoles are collinear safe.
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Conclusions

Computed tree-level current for triple gluon emission
in terms of irreducible correlations for 1,2,3 gluons.
Obtained explicit results for colour-orderes subamplitudes

Computed tree-level squared current
3-gluon correlation involves colour dipoles and quadrupoles
Collinear behaviour consistent with collinear factorization and
angular ordering features. Quadrupoles are collinear safe.

With 3 hard partons: c-number factorization
quadrupoles break Casimir scaling CF →CA when hard qq̄ → gg

generalization of multi-eikonal BCM with 3 hard gluons
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Conclusions

Computed tree-level current for triple gluon emission
in terms of irreducible correlations for 1,2,3 gluons.
Obtained explicit results for colour-orderes subamplitudes

Computed tree-level squared current
3-gluon correlation involves colour dipoles and quadrupoles
Collinear behaviour consistent with collinear factorization and
angular ordering features. Quadrupoles are collinear safe.

With 3 hard partons: c-number factorization
quadrupoles break Casimir scaling CF →CA when hard qq̄ → gg

generalization of multi-eikonal BCM with 3 hard gluons

With two hard partons: extended analysis to 4 soft gluons
Presented the full colour structure; kin.coeffs in energy ordering
Found col-monster contrib. (∼ N−2

c ) related to quartic Casimir

Generalization of Casimir scaling ( CF →CA , d
(4)
AF → d

(4)
AA )

Colour-monster term has collinear singularities and contributes
to the cusp anomalous dimension at α4

S

Computed first correction O
(

1/N2
c

)

to multi-eikonal BCM
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