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Introduction
[ Yolele]

Outline

@ Review of tree-level soft current for 1 or 2 soft gluons
@ Tree-level current for 3 soft gluons
@ Squared currents for 1 or 2 or 3 soft gluons
o Colour structure with dipoles and quadrupoles
o Kinematical coefficients in strong energy ordering
o Collinear singularities
@ Squared currents with 3 hard partons
o c-number factorization
s Casimir scaling (violation)
& Multi-eikonal formula in strong energy ordering
@ Squared currents with 2 hard partons

@ Same analysis as for 3 hard partons
o Extension to 4 soft gluons: colour monster, quartic Casimir,. ..
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Motivations

@ High-precision LHC data < high precision in theoretical
predictions
@ to test our present understanding of the Standard Model
@ to discover (probably tiny) signals of new physics
@ Explicit knowledge of soft/collinear factorization of scattering
amplitudes necessary in resummed calculations at N3LL

@ Calculation of large logarithmic terms can be used to obtain
approximated fixed-order results

@ Soft/collinear factorization provides the theoretical basis of
parton shower algorithms for Monte Carlo event generators
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@ Behaviour of scattering amplitude M({px},{qi}) when some
external gluons g; = £g; become soft ({£ — 0)
g " Ay
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@ Behaviour of scattering amplitude M({px},{qi}) when some
external gluons g; = £g; become soft (£ — 0)
g " Ay

(T;)bC:th

K
gT7pi
QCD:  S(q) = S (q)eu(q) = ) = Eeu(q) (T2)pe=—12,

(T2)pe=if2be
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@ Behaviour of scattering amplitude M({px}, {gi}) when some
external gluons g; = £g; become soft ({ — 0)
aq - .

© Oy

Pk
(Ta)bc:ta
g','ap,u q bc
QCD:  S(q) = S (q)en(a) = Y o g (@) (T2)oe=—t2,
k=1
K K (Tga)bc:ifabc
de=0, Y TFE0 = =20
k=1 k=1
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@ Behaviour of scattering amplitude M({px}, {gi}) when some
external gluons g; = £g; become soft ({ — 0)
qW T q{\/

M (Tg)b‘::tt‘jc
k
gﬂ(q) (Tg)bczftgb

( Tg)bc =ifabe
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2 soft gluon emission

1 2 1 2
i 1
1 1
k
A) B) C)

[Catani, Grazzini '00] “Independent” 4+ max. non-abelian correlation

Jinia(ar, a2) = Jii(qu) * i3 (a2) + TN (a1, 62) A«B=1(AB+BA)

22 (qu,q2) = iF2°2 " TP 42 (q1, o)
k&hard

ni fip
H1p2 — 1 Py~ Pk 1 n1 M2 1
(q17q2) pk'(q1+q2){2pk'q1+q1'q2(pk 9 +igulwpk"’z)}*(l 2)

Vi
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2 soft gluon emission

1 2 1 2
i 1
1 1
k
A) B) C)

[Catani, Grazzini '00] “Independent” 4+ max. non-abelian correlation

Jo(qr, q2) = Jii(q1) * J2(a2) + T30 (a1, g2)

1
H1p2 AxB=75(AB+BA)
aa __ srajax b § : b _ p1p2
r'u,l]_;fz(qla CIZ) = if9% Tk Yk (qla CI2)
kehard
M1M2(q @) = 1 Pflpf2+ L_(pi1ql2+1gmm2py-q0) 7(192)
Vi 1,42 Pr(a1ta) | 2 pe-a1  a1-a P 58 Pk-q2

@ conservation of current: qi“Jj}fé(ql, @) 2(q2) 20

@ Abelian case (f2°° = 0): only independent emission

@ QCD: J(1) * J(2) == colour-correlations with hard partons
(furthermore currents do not commute)
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Tree level current
@00

3 soft gluon emission

L 1 1
2 i i @ Eikonal vertices on hard lines
2
5 k 3, 5 3
| k

« @ Exact vertices elsewhere

. . . . @ Exact propagators of soft gluons
MI }5&3 m (light-cone / covariant) gauges
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Tree level current
@00

3 soft gluon emission

L 1 1
Ezi i ii o Eikonal vertices on hard lines
Kk 3, 2
2 .
- K ‘. @ Exact vertices elsewhere
A) B)
@ Exact propagators of soft gluons

ml }iﬁs }& (light-cone / covariant) gauges

o 5 5 @ Current is conserved on
L . colour-singlet states
Mﬁ Mﬂ @ Irreducible term has colour
o 0 structure TP )~ faiasfsash

J(1,2,3) = J(1) % J(2) * J(3) [ S (1) #T(2,3)] +1(1.2.3)
cyc.123

r(1,2,3) Z T? Z foraz asb kel (g go: q3)
kéehard cyc.123
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Tree level current
(o] T}

Kinematical coefficient of maximally non-abelian term

1 1 M1 M2 3 (3 _
ve(1,2:3) = 1 P - (393 — q2)
Pk qi2s L12  pi - G2 pk - G3 Pk - qi2
PP (@3 —q2) (1 4, P
+—2(fg Pk q1 + P a5 )
Pk 3 Pk G12 Gip \2
1
+ 7 [Qﬁ pit g"**? + 295" g™ p - (g3 — qr2)
9123 912
+44¢3" q1? p° + 49y arp
+ ghe (CI§3 Pff3 + q{” pr - (qiz — 3q2))] } — (1 > 2)
Notation: gj = gi + g , g3 =q1+q+ g3
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Tree level current
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Soft factors for colour-ordered subamplitudes

Colour-ordered subamplitudes decomposition [Berends, Giele '89]

M@, n)= Y et t7) C(1,-+- ,n)

perm(1,---,n—1)
In the soft limit ko, ... kpn — 0

C(1727 7m7m+17"' 7n) :51,2,~~,m,m+1c(17m+17"' 7n)
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Tree level current
ooe

Soft factors for colour-ordered subamplitudes

Colour-ordered subamplitudes decomposition [Berends, Giele '89]

M@, n)= Y et t7) C(1,-+- ,n)

perm(L,--- ,n—1)

In the soft limit ko, ... kpn — 0

C(L,2,--- ,mm+1,--- . n)=s512.. mm+1C(L,m+1,--- n)
Soft factors in terms of kinematical coefficients

sitk = Jw(1) —ji(1) k) =57 ql)
sinok = 7i(L,2) + 3Li(1)i(2) i (Die(@)] + ()
siosk = Yi(1,2;3) +7i(3,2; 1) — 5 [7i(1,2) ji(3) +ji(1) 7i(2,3)]

+7i(1,2) ji(3) + 34i(1)i(2) i (3) — £i(1)4i(2)i(3) = (57
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Squared current
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Square of soft current

Dirac's notation in M;:\llgi =ty @ A Ao M)
colour ® helicity space | M(px, qi)) =~ J(q;)|M(pk))
M (i a7)|* = (M(pi)l [9(a)]* [M(pi))
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Squared current
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Square of soft current

Dirac’s notation in  Mi. = (e @2 [© (A A2 M)

colour ® helicity space | M(pk, qi)) =~ J(q;)|M(pk))
(M (pr; ai) P = (M(pi)] [4(a1) P M (pr))

Current conservation on colour-singlets qé‘fj_'_'l‘jgjj(..qg..) 20 [}
N

[J(qr-qn)]* = [H _gum] Jaan (qy - qu) S5 (qr - qw)
(=1

@ Explicitly gauge invariant

@ Still a colour operator that depends on the colour charges of
the hard partons in M(py)

@ Important simplifications for 2 or 3 hard partons

Dimitri Colferai
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Square of soft currents for 1 or 2 gluon emission

@ Single gluon emission ’,>qumam\<k
26 . . .
H@P == Y i TiSula) = W(a) (ToTe=5,7277)
i,k€hard
Sik(q) — _Pi-Pk colour dipoles
pi-qpk-q
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Squared current
0@0000

Square of soft currents for 1 or 2 gluon emission

@ Single gluon emission ’,>w1§vw§r\\<k
26 . . .
H@P == Y i TiSula) = W(a) (ToTe=5,7277)
i,k€hard
Sik(q) — _Pi-Pk colour dipoles
pi-qpk-q

@ Double gluon emission
involves just colour dipoles in irreducible correlation

[J(q1, a2)* = W(q1) * W(q2) + W(q1, 5)

W(a,q2)=-Ca > Ti TiSilar, q2)
i,k€hard
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00000

Square of soft current for 3 gluon emission

(g1, 2. 43)> = W(an) = W(q2) * W(gs)

+ { > W(q) = W(qz,q3)} + W(q1, g2, 43)
cyc.123

Each W is gauge-invariant
The irreducible correlation involves dipoles and quadrupoles

Wi, a2, :) = _C/Z‘Z Ti Tk Sik(q1,92,3) />:"A”
ik
+ Z Qitim Sikim(q1, g2, g3) I.>q,\, :
ikim

Irred. quadrupoles Qix/m = %f"b’Cd(T,"{T,-C, TTE + h.c.)
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Square of soft current for 3 gluon emission

@ In strong energy ordering E; < Ex < E3 and massless hard partons

g0 _ 2(p; - Pk)3
3(pi - a1)(pk - q1)(p; - a2)(pk - 92)(p; - 43)(Pk - 43)
_ 2(pi - i)’
(g1 - a2)(pi - a1)(Pk - 2)(pi - 93)(Px - G3)
2pi - Pk
(a1 - a3)(q2 - a3)(pi = q1)(Pk - 92)

+ perms. {1, 2,3}

symmetric (!) under exchange of soft gluons momenta g1, g2, g3
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Square of soft current for 3 gluon emission

@ In strong energy ordering E; < Ex < E3 and massless hard partons

gseo _ 2(p; - p)?
* T 3(pr ) (P - a1)(pr - 42)(pk - 42)(p; - a3)(pk - a3)
_ 2(pi - i)’
(g1 - a2)(pi - a1)(Pk - 2)(pi - 93)(Px - G3)
2pi - Pk

erms. {1,2,3
(@10 a - o - a)pe q) | PO 23

symmetric (!) under exchange of soft gluons momenta g1, g2, g3

@ Quadrupole kinematical coefficient

gse0 _ pi Pk { (pm - p1)(py - P;)
0 —
" (pi - a3)(Pi - @3)(pr - a1)(Pm - @2) L 3(py - @2)(pi - q1)
Pm - Pi [PI‘P:’ 4 Pl - Pm +2PI'PI<:| n P a3 [2pm~P; _ Pm- a3

3pi-q2 |Pi-G1  Pm-q1 Pk G a3-q1 | P a2 93 q2

]}+(1<—>2)

symmetric (!) in the exchange g1 < @o.
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Collinear singularities of squared currents

@ | M2 singular (not integrable) when momenta of two or more
of external massless legs become collinear
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Squared current
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Collinear singularities of squared currents

@ | M2 singular (not integrable) when momenta of two or more
of external massless legs become collinear

@ 1 gluon emission: singular when q ~ z pg

pi diB + OkB
\J(q)|2:—ZT,--Tk7 T T ———=
= Pi-qPpk-q oy zZpg-q
2 1 2Cs~(Cr (B=q)
— T =B
zpg - q ( ,;B ) pe-q z {CA (B=g)

@ absence of colour correlations = colour coherence
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Squared current
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Collinear singularities of squared currents

recall |J(1,2,3)]> £ W(1) * W(2) * W(3) + [ 3 w() W(2,3)] +W(L,2,3)

cyc.123

Expansion in irreducible correlations reduces collinear singularities of W's
o W(2,3)
c1 double-collinear limit of the 2 soft gluons (exact P% )

8182
¢ triple-collinear limit of the 2 soft gluons and a hard parton

° W(la 27 3)dipole
c3 double-collinear limit of 2 soft gluons (exact)
cs triple-collinear limit of the 3 soft gluons (exact PL% )
¢s quadruple-collinear limit of the 3 soft gluons and a hard parton

. ss’ |
= soft limit of P37, . c (new!)

® W(1,2,3)quadrupole has no collinear singularity!
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3 hard partons
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A,B,C} = {g,q,d} o {A,B,C} = {g,z,g} (flavour cons.)
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3 hard partons
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A.B.C} = {g,0,d} or {A B, C} = {g. &8} (favour cons.)
@ Only 1 possible colour-singlet state: (af¥|gqq) = t3s

q " ;" Ay
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A.B.C} = {g.q.a) or {A.B,C} = {g. 5.6} (flavour cons)
@ Only 1 possible colour-singlet state: (af¥|gqq) = t3-

@ |J|? is colour conserving, thus c-number

(g1~ an)I?lgad@) = lgad) (g1~ an)lzeg
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A.B.C} = {g,0,d} or {A B, C} = {g. &8} (favour cons.)
@ Only 1 possible colour-singlet state: (af¥|gqq) = t3s

@ |J|? is colour conserving, thus ,c-number

[J(qr- - qn)Plgad) = [ga@) [J(ar - an) g
M (s g1+ an) 2 = [M(p)? [J(q1 - - an) g

@ c-number soft-gluon factorization formula is valid
at arbitrary loop orders
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3 hard partons
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A,B,C} = {g,q,d} or {A.B,C} = {g.2.5} (flavour cons.)
@ Two colour-singlet states, with 1 charge conjugation

(abc|(ggg)r) = if**  (abc|(ggg)q) = d*°

4 "L An




3 hard partons
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A,B,C} = {g,q,d} or {A.B,C} = {g.2.5} (flavour cons.)
@ Two colour-singlet states, with 1 charge conjugation

(abc|(ggg)r) = if**  (abc|(ggg)q) = d**°
[J(q1- - an)I* [(g88)r.a) = I(888)r.a) [4(q1 - an)[7 4

|J|? is a 2 x 2 colour-matrix, diagonal in the {f,d} basis
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3 hard partons
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3 hard partons

Consider amplitudes with 3 hard partons A, B, C plus soft gluons
(and colourless objs)

o {A,B,C} = {g,q,d} or {A.B,C} = {g.2.5} (flavour cons.)
@ Two colour-singlet states, with 1 charge conjugation
(abel(gee)r) = if"C  (abel(geg)q) = d°
[ (a1~ an)l? [(ge8)r.a) = |(288)r.a) [(q1-- - an)lF 4

|J|? is a 2 x 2 colour-matrix, diagonal in the {f,d} basis

o |J(q1---qn)|? #[J(q1--- qn)|? for N >3
Quadrupole colour correlations remove degeneracy
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3 hard partons
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3 hard partons: Radiation at tree level of 1 or 2 gluons

Dipoles o Casimirs: T4 - Tg|ABC) = 3(Cc — Ca — Cg)|ABC)
Rewrite W(q1---qn) = —1C5? Sk Ti Tiewilqr- - q)

wag = Sag + Sga — Saa — Sar
WABC = WaAB + Wac — WBC

o |J(q)35c = Cs wac(q) + Ca wagc(q)
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3 hard partons
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3 hard partons: Radiation at tree level of 1 or 2 gluons

Dipoles o Casimirs: T4 - Tg|ABC) = 3(Cc — Ca — Cg)|ABC)
Rewrite W(gy---qn) £ —3C4 1 ik Ti- Trewi(qr - qn)

wag = Sag + Sea — Saa — Sis
WABC = WaAB + WAC — WBC
o [J(q)|agc = Cs wac(q) + Ca wasc(q)
o |J(q1,92)|asc = Ci wac(q1) wac(az) +
CCa [wac(q1, g2) + wac(q1) wasc(g2) + wac(g2) wasc(q1)]
C% [wasc(q1, q2) + wasc(q1) wasc(q2)]
@ dependence on colour state of hard-partons entirely expressed
through the Casimir coefficients C4 e Cpg

@ Casimir scaling: ABC - gqq ggg
Cs: Cr Ca

Dimitri Colferai
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3 hard partons
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3 hard partons: Radiation at tree level of 3 gluons

@ Dipole term: Casimir scaling

2,di
1J(q1, 92, 93)|55¢ = C2 wac(q1)wac(q2) wac(gs)

+ C5Ca [wac(q1) wac(g2, a3) + -]
+CC4 [wec(ar a2, 93) + -]
+ Ci [wasc(a1, a2, g3) + wasc(q1) wasc(q2) wasc(gs) + - -]
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3 hard partons
0000

3 hard partons: Radiation at tree level of 3 gluons

@ Dipole term: Casimir scaling

2,di
1J(q1, 92, 93)|55¢ = C2 wac(q1)wac(q2) wac(gs)

+ C5Ca [wac(q1) wac(g2, a3) + -]
+CC4 [wec(ar a2, 93) + -]
+ Ci [wasc(a1, a2, g3) + wasc(q1) wasc(q2) wasc(gs) + - -]

@ Quadrupole term: (sizeable) Casimir scaling violation O (N7?)

19(q1, g2, @3)|500d = Ap N, wid (g1, g2, 43)
lgqd) : Ar=1/2,  [f):da=3, |d):A=0

ad_ro
e =[SaBAB—SaBBA+SABcA—SABAC+SBAAC—SBACA [H+-Perm{A,B,C}

collinear safe w.r.t angular integration over soft-gluon momenta
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3 hard partons
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3 hard gluons: radiation at tree level of N gluons

@ Strong energy ordering: £; < B, < -+ < Ep

IM(pic, 1)|* = [M(pi)? [J(a) 5550 {1+ O (N?) ) (new)

[4(qi)I35° = CA' pa-ps ps-Pc Pc:pa Feix(pa, Ps:pc, a1, » qn)
—1

Foirc(ki, - s km) = [(ky - k2)(Ko - ks) ... (k-1 - kna) (kna - k1)]
+ineq. perm{ky, -+, km}

in terms of multi-eikonal Fey [Bassetto Ciafaloni Marchesini 83]

@ The 2 eigenvalues of squared current become degenerate, up to
colour suppressed terms

Dimitri Colferai
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2 hard partons
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2 hard partons

o {B,C}={q,q} or {B,C} = {g,g} (flavour cons.)
@ 1-dimensional colour spaces = c-number factorization

@ Non-abelian effects are in SU(N,) colour coefficients

1J(q1, 92, 93) B¢ = C2 wac(q1) wac(q2) wac(gs)
+ CiCalwac(a1) wac(g2, g3) + cyc.perm.(123)]
+ CsCiwac(q1, 92, 93)

@ Casimir scaling valid up to 3 soft gluons
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2 hard partons
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2 hard partons

@ Strong energy ordering with 2 hard gluons: check of /acm]
[link a Feix]

5e° =2Cx (ps-pc)Feir(ps, pc, g1+ - an) + O (NN ?)

|J(q1---qn)
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2 hard partons
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2 hard partons

@ Strong energy ordering with 2 hard gluons: check of /acm]
[link a Feix]

2,seo

[J(q1- - an)lze” =2 Cy (p-pc)*Fei(pss pc, ar -+ qn) + O (N)7?)

o If one soft gluon is much harder than the others
(En > E1, - En-1)

[J(q1-:-an)|Be = [J(an)lBe [H(ar :-an—1)asc
pPA = Aan

4 soft gluon sq.current constrained by 3 soft gluon sq.current
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2 hard partons
[e]e] Yolo}

2 hard partons, 4 soft gluons

Expansion in irreducible correlations
14(1,2,3,4) = W(q1) * W(q2) * W(qs) * W(aa)
+ [W(q1, g2) * W(g3) * W(qa) + ineq. perms. {1,2,3,4}]
+ [W(CIL CI2) * W(CI3, Q4) + ineq' perms. {17 27 374}]
+ [W(aq1) * W(q2, g3, q4) + (143 2) + (1 > 3) + (1 <> 4)]
+ W(q1, 92,93, q4)
Action on a colour-singlet |BC) state when E4 > Ej 23

2,dip

‘J(la 27 3a4)‘2BC = CB WBC(CM) |:|J(17 2’ 3) + )\BNC ngid(m? qz, q3):|

New irreducible correlation: leading + subleading colour

W(q1---qa)lec = Cg [CA WI(SC)( qa) + Mg Ne WBC(ql )}
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2 hard partons
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2 hard partons, 4 soft gluons, energy ordering

W(q1---qsa)lac = Cr [CE\ Wl(ch)(Ch -~ qa) + AgNe W;(gsc)(ql -+ q4)

@ Exact colour structure for massive hard particles and arbitrary
soft energies; Kinematical coeffs. known in energy ordering
o Last term is reIated to quartic Casimir
CB >\B Nc = 2 B — 75 CB C3 Dg dimension of B representation
. 4 4
@ Generalized CaS|m|r scallng: Cr— Cyp, d,E\F) — dﬁvz
@ First correction to multi-eikonal BCM formula  {B, C} = {g, g}

2
’J(la t a4) oo =2 CA(pB pC)2 Fe(,k)(pBa pPc,q1,q2, g3, q4)
(S
+ 3 N2 WBCseO)(q17 a2, qs, q4)
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2 hard partons
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2 hard partons, 4 soft gluons, strong ordering

L S
W(q1---qa)lac = Cs [CE\ W,‘(gc)(ql - qa) + AgNe W;(gc)(ql s CM)}
@ [Dok Kho Mue Tro 91] examined 4 soft gluon radiation
from 2 massless hard partons in strong energy ordering . ..

@ ...and found a contribution ~ CgN. / \

from colour monster
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0000@

2 hard partons, 4 soft gluons, strong ordering

L S
W(q1---qa)lac = Cs [CE\ W.‘(gc)(ql - qa) + AgNe W;(gc)(ql s CM)}
@ [Dok Kho Mue Tro 91] examined 4 soft gluon radiation
from 2 massless hard partons in strong energy ordering . ..

@ ...and found a contribution ~ CgN,
from colour monster

@ Our results are fully consistent with the colour monster . ..

(4)
. . d 1
o ...related to quartic Casimir Cg Ag N =2 Dig — 15 CB Cj
o w&) has collinear singularities = o d') / € in coll.ev.kernels
BC g s 9aB -€V.

contribute to Fgﬁ)sp term that violates Casimir scaling
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Conclusions

@ Computed tree-level current for triple gluon emission
@ in terms of irreducible correlations for 1,2,3 gluons.
o Obtained explicit results for colour-orderes subamplitudes
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Conclusions

@ Computed tree-level current for triple gluon emission
@ in terms of irreducible correlations for 1,2,3 gluons.
o Obtained explicit results for colour-orderes subamplitudes
@ Computed tree-level squared current
@ 3-gluon correlation involves colour dipoles and quadrupoles
@ Collinear behaviour consistent with collinear factorization and
angular ordering features. Quadrupoles are collinear safe.
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o Obtained explicit results for colour-orderes subamplitudes
@ Computed tree-level squared current
@ 3-gluon correlation involves colour dipoles and quadrupoles
@ Collinear behaviour consistent with collinear factorization and
angular ordering features. Quadrupoles are collinear safe.
@ With 3 hard partons: c-number factorization
& quadrupoles break Casimir scaling Cr — Ca4 when hard qg — gg
@ generalization of multi-eikonal BCM with 3 hard gluons
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Conclusions

@ Computed tree-level current for triple gluon emission
@ in terms of irreducible correlations for 1,2,3 gluons.
o Obtained explicit results for colour-orderes subamplitudes
@ Computed tree-level squared current
@ 3-gluon correlation involves colour dipoles and quadrupoles
@ Collinear behaviour consistent with collinear factorization and
angular ordering features. Quadrupoles are collinear safe.
@ With 3 hard partons: c-number factorization
& quadrupoles break Casimir scaling Cr — Ca4 when hard qg — gg
@ generalization of multi-eikonal BCM with 3 hard gluons
@ With two hard partons: extended analysis to 4 soft gluons
Presented the full colour structure; kin.coeffs in energy ordering
Found col-monster contrib. (~ N:?) related to quartic Casimir

©

]

o Generalization of Casimir scaling ( Cr— Ca , dﬁ‘? — dﬁcz

@ Colour-monster term has collinear singularities and contributes
to the cusp anomalous dimension at o

o Computed first correction O (1/N?) to multi-eikonal BCM
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